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PREFACE 

This report is different from the earlier reports in that 
it is not a paper written on work that has been completed before 
being taken for writing up. The sections 1 and 2 were completed 
but when the paper was written to report the results of these 
studies, several new possibilities came up, such as the discover 
of the new connective "into"' ( ® ) and the effect of this on b-Kc 
working out of the categorical syllogism of traditional logic. 


Therefore, an analysis of all possible 64 combinations was taken 
and|^algebraic technique &£ working out the valid syllogisms in 


all the four figures was 



When this was done, it v/as 


noticed that in addition to 18 categorical syllogisms having 
(s g) and (s p)! I"s" raore'^uld be derived having 


(—j s p) and ( I s 


p), These were therefore 


carefully checked and written up in the form of Table 6, Therea 


an attempt was made to obtain algorithms for working out an 



.ii. 

individual statement of QPL with quantified inputs and outputs 
which showed that the process of working out a sequence of 
Type 1 statements of QPL was not readily possible. It appeared 
as if such statements occurring one after the other will have 
to be all taken together and an equivalent QPL stat ement from 
input to final output will have to be obtained by checking the 
reversals of everyone of the statements. This is a process which 
required further studies and the present report was stopped at 
that level. 

Although this report does not explain everything, several very 
interesting new results have been obtained and it gives a picture 
of how the studies developed and newer results were obtained. 

It is proposed to write a condensed version of this as Part III 
of our series "Boolean Vector-Matrix Representation of Extended 
Predicate Logic (EPL)". In view of this, this report has not been 
thoroughly corrected for uniformity of presentation^and notation^ 
nomenclature^etc. All these changed by virtue of the needs for the 
further development of the subject, and therefore the manuscript 
is left as it is for this particular report. 
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Abstract 

This report deals with the algebraic representation of 
QPL sentences and connectives which occur in the categorical 
syllogisms of traditional logic. Using only two quantifier 
states in statements of the type (Vx) (a(x) fc(x)) and 
(9x) (a(x) b(x)) (which have been named "Type 1 statements"), 

it is shovm that the 64 possible moods of categorical syllogisms 
can be analysed and the valid ones deduced, by using only a 
small number of rules. These consist of (a) the equivalences 
between reversed statements, namely (Vx) (§ 

"S (V^) ( ■ 1 =4 11) » 2ind (9 i) (3 (b =4 |) 

(the latter replacing (jx) (a & b) commonly used), (b) the 
effect of putting a QPL terra as input "into” another quantified 
sentence (the newly introduced "into" operator (©■ ) leading 

to V®V'= V, = 3 = 3 3 ® 9 =A(the 

indeterminate state of EPL), and (c) converting a V statement, 
when needed, into an 9 statement by the QPL implication 
(Vx) (a(x) b(x)) H)(9x) (a(x) b(x)). Eighteen of the 

nineteen listed moods in the four figures of traditional lo,'-lc 
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can be proved to be valid in this v/ay, provided the conclusion 
for s ni> in )" ' ^ p can only be ( x) (s p) or 
( P). 2 V, or 3 . 

Eij^hteen additional nev/ moods can be shown to be valid, 
which have the conclusions ("^ | ==^ p) or (<C|/x)(—I s=^—Ip 

These include one that is superior in power to the mood Bemalip 
in the fourth figure listed in the literature. It is also proved 
that the rest of the 64 syllogisms lead to only the QPL state A , 
or the SNS state D, for the conclusion, and are therefore not valid. 

Finally, it is shoi'm that a sequence of QPL statements 
of Type 1 cannot be worked out step by step, using the connective 
==^ , but has to be taken as a whole and processed. The 


consequences of this will be reported later. 
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1, Introduction 


In the earlier Parts I and II ([l] , [ 2 ]), the basic theory 
of the vector-matrix representation of Boolean algebras was 


discussed and the application of BA-3 to represent the different 
possible states in quantified predicate logic was considered. 

It was shown that BA-3 can represent the four well-known states 


of standard quantified predicate logic (QPL), aaamely ’’for all”/ 


"for none"|^j, "there exists"|5j» ’’^^t for a iifA). in the form 
of Boolean 3~vectors, namely (1 0 O), (O 0 I), (1 1 0), 


(01 1 ) respectively. Since BA-3 has four additional states 
to make up the full complement of 2^(=8) possible different 


vectors, the new states were also defined and given the names 
“some" (£) = (01 0 ), "all or none" ( 0 ) « (1 0 I), 
"indefinite" (A ) = (1 1 I) and "impossible" ( ^ ) = (0 0 O). 

It was shown that the standard form of QPL can be extended 


readily to include the eight states, diat has been term "Extended 
Predicate Logic" (EPL) and that the different standard forms of 
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expressing a state in QPL by six Boolean elements (See Table 4, 

Part I) can be converted to canonical forms which are representable 
by 3-element BA-3 vectors. 

In Part Il^the 3X3 Boolean matrix connectives in QPL were 
discussed and, in particular, the analogues of "and" and "or" in 
classical propositional calculus and SNS logic were defined. These| 
matrix connectives relate one EPL state for one variable x (e.g. 
(Vx) (|(x)) with another EPL state in a variable y (e.g.( j y) (|(y| 
Such a connective ( 2 > in general) is a pure EPL connective and 
there are 8X8 = 64 of the type lf\ ("and") and jot the type 0("or") 
An example of the application of these connectives in the form of 
a practical problem was given in Section 3 of Part II. In general, 
the formalism developed in Part II deals with, what may be termed, 
EPL sentences of Type 2, v/hich have the form of Eq.(l) for a 
unary relation, 

-z 

( (a(x)) y = ( <R/^y) (b(y)) 


(1) 
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On making further studies on the subject and trying to 
prove the well-kno^vn results in predicate logic, such as the 
different figures and moods of traditional logic, it was found 
that these relations had a different syntax from the ones considered 
in Parts I and II, They are all expressed for a single variable 
(x) only, and connect different statements inside the quantifier 
(with one another). For example, 


(Vx) (b(x) g(x)) , (\/x) (a(x) 

H (Vx) (a(x) ==^ c(x)) (Barbara) 


(2a) 


(Vx) (b(x) £(x)) , (9 x) (|(x) & ^(x) 

^(9x) (a(x) ^ 2 (x)) (Darii) 


(2b) 


In these, (Vx) (a(x) ==^ b(x)) stands for *A11 a are b" and 
(9 x) (b(x) & c(x)) stands for “Some | are b" or "There exist a's 
that are b" , which employ the two quantifiers (V x) and ( 3 x) 
respectively. The general form of this equation which represent 
all equations of this type may be expressed as below^ (ic^ . 


(A^x) (a = b), ( A^x) (b = c) ^ ( A^x) (a Z^ = c) (2c) 

Equations of this type, in which only SNS connectives occur, and 
all 'quantifiers are for the same variable (x say) vdll be 
named^^Type 1 equations QPL^or EPL, The rules governing the 

t®{/^x) (£0 s ) ( z<l) 
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formation of the right hand side in equations of this type were 
examined and the main results that were obtained are given 
below in this paper. In Sections 2 and 3, we shall first 
consider generally equations of Type 1, in which Z^, ^3 

are all SNS connectives (particularly implica^e^ and the nature 


of and the nature of the connective are considered 
(given ^ 2 * relevance of these to the 

well-known results in the list of equations of type 1 in 
traditional logic are then briefly considered, and some examples 
are given to indicate their nature and validity. 


The study was made of the Boolean algebfaic rules that 


have to be applied to get the output sentence which is the 


fesultant of two input sentences as found in categorical 
syllogisms. It v/as possible to show that^18yOut of the 19 tlnat 
are listed in bookSvceuld be derived as a result of succession 

I A 


implications. 18 more were obtained in which the implication 



in the conclusion starts from s towards p or “np* 

This is a very interesting consequence and it is discussed 
particularly in Section 5. 

On the other hand, quantified sentential relations 
(named Type 2 QPL equations) for two variables, ofLthe type 
considered in Parts I and II — namely 

( ^x) (|(x)) 2 (b(y)) = c (3) 

lead to an entirely different algebra, as described therein. 

As an illustration, the interpretation of the quantifier (Vx) 
as ’’for all (collectively)” and "for each and every 
(individually)” are not exactly equivalent and may have 
different consequences in the types of equations discussed in 
Fart II (e.g. Eq (3)), and the type of equation with one variable 
throu^out as shown in Eq (1). Similarly, the use of (^ x) in 
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connecting two QPL sentences has also different possibilities^ 
such as its being transferable (transitive) for Type 2 equations^ 
and^its leading to no consequences in the succeeding step — 
i.e. to the QPL state ( Z\ x) — for Type 1 equations. 

In the succeeding sections of this paper^several formulae, 
or algorithms, are mentioned which will carry out a whole set 
of logical operations in QPL and/or EPL. It is not easy to 
give formal proofs for all these^because they have been arrived 
at as the extracted information from the logic that can be 
intuitively formulated from all the particular examples for 
which they are operative. In this sense, the method of 
approach is that of formulating a physical theory, vjhere a number 


..5B 
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of phenomena are diacj^gaed and examined and the common substratum 

% 

behind all of them is formulated as a physical law. 

After these studies are completed, it may be possible to give 
an axiomatic basis for all the formulations that have been made 
in connection with QPL and EPL, However, this is passed over 
in this paper and ifee attempt is to derive empirical formulae 
which are simple^but which are valid over a wide range of 
circumstances. This should be remembered while checking the 
correctness and understanding the contents of the formulae 
given here. 

2. Traditional Categorical Syllogisms in our Formalism 

A brief outline of the list of categorical syllogisms 
of traditional logic, in various figures and moods, is given 
in the article by A. Church in Encyclopedia Britannica [33, p.216. 
We shall follow this presentation in our discussion, as it is 
elegant and is written in a format that is immediately adaptable 
to the form of a QPL statement as in iiq^ns (la), (lb). On examining 
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the 19 syllogisms listed by Church, it is found that the only 
types of QPL statements that occur are 

(Vx) (| b) , (Vx) (| 1 b) (4a, b) 

(3 x) ( a & b) , (3x) (a 2 -Hb) (4c, d) 

In the QPL terms 4(a to d), and also in vdiat follows in tiiis 
section, we shall put the variable (x) associated only with the 
quantifier (as in ( , (\/x) etc) and omit it in the SN3 

sentence that is quantified. Thus, it is understood that a stands 
for |(x) and b stands for b(x) etc, and the same variable 
X associated with the quantifier occurs also for the SNS term. 

Also, in all derivations of b from | , given the truth of the 
connective relation a Z b, this is obtained from the unary form 
of the logical relation a Z = b. This follows from the discussion 

° s: r-' ss 

in Part I [l] from which it is I'eadily seen that, 

c-T h—> § ^ = b ( 5 ) 

Therefore, in considering syllogisms having the major premise. 
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the minor premise and the conclusion, we need consider only the 
most general expression given by Eq (2)^ from which all particular 
cases of Type 1 equations can be derived by giving the nature 
of the QPL connectives and the SNS connectives Z . 

In this section, we shall consider first the four standard 
states of QPL namely, V , 5 , 9 , A and discuss the v/ay they 
combine for a general equivalence of the type of Eq (2). Lore 
particularly given the logical states ( “^x), and § 

we wish to derive the quantifier ( ^x) and the truth value of q 
we give below an algorithm for doing this. The proof is omitted 
as the algorithm is derived as a condensation of the logical 
properties of the terms and connectives employed in this equation 
and it is readily verified that the algorithm works, and is in 
acconiwith v/hat is intuitively deduced in each case. 

(a) Use only of the quantifier states V and 3 for QPL . 


As shown in Table 4 of Part I, the four standard quantifier 
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states can all be expressed in terms of the one quantifier state 
\/alone provided two "not's'* ("^ and I) are used in addition^ 
in front of it, or afterT^ Jeshall not employ before the 
quantifier, as it does not lead to a general elegant formula. 
Then, an examination of Table 6 of Part I ( 1 ] shows that the four 
quantifier states of standard QPL can be expressed in terms of 
y and J as follows. 

V = (Vx) (|(x)) ; 1 = (9 x) (|(x)) ; (6a) 

5 = (\/x) (-ns(x)) ; A = G ('ni(x)) (61)) 

Hence v/e need consider only the tv/o quantifier states (V and 
(3 x) and associate with them statements (s(x)) and ("l|(x>) 
which are either affirmative or negative. V/e shall now work out 
the expressions for (*^x) and ^ given i^x), {%x), 
and ^ 2 ^ (ic)» 

We shall do this, particularly for the type of statements 
that occur in categorical syllogism, as in Eqns (4a,b,c,d), 
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v/hich stand, respectively for 

4a V( §): All a are b, 4b V( ls)j All a are not-b (7a 

4c 3(|)* Some a are b, 4d 3{n s): Some a are not-^ (7c 

For these, if |(x) stands for ’'a(x) is b(x)’', then —ls(x) 
stands for "|(x) is not-b(x)''. Therefore, we need only use the 
small set of four entries given in Table 1 below to get the 

quantifier ^ given ^ and X as V or 3 in Eq.(2c) and ('d) 

This is carried out by using a nev/ type of QPL connective, for 
which we have given the name "into" (see the sections below for 
its different applications). 


Table 1. Short table for the connective "into" ( for 
use in QPL. 


The explanation of the entries for ^ in Table 1 is obviuus. 


vfhen both end are (\/x), the sentences and s 


§2 


quantified by them are valid "for all x" and therefore the 
resultant sentence is also valid "for all x" and hence = (V> 


On the other hand, if one of the two sentences or §2 is 
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Table 1. Short table for the connective 
'‘Inty'C^) for use in QPL* 




% 

V 

V 

V 

V 

3 

3 

3 

V 

3 

3 

3 

A 


The quantifier state is as in 

Eq (2)/when and are given. 
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valid for (\Jx), while the other is valid only for the state 
(9 x), then, v/hen the output of the first sentence, for which 
it is valid for (\/ x), enters as input into the second sentence, 
valid only for (3 x), then it makes the resultant output of the 
second valid only for (9x). Similarly, if the first sentence 
has the quantifier (3x) and the second (\/x), the (3 x) in the 
output of the first one restricts the output of the second to he 
only ( } x). It is to be noted that this behaviour is quite 
different from the situations considered in Part II, where the 
two sentences that are combined are for different variables x and y. 

On the other hand, when the first sentence ^ives an output 
b(x) for (3 x) and this is fed into the second sentence which 
also has the quantifier (3 x) then there is no reason why the 
value of X for which ’there exist’ data in the output of the 
first sentence and the values of x for which the data are taken 
in the second sentence need overlap. The two states may be 
disjoint, in which case the quantifier of s becomes 
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^("for none" = (0 0 l)). On the other hand, if it happens 
that they overlap, then v/ill have the quantifier (9 x) 

("there exists" = (l 1 O)). Since both possibilities can 

happen, v/e get the state A = (1 1 l) for ^ in the fourth 

entry in Table 1. It is to be noted that in the case of tv;o 
different variables x and y (in sentences of Type 2 considered 
in Part II) the quantifier of the output of the first sentence, 
namely ’there exists’, is the same as the quantifier of the input 
in the next equation^and therefore^even if b(x) is true for one 
value of then it can be input into next equation, under the 
quantifier state 3 • 

(b) Application of the formulae in Section 2(a) in particular 
examples. 

v'-hile the general formulation given in Section 2(a) for 
QPL is readily seen to be valid quite generally for all J’s, 
since this report deals essentially with traditional categorical 
syllogisms, we shall illustrate a few of these and derive them 
from the general formulae given here. Thus, we have already 
seen tvro examples in Section 1 — namely Eq 1(a) and Eq l(b) — 
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which refer to the moods Barbara and Darii in the first figure. 

The first of these, namely Barbara, is immediately obvious and 
corresponds to the first entry in Table 1. Similarly, the second 
example, viz. Eq 1(b), corresponding to the mood Darii , follows 
from the third row in Table 1. V/riting it in our notation, v/e have, 

(Vx) (b I = c) , (1 x) (| A = b) (8) 

gives, in so far as the quantifier is concerned, the resultant state 

( 3 ) ® ( V ) = ( 1 ) (9a) 

For the statement inside the bracket quantified by (3x), \re have 
the SIvS result a A I = c . Putting in the matrices for the SIIS 
connectives A and I , we have, 



Hence, combining the r.h.s. of (9a) and (9b), we have the resultant 
of the two quantified terms in (8) as in Eq (lb), namely 

(3 x) (a ^ = c) (9c) 

Vfe shill give two more examples of traditional syllogisms, 
and prove them from our theory. Thus, in the second figure \/e 
have Cesare which has the following equations. 
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(V/x) (§(x) b(x)) , (Vx) (g(x) 1 fe(x) (10 a,b) 

it follov.^s that 

(V x) (c(x) —I a(x)) (10c) 

The critical step in proving this is to v/rite, 

(a(x) h(x)) ~ (§ i = b) (I1a) 

and convert it into its equivalent contrapositive form 

(-1b) I = (^a) (11b) 

This follows, since (a^=b)^ b^ = a and ^ = E 31 E* 

Thus, (10 a, b) are reduced to two implications as in (11c), 
and the output of the first is the input of the next: 

(Vx) (c=4“lb) , (Vx) (—lb —la) (11c, d) 

Hence, the net result, on combining (11c) and (lid) is (lOc), 
as required. 

We shall now consider an example of the third figure, namely 

Darapti which is given in (18), following Church’s way [ 3 ] of 

writing this syllogisms. Thus, given (12 a & b), 

(Vx) (a =4 b) , (V x) (a c) (I2a, b) 

it follows that 

(^ x) (a) I(^ x) (b & c) (l2c) 

The important part of this is to input the information (9 x) (§) 
in Eq (l2a) and Eq (I2b) and to deduce therefrom that (] x) (b) 
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L \ // IM* 

and (j x) (c) are true. These are derived by using the third 
line of Table 1 in (12a) and (12b). Hence it follows that the 
expression in (12£), namely x) (b fi c)^ is true. 


We have followed the standard representation of the two 
quantified statements^ such as '•All students are intelligent" and 
"There exist students who are intelligent"^by the symbols 
(Vx) (a(x) ^ b(x)) and (9x) (a(x) & b(x)), where a 

stands for the property of being a student and b stands for 
the property of being intelligent, x represents the variable 
denoting that the entity considdred belongs to the collection 
of persons for which the above quantified statements are made. 

In v/hat has been considered above, we have followed this 


terminology in our notation of QPL and SNS and worked out the 


consequences for some syllagisms. It should be noted however 
that a ^ b , in which the connective A is represented by 
the matrix L stronger than a b for which 
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the connective I is represented by the matrix / . If 

^1 V 

we follov/ the interpretation of these matrices as we have 

proved generally from the theory of relations and for SNS 

logic in particular, then^in both cases^when a is true b is true 
il 

and b cannot be false v/hen a is true. However, what happens 
when a is false is entirely different in the two cases. In the 
case of I (implies), when a is F, there is no information 
content^and b can be either true or false^ or whatever it was 
before the application of the information contained in the 
statement involving . On the other hand, if | A = b is 
used, then a itself cannot be negative^and there is a contradiction 
if a is false is applied. In other words, even at the stage 
ggi^yijig 3 , is true, v/e say that a cannot be false (the full 
implication of this consequence has to be considered in great 
detail) and the application of A to statements of this type 
cannot be readily substantiated^]^ On the other hand, the 
objection to writing a b under the exjtential quantifier (3^) 
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that is coffiinonly made (see[ 5 ') ) —namely that a false state' ;erit 
can imply any statement whatsoever — is not relevant in our 
formalism, since a false statement implies no statement in our 
formalism (and not any statement whatsoever). 

In view of this, we shall consider the reformulation of all 
standard syllogisms in traditional logic in terms of the follov/in 
symbolic statements in QPL, using only the implication symbol 

(\/x) (a b) H "All I are b" (I3a) 

and 

['] x) (a =4 b) ^ "Some | are b" (l5b) 

The negations of these implications are 

(\/x) (a n b) ^ "All I are not-b" (13cy 

("^x) (a D) ^ "Som.e a are not-b" (l;>d) 

The reverses of these, from b to a, are readily verified 


from Venn-diagrams and are as follows: 
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(V'x) (a =4 b) = (Vx) (~1 b =4 |) ; 

(Vx) (a =4 “lb) 3 (V x) (b =4 “1 §) 

(1 x) (a =4 b) ” (3 x) (b =4 a) ; 

(13 

(3 x) (a =4 I b) ^ ( 3 x) ( lb = 4 |) 

ih'j second set (15,':,» b) is particularly to be noted — naraely 
that its nature is different from the former tv/o (Ife, f). This 
has profound consequences for the structure of predicate lo'ic, 
mode of sentences of t'j/pe 1. 


(c; _ Kat uro o f the c onnec tiv e "into" for all pairs of quan tifiers 
in liPL 

u'e sh-'ll illustrate the naturae of the connective "into" 


in uFL, by taking a simpler 

example than Eq (2). 

Consider the 

follov/ing 

Input : 

( H^x) (i') 

(Ha) 

Into equation : 

( ^1^) (a Z = b) 

(14b; 

Output : 

( '^x) (b*), v/here a* 

V = b’(l4c. 
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Then, on inputting a different quantifier for a(x) 

into (13a), we obtain (using the same considerations as in 
Section 2(b) the output quantifier to be 

i%A ® (^X) = (I4d) 

Since (14) is a very general rule for ^ , for equations 
as in (13), we shall give a general table for the effect of the 
operator "into" on when introduced into (Table 2). 

Table 2. Multiplication table for the connective "into" ( ® ) 
v/hen % and % are given. 

The extension of this table to the cases v/hen either or 

*^ 2 , or both, are one of the four non-standard states of EFL, 

namely i ,0,A is not very obvious and we shall discuss 

this in the next Section 3. give below, in Table 2(b), a 

listing of the sixteen possible values of % ® ^2 when 

and ^ take the four possible QPL states V, 3 , 5 , A, the 



QPL-III 

.17. Draft-1 A 

6-12-83 

Table 2: Multiplication table for the connective 
"into" ( ® ) when and are ^iven 

(a) and Z given Z. ^ when ^ and ^ 

are both one of the four standard quantifiers in QPL 


^2 

> V 

s.' 

. -. . . . . 

3 

Z.' 

A ^ 

% V 

A 

L' 

V 

V E 

3 g 

3 E 

A 

A E 

\ ii 

A S 

A N 

A 

A 

V s 

3 S 

3 N 

A 

i 5. 

A & 

A E. 

/V * 

A s. 


* + 

May also be N ; May also be E . 


(b) <% in the canonical form vdien ^ and ^ are 

also given in the canonical form for the same 

f \ ^ 

four states of QPL as in (a) above. 


^1 

V 

a 

$ 

A 

V 

V 

a 

V 

a 

3 

3 

A 

3 

A 


1 

A 

§ 

A 

A 

A 

A 

A 

A 


Z' is omitted as it is K for all entries. 

The portion marked but in the box is the 
essential minimuv'l^on which this table is 
based, and which is given in Table 1. 
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values of being also given in the QPL form. This leads 
to a great convenience for it turns out that the operator 
in Table 2(a) can always be made equal to and consequently the 
statement that is quantified, namely ^ fe) is unaltered. 

This Table 2(b) will therefore be very Useful in working out 
problems in QPL. It is to be noted, however, that sometimes the 
output for ^ could be one of the non-QPL states, namely A of 
EPL. In such a case, the resultant statement has no informational 
value and the corresponding syllogism will not have the third 
component and is therefore considered to be invalid. It is very 
interesting that traditional logic has fully comprehended the 
complete vagueness of the SNS statement when an input with = B 
is introduced into a . Consequently there is no example 

of this type in the list of 19 syllogisms found in traditional 
logic (see [sB )• 
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3. Theory of the new Connective “into” ( @ ) in EPL 
la) Effect of 0 applied between tv ;o basic states . 


Tables 1 and 2 cover all cases that v;ould be met with, 


in standard QPL, of the connective "into". The extension of 


th^ 


■se to the 8X8 = 64 possibilities of % ® %, in EPL, is 


not difficult. We first find out the resultant, of 


1 ^ cases v/hich involve the three basic 


states, each^ of ^ and employ these for the 

remaining cases by using the distributive laws 


%) = ® ® %) (15a; 


( <%) ® ® (% ® ) 

(15b) 

The results of the operation ® from ^ into ^ 

[ fn ;vwa- c.'-a 

l^/can 

K 

listed as follows: 


V®\/=V, = A 

(16 a,b,c) 

V®|=v ,. 

(l6 d.e) 


(16 f,g,h,k) 
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Of these, (l6a), (l6b), (l6d) and (l6e) are taken from Table 2(b), 
where they have been listed from intuition. The derivation of 
(l6 f to k) is obtained also from this table as follows. For 
^ ® V, we start from 3 ® V = 3 in Table 2(b). Writing 3 
as we have 

(V®!)® V= (V® V) +(£ ® V) = V ® £ (17) 

Since v®v=\/, from (l6a), v;e obtain (l6f) from (17p. The 
products in (16 g,h,k) similarly follow. 

We are now left with (l6c), namely For this, 

we use 3 @ 3 - A. of Table 2(b). Expanding both sides in 
terms of the basic states \/ and ^ , we have 

(V ® i) ® (V ® i) 

= (V ® V) ® (V ® i)® (£.® V)© (£ ® 

= V®£®£+(£.®£) = A= V+ £.+ § (18) 

This shows that ^ is one of the components of ( 1 ). 
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Similarly, by expanding ® A = A > “we find that ^ ® 
contains ^ , Obviously, "some” "into” "some” can be "some” 


itself, so that contains also. Hence, 


V + ^ ■f^ = A=(i 


1 1 ) 


(19) 


(_ As a check, we can v/ork back 9 @ 3 » and the three related 
products, and we find that they are all equal to A , as listed 
in Table 2(b) ] , 


For ready reference, Table 3 gives the products obtained 

tc' 

via the "into” operator jthe three basic EPL states wi±hr^©^ 
another. 


Table Multiplication table of for the three 


basic states. 


^ ^) Effect of "into” applied to all of EPL 

Table 4 giving this v/as obtained by expanding each term 


as the Boolen sum (^ ) of basic states, and using (15a and b) 


and Table 3 
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Table 5 : Multirlicatlon table of ^ ^ 

for the three basic states 



Table 4 : 8X8 multiplication table for the 
conne ctive ** into ” 


% 

«1/1 

V 

3 

1 

A 

£ 

0 

A 

P 

V 

V 

3 

V 

3 

£ 

V 

A 

4 

3 

2 

A 

3 

A 

A 

A 

A 

4 

f 

i 

A 

i 

A 

£ 

€ 

A 

P 

A 

A 

A 

A 

A 

A 

A 

A 

P 

1 

£ 

A 

1 

A 

A 

£ 

A 

4 

0 

0 

A 

0 

A 

£ 

0 

A 

P 

A 

A 

A 

A 

A 

A 

A 

A 


<P 



4 


P 


4 

4 
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(c) Examiples of syIlo,g:isms i n Traditional Log:ic 
(i) baroco : v/e shadl illustPr^te the use of Table 2(b) in 
deriving the syllogisms, by first considering the mood Baroco 
of the second figure in Traditional Logic. The syllogism reads 
as i'ollov;s (as per Ref [_3j ) (see also Section 2 above for the 
notation in our formalism which we use). 

(Vx) (p(x) m(x)) , (3x) (s(x) -1 m(x)j (20a, b) 

Hence (3^) (s(x) — F p(x)) (20c) 

Fir'stly, from SKS, using (a b) H b ==^ '—? |), v/e can 

rewrite (20a) as 

(Vx) ('H m(x) —lp(x)) (20d) 

Then, the SLIS output of (20b) is the input in (20d). Also, the 
quantifier of the output of (20b), namely 3 > going "into” the 
quantifier V of (20d), yields 3 ® V=3. Hence, (20b) and 
(20d) together yield a statement having the quantifier 3 > one! 
the SKS statement s ==^ “n p, v/hich yields the required result 


(20c). 
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(li) Darii ; The example Darii . of the first figure, rewitten 
in our formalism, is as follows: 

a) 

(Vx) (g(x) g(x))/ (9x) (s(x) =4 m(x) (21 a,h) 

(s(x) =4 p(x)) (21c) 

The proof follows in a straightforward manner by applying 
(21b) into (21a), when the resultant quantifier is 9® V= 3 
and the resultant SNS connective is I I = I , thus yielding 
(21c). 

(iii) Darapti ; In the example Darapti , considered in Section 2(b), 
the conclusion is given as (3 x) (b c). However, this 

implies (3x) (6 =4 c), so that the syllogism can also be 
v;ritten, in our formalism, in the form 

(Vx) (m(x) =4 p(x)) , (Vx) (m(x) =4 |(x)), (^x) (m(x)) (22a,b,c] 

^ (3x) (|(x) =4 p(x)) (22d) 

In fact, we can go further, and write, as the consequence of 



(22a, b, c), the result 
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(3x) (p(x) =»=^ s(x)), or (3x) Cs(x) 4= p(x)) (22e) 

and, it also follov;s, from (22d) and (22e), that (22a, b) lead to 

(3x) (p(x) 4=^ s(x)) (22f) 

It appears that (22f) is the most powerful conclusion that can 
be derived from (22a,b,c) (see section 4(b) and Eq (28)). 

(iv) Bamalip : This example, of the fourth figure, is interesting 
since the connective "into" is applied twice. It reads as 
follov;s (as per Ref |_33 )• 

(Vx) (p(x) =4 m(x)), (Vx) (m(x) =# s(x)), (3 x) (p(x)) (25a,b,c) 

lead to 

(3x) (£(x) =4 s(x)) (25d) 

Taking (23c) and applying its quantifier "into" that of (23a), 
v/e get the output (3x) (m(x). Applying this once again "into" 

(23b), we get the output (3 x) (s(x)). Thus, we obtain effectively 
the statement (23d). The resultant (23d) is not the most pov;erful 
one to be obtained from (23a, b) (see section 5). 
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It has been possible to check that, with the notation 
adopted by us, all the examples of the classical syllocisms 
Civen in Ref [ 3 } could be proved simply, as indicated for the 
small number of examples shovm above. On the other hand, since 
each syllogism has three members in it, each of which can have 
four forms, and two of them are inputs^there can be I 6 possible 
syllogisms for each of the four figures, leading to 64 possible 
examples, as mentioned in Ref [bj page 20, 21. Of these, only 
19 represent valid arguments according to the classical 
Aristotelian framework. It would be worthv/-hile to consider why 
most of them are invalid. It can arise from one of the two 
possibilities. 

(a) The connection of the quantifiers in the first tv/o 
members might lead, via the connective "into” ( ® ), to the 
"indefinite" state A, 


or (b) The combination of the implications may be such that 
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the output of the first statement is the negation of the 
input of the second statement, so that the resultant of the SNS 
implication of the tv/o statements will together lead to the 
"doubtful" state, D, of SKS. In either case, the resulting 
statement in the conclusion has no informational value and 
hence, the first tv/o statements do not lead to any useful 
consequence and the syllogism is said to be invalid. The check 
v/ith these two criteria on the 64 examples of syllogism is being 
made and will be reported belov/. It appears that this test 
should reveal any other possible cause for an indefinite or 
aoubtful output that could be present in the syllogistic argument 
composed of three quantified statem.ents. (Added later: one was 
found namely that the property {\lx) (a =s=^ b) I3 (9 x) (| ==^ b) 
has to be used sometimes, see Section 4(a)). 

(Note: Since this is the first draft and the further studies 
are being made as the report is being v/ritten, we v/ill not 
'revise any of the earlier sections according to what v/ill be 
revealed in these further studies. On the other hand, the nev/ 
results will be described in full, and their consequences to 
any of the previous sections v/ill be mentioned and clarified 
as we go along.) 
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4, Analysis of all possible 64 combinations in categorical 
syllogisms 

The categorical syllogism has essentially the structure 
of Eq (2a) v/ith the second term being the major premise and 
the first term being the minor premise, and these tv/o together 
leading to the conclusion on the right hand side of Eq (2a). 

, as 

v/ell as of the SNS operators * ^2* % , we restrict ourselve 
to %, %, % being either V or 3 . In the affirmative 
form of the statements, e.g. ''All men are mortaT', \/e tahe Z 
to be the SKS connective I (as in a ==> b) and the negational 
sentence, e.g.''All men are not-four-legged'* vail be represented 
by using the ShS connective I N (as in a ^ b). This is 
in the spirit in v:hichH:he syllogisms have been symbolized by 
Church in Ref. [ 3 ] , Thus, v/e do not use the states in v*;hich the 
SI'iS sentence quantified byV or B is negated. Instead, the 


Considering the nature of the quantifier 4;, %, % 
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negated form of "a imply b" is taken to be "a imply | b". 

/e have used this notation in all the previous sections, only 
hientioning briefly that the negation of a categorical statement 
puts the negation on the right hand side of the implication. 

Since the four types of categorical statements do not correspond 
to the canonical quantifiers , v/e shall use the 

symbolism employed in the literature for these four types of 
statements, namely A , E , ^ , 0 , They stand for the following: 


A : All I is x) (a fe) (24a) 

E : All a is not b ^ (\/x) (a =4 •—1 i) (24b) 

I ; Some a is b ^ (9 x) (a b) (24c) 

0 : Some a is not b ^ (9 x) (a 7 b) (24d) 


In combining these statements in the four figures to form 
various types of categorical syllogisms, when the first and second 
statements are taken together the quantified output of the first 


ISc Lib B'lore 
6fl8N78,5 
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sentence is taken as the quantified input of the second 
statement, '.'/hen doing this, we have to apply the connective 
"into" defined earlier and remember that the combination 
3@3 leads to the indefinite state A . It is readily verified 
that, because of this, the combinations II, W, ^ will all 
lead to informationless conclusions in each of the four figures. 
Consequently, 16 of the 64 examples are inapplicable in a practia 
way. In the same way, we can shov/ that the invalidity from 
combining the SNS connectives occurs only v/hen is fed to 

I or IN, This is seen from Eq (25) where the four possible 
products between pairs of I or I N are shown. 
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Tills is equivalent to saying that two successive implications 
will not lead to D only if the middle term is affirmative 
in both of them, or negational in both. 

Ineffectiveness arising from the EPL state A , or the 
SD3 state D, in the conclusion is obviously a general rule 
for not listing the particular syllogism, because it is of no 
value. We shall now apply these to the 16 items in each of the 
four figures. The scheme of implications for each is given in 
Table 5 below, for ready reference, although they are mentioned 
in most books on logic e.g. Ref. [sj. 

Table 5. Four figures of Traditional Logic 

(a) Sixteen possible combinations in the first figure 

Since both the major premise as well as the minor premise 
have four possible forms A , E , I , 0 there are 16 combinations 
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Table 3- Four figures of Traditional Logic 


Statement 

Figure 1 

Figure 2 

Figure 3 

Figure 4 

Major premise 

m p 

p I—5> m 

m f—^ p 

p m 

Minor premise 

s 1—> m 

s F—> m 

m \—^ s 

m 1—> s 


Conclusion 


s i—> p 


s I—> p 


S p 
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of these that can be considered in the first figure so as to 

lead to a conclusion going from s to p. On examining these, 

it is found that the combinations EA, OA, OE, 00 

are useless since the Si\‘S output is alv/ays the doubtful state 
(l l), as per Eqns (25c, d), Thus eight more become invalid, 
and, together with the four mentioned above, for which the 
quantifier state is /I , ten syllogisms v/ithin the sixteen possible 
in the first figure all become of no use (t\/o of these eight, 
namely 01 and 00, also occur in the list of four for Z\ ). This 
gives only six remaining ones and of these four are found to be 
listed in books dealing v/ith traditional categorical syllogisms, 
namely M, 

v'/e shall consider why two of the six, namely IE and OA, 
are invalid a little later in this subsection after considering 
the four moods valid in figure 1. Their Latin names are also 
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iViven in the Eqns (26 a to d) below. 

AAA-1 ( Barbara ): 

(Vx) (m =5=^ p), (\/x) (| m) ; (\/x) (s =*=4 g) (26a) 

EAE -1 ( Celarent ) 

(Vx) (m —I p), (Vx) (| =4 m) ; (V x) (s =4 “n p) ( 26 b) 

m-1 ( Darii ) 

(Vx) (m =4 p), (3 x) (| m) ; (] x) (| =4 p) ( 26 c) 

EIO-1 (Ferio) 

(Vx) (m “1 p), (3 x) (| = 1 =^ m) ; (3 x) (s —1 p) (26d) 

Of these, the first tvro only differ in that the major premise 
is an assertion in ( 26 a) and a denial in (26b). The first two 

( 26 a, b) differ from the second pair ( 26 c, d) in that, the minor 

premise is (Vx) in the former and (3 x) in the latter. It 
will be noticed that, in the way in which the two of them are 
applied one "into" the other, (3 x) precedes (Vx) and we have 


used the result of Section 2 for this — namely 3 © 3 = 3 . 
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The question may be asked whether v;e cannot have the 
corresponding equations in which a statement v/ith (V x) precedes 
one having the quantifier x) * Actually the two possibilities 
of this type, with a positive and a negative statement for the 
major premise, are absent in the above list of four valid 
syllogisms. This is so, because the output of (Vx) (a b) 
is (^x) (b) and it is this that is input "into" the next 
statement (9 x) (b p) . Hence it leads to A and the 
corresponding syllogism is valueless. 


Thus, the statement (Vx) ( a(x) b(x)), gives, vdth 
the input (V x) (a(x)), only an output (3 x) (b(x)), and not 
(Vx) (b(x)). The best v/ay of appreciating this is to take c 


simple example, namely "All men are mammals", in which men is s 


and mammal is h . In fact, if we put the input "all men" 
((Vx) (a(x))) into it, we will get the corresponding mammals. 


but it need not exhaust the domain of all mammals, V/e in fact 
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have to v/rite the above statement more precisely as "All men 
are some mammals". Hence the output of ((Vx) (a(x) b(x))) 

is in the state 3 • Consequently, if the next statement, 
into v/hich this output goes, has the quantifier 3 , then v/e get 
as input to that the "into" product resulting in 

the indefinite quantifier state for the major and minor premises 
put together. 

If the argument of the above para is taken into account, 
the two examples ^ and ^ go out and we are left only with 
four out of the 16 possibilities under Figure 1 , namely those 
listed in Eqns (26 a to d). Even in these, it is readily seen 
that ( 26 b) can be derived from ( 26 a) by putting Ip instead 
of p and similarly ( 26 d) can be derived from ( 26 c), 

Si 

Consequently there are really two moods in Figure 1 that are 
independent — namely AAA -1 ( Barbara ) and AII -1 ( Darii ). 
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(uj Discussion of the second fifiiire and reversal of QFL statencnts . 

The second figure has the form 
p I—4 m (Major), s f—> m (Minor), s I — ^ p (Conclusion) 

In this, it will be seen that the m i —> p (Major) of the 
first figure has been converted to the form p )—^ m , Thus, 
there is a need to work out the consequence of reversing the 
direction of an implication statement in QPL and the equivalences 
of the forv/ard and reverse statements. (A slight repetition 
liiay be excused, as the ideas obtained at this stage have been 
briefly introduced earlier in the text, to make the argument 
clearer). 

Considering the statement "All a are b", it is clear that 
the reversal of this is "All not-b are not-a". Thus for the 
universal quantifier, v;e have the following equivalences under 


reversal 


(Vx) (| =4 fe) — (\/x) ( b )|) 

(Vx) (| ~ =4 ^ a) 


(27a) 

(27b) 
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problem is hov/ever not so simple for the existential 
inti fie r (3 x). In this case, using the standard notation 
x) (a ^ b) for “some a are b“, it is clear that the statement 
it is quantified is symmetric in a and b. This can be readily 
rified from a Venn diagram, which shov;s that “some a are b" 

30 means that "some ^ are a“. At the same time, from the 
on diagram, it can be seen that when “some a are b“, —|a 

n correspond to either b or so that it gives the state 

Similarly starting from I b we arrive at the state a^^. 
is is a new type of relationship betv/een | and ^ which is 
't met v/ith in either classical logic (propositional calculus), 

' SNS logic. Hov/ever, these properties of ( J x) (| & b) 

.11 have to be borne in mind while working out the consequences 
C reversed statements with the quantifier x), going from 
to a^ v/hen it has been defined for | to In viev/ of this, 

e shall use the symbology (•] x) (| b) and (-^ x) (b |) 

0 denote the forward and backv/ard relations of this type. 
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which have the properties mentioned above of an implication, 

In the light of this, vre shall v/rite the equivalences under 
reversal of a CL statement which is quantified by the 
existential quantifier (9 x) as below. 

(9 x) (| (3 x) (b 4= a) (28a) 

x) (| =4 — I fe) S (3x)(-nb#=|) (28b) 

(It is to be noted that for (28a, b), vMle a^ leads to b^ or 
bp as the case may be, ap will only lead to the state bj^, as 
mentioned above.) Although both (28a) and (28b) are symmetric 
relations, we shall use the notation' (9x) (a b), or 
(9x) (g «^ |), as the case may be, to indicate the direction 
in which it is applied. 

In addition to these, we have the property mentioned in 
the last sub-section for the first figure, namely (Vx) (a b), 

follov;ed by (Bx) (b c), gives only (Bx) (cpj), and no 

useful QPL relation from a g follov/s. 

In other words, two categorical statements, successively 
having the quantifiers (Vx) and (Bx) will lead to the quantifier 

state A , even if the SNS output of the first (say b) is the 

same as the input into the second statement, and no D state occurs. 



QFL-III 

.40, Draft-1 A 

8-12-83 

Usinc the above results for the reversed statement and 
conditions of validity, we find that, in the second fif:ure, 
most of the syllogisms lead either to the state tX for the 
quantifier^ or D for the ShS terrn^and are of no value. Only 
four of them remain, and v/e shall mention these below. 

while ’working, these out one more rule had to be used. 
Suppose, we use (\/x) (b a) in the form of (\/x) ( la ==^ ! 

and combine it vdth another statement, v/hich has the form 
(Vx) (b ==^ c), v/ith the ShS term b as input, then because 
the term put in is lb and the implication is from b ? we 
will obtain a net SwS term Cj^ in the D state. However, under 
the same conditions, we can use the fact that 

(Vx) (b =4 §) ^ (3x) (b =4 a) , (29) 

which, on reversal, [.;ives (1 x) (| ^ j) • The output (3 x) (U 
of this can be the input in (\jx) (b =4 s)» therefore, 
there can be a useful syllogism arising from the partial 
information contained by (3 x) (b =4 a) in the form of 
(^x) (b a), v/e v/ill give examples of these as we consider 
the second, third and fourth figui^es. 
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i^L,Det;ails of the applications for the second figure . 

Considering the pair of statements p m and s ^ m 

in this second figure, we can reverse the direction of the major 

statement p m to get one from m It—4- p t also reverse 

the order of the two statements.to get an implication from s to p. 

Taking the first combination M, this yields (30a, b): 

(Vx) (p ==4 g) f (Vx) (| =a=^ s) {50a) 

- (\/x) (| m), (\/x) -np)H4p = D (30b) 

yielding no useful conclusion. However, we can use the reversal 
of the quantifier (3 x) (p m) contained in the first QFL 
term of (30a), to obtain (\/x) (p =4 m) ID (3 x) (p =>=^ m) 

^ (^x) (m =s=^ p). However, on putting into it the output 
of the statement (V x) (| ==^ m), namely (3 x) (ra), we have 
the case of its output (3 x) going "into" another (3^)) which, 
as we have already seen in Section 3, will give only the result 
(Ax) (p) as the final output. Hence, in both ways of v/orking 
out this combination M in the second figure, we get Either the 
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SNS state D or the QPL state H , both of which are 
indeterminate. Hence M is of no use in figure 2. 

The combination ^ , on the other hand, gives on reversal 
of (\/x) (p m) what is shown (31), which gives a useful 
syllogism AEE -2. This is the mood Camestres . 

(Vx) ( I —Ig)> (Vx) (“1 m —Ip) ; 

(\/x) (| (^-2) 

In the same way, we find that ^ is of no use in figure 2, 
while ^ gives the output 0 leading to the mood, ADO-2, namely 
Bar 0CO . 

Similarly, for (\/x) (p m), if we combine it, after 

reversal, with statements of the form A, E, 1,0 of s m , 
tv70 of them lead to indefinite conclusions and two of them lead 
to useful syllogisms, namely EAE -2 (Cesare) and EIO-2 (Festino). 


For the remaining eight combinations in figure 2, either 
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D or A results and no more useful syllogisms are obtained. 

Thus, the four syllogisms mentioned under categorical syllogisms 
of traditional logic corresponding to the figure 2 are derivable 
by our method and '.ve can also show that no otherfare possible, 
of the type s ==^ p or s p, quantified by V or 5 . 

(d; Application to syllogisms in the third figure 
In this figure, the statements are of the type 
m \—> p, m I —^ s, and v;e can obtain a conclusion of the type 
s p, by reversing the second of these. Considering the 
first mood, M, it is found that one of the statements^ on 
reversal, has m, or Ig, as output, while the other has — I m, 
or m, respectively as input, leading to the SMS state D for 
the conclusion. On the other hand, 

(Vx) (m =4' g) ZD (3 p) ^ (3 (32a/ 

and, on combining with {\l x) (m ==^ s), we obtain the conclusion 
as in (32b) 

(3 x) ( 2 =*^m), {\/x) (m =4|) = (jx) (p =4 1 ):= (3^) (s =^p) (32b,) 
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in the I form, and v/e obtain the mood AAI-3 (Darapti), 

In the same way, M leads to a conclusion ^(s =«=# “Hp) 
in the form 0, giving the valid mood EA0~3 ( Felooton ). 


Un the other hand, if we do the same procedure of deriving 

[^(\E<UEl 

an from a V» a^d combine it suitably with another v/e 
get the follovdngjJ^For we have, 

(Vx) (m =4 p) (9x) (m =*%p) H (^x) (p =4m) (33a) 

and, on combining with E, we obtain 


(3 x) (p =4 m), (Vx) (m =*4 s) = (3 x) (p =4 —] s) 

E (3 x) (”1 s =4-p) 


(33b) 


Similarly, for i^, vre have, for the second E, 

(Vx) (m *4 “^ ^) I) (3 x;) (m =4 s) 

(^ x) ( s -=4 

On combining with the first E, we obtain 


(34a) 


(3x) (ns = 4 m), (Vx) (m =4 np) ® (3x) (ns^^Hg) (34b) 
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In (53b) and (34b), v;e obtain conclusions for (3x)» of 
implications inside the bracket from i s to o or to —ig. 

Such conclusions like "liot-s is p” and "kot-s is not-p” have not 
been considered in traditional logic, and these statements are 
not derivable from (3x) (s ==^ 2 ) and (3 x) (s —|p). 

Hence, we shall designate forms like these by dashed symbols 
as follows: 

(Yx) ("H s p) 3 A* , (Vx) (^ s —ip) = E' (35aJ 

(3x) ( Is p) ^ I’ , (3 x) (s)=4 1 p) — O' l35b) 

•*35 S 5 ^ 

Then the moods of (33) and (34) are AEI '-3 and EEO '-3. 

f/e shall list all the possibilities having conclusions of 
the above types A', E', I', O' in the next section. However, 
we shall continue to consider the traditional ones with conclusions 
A,E, I, 0 in the figures 3 and 4 in tlus section.'^First v/e 
shall consider the third figure which is the subject matter of 
this subsection. Thus, and lead to valid conclusions as aelo./. 
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{\/ x) (m p), (3 x) (m ^s) S (3 x) (s m), {^/x) (m =4p) 

^ ^(s as^p) AII-3 ( Datisti ) (36a) 

(\/x)(| =4 p), Qx) I =4|) H (3 x)(| =4 §)> (\/x)(| =r 

■^9(3 p) EIQ "3 ( Feriso ) ( 36 I 3 ) 

Two more are obtained from Ik and OA, namely IAI -3 ( Disamis ) 
and OAO-3 ( Bocardo ). Thus, all six valid moods of the third 
figure are obtainable by using our technique. 


In fact, six more come out to be valid, with implications 
starting from not-s as conclusions, namely in the foms 
V, E’, I’ and O'. As mentioned earlier, we shall list these 
.n the next section. Thus, in the third figure all 12 valid 
)Ossibilities of combining pairs of the forms A, E, I, 0 in 


■he third figure have valid conclusions. The four that are not 
alid have the combinations G,l), which lead to the state 
for the quantifier and are therefore indefinite. 


Il« 



.47 


QPL-III 
Draft-1A 
11 . 12.83 


le) Application to the syllogjisms in the fourth figure 

The fourth figure has the first tvro terms of the type 


p I—^ m , m \—^ s , leading to the conclusion s \—> p . The 
first one to be considered is M for which the books on this 
subject write the mood to be of the form AAI -4 ( Bamalip ) (_3] , [6] . 
The form I represents the statement x) (| =# p), and it is 
obtained from the partial information (B x) (hJ ==^ s) contained 
in (Vx) (?} s). Hov/ever, it is possible to derive from M 
in figure 4 a more powerful conclusion with the quantifier (Vx) 
throughout, as follows: 


(Vx) (p =^m), (Vx) (m |) = (Vx) (p |) 

( -n s =4 p) (E‘), AAE'-4 


(37) 


Thus, not only can the forms A', E', , 0’ occur as conclusions, 

but in this instance, such a conclusion is the proper one to be 


taken since it is superior in power to that listed commonly. 


Thus, for all x, if "not-s implies not-p", then 
obviously there exists "some x for which | =4 p" ; but 
there can also be "some x for which s =4 I P"» 
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To illustrate this, we shall take the following example. Thus, 
"for all" "In Bangalore In Karnataka", and "for all" 

"In Karnataka =4 In India" together imply, "for all" "In 
Bangalore In India". The last statement is well-knov/n to be 
equivalent to "for all" "Kot in India Kot in Bangalore". 

This is much more powerful than saying merely that "Some Indians 
are in Bangalore". Therefore v/e have a very strong case for 
examining all the 64 possibilities of combining the four forms 
v/ith one another in the four figures for obtaining the new forms 
of conclusion, namely E’, I', 0* . We have done this in the 
next section and the essential results are summarised. >/e do not 
give the detailed derivations for the fourth figure for the 
traditional but merely state that the four listed examples 

other than Samalip , namely ^ ( Calemes ), EAO ( Fesapo ), EIQ 
(Fresison), IM ( Dimatls ) come out all right by our analysis 


of all possibilities in the fourth figure. 
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s yllogisms leading to conclusions of the 
1 | p aM —I s =4 —] p , 

. -PX "the al/;;ebralc technique for working; out valid 

sylloRisms 

iVe have so far considered the standard type of categorical 
syllogisms in traditional logic, .•ftiile doing this, we have 
developed an algebraic technique of finding out v/hich combinations 
of two QPL statements in the various firures will give rise to a 

V O 

conclusion of the type (Vx) (s =4 p, or ■np) and (3^) 

(| ==^ p, or 'Ip). The inputs also are QPL statements of the 
form quantified by (Vx) or (3^). In this algebraic technioue, 
we use reversals of these statements to obtain effectively a 
set 0 f two statements insuccession in which the output of the 
first statem e nt is the input of the second s tateme nt. Consequently, 
the two quantified statements, each of vMch is an im.plication, 
can be combined together to form a single implication from the 
first term to the third term. We shall call this way of v/ritiry 


the two QPL statements in succession as "a chain of two implications" 
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or a "derivation”. In effect, v/e have only tv;o types of 
derivations which are used, nagiely, 

(Vx) (a =4 ^), (V x) (b c) = (V x) (a c) (58a'; 

and 

(3 x) (| b), (Vx) (J =4 g) = (3 x) (| c) (3ol\ 

In order to convert bhe two statements in each nood of a 
fiyure into a chain of two such implications, ’vfe use reversals 
of one, or both, of the statements (as in 39a, b) and also use 
the fact (where needed) that the implication (Vx) (|=4 b) 
implies the existential statement (3 x) (| b). 

(Vx) (a =4 b) H (Vx) ( n b -n|) (59a) 

(3 x) (a b) 3 (3 x) (j |) (59b) 

Further, we use the results from sections 2 and 3 that V®\/= V, 
®\/ = d , and , and also the* SKS-type 


of result, that (a b), ( I b ==^q) in successioa ifill lead 
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to the state D for the term c irrespective of v/hat a is, 
so that the resultant syllogism leads to no conclusion of 
value, and becomes "invalid”. 

(b) Proof of uniqueness of the technique 

As in the previous section 4, we have worked out various 
examples in which the above formulae (38)and (39), and the 
associated results mentioned above, were employed, and the 
18 syllogisms of traditional logic were derived in this way. 

The nineteenth one, namely Bamalip , v/as shov/n to be replaceble 
by a superior syllogism^ of the new type with an implication 
starting from *ns. It might be wondered whether this method 
of vrorking out valid syllogisms, in which various reversals are 
used, and (3x) is employed instead of (V^) for a number of cases, 
cannot lead to two ambiguous results. >^e have examined this, and 
it is possible to show very simply that no ambiguity will come 
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in any caae of a pair of statements^ according to any of the 
four figures^and thst^either a uniouely possible conclusion 
can be derived^ or it can be shov.Ti that the pair of statements 
will lead to an indefinite statement having either the QFL 
state A , or tie SliS state D. ile shall give an outline of the 
proof belov/ and it is not very difficult. However, the details 
of the proof are omitted and only the main steps are given. 

while combining two statements having the quantifiers 
(\/xj and/or (^x), v/e should first note that the combination 
of one statement with (3x) follov/ed by a second statement -/ith 
("^x) will not lead to any conclusion since A, the 

indefinite state. Hence we need consider only the combinations 
given below. 

(i) If both statements are (V^x) and (V 2 X), then either 
they do not lead to any conclusion because the output of the 
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fiiTst statement is the negation of the input to the second 
statement, or there is a valid conclusion having the quantifier 
(Vx), in which case reversing both of them will lead once again 
to 8 conclusion which is equivalent to the earlier one. For example, 

tV x) (| b), (Vx) (b =6=^ c) = (V x^) (§ c) (40a; 
(V^) ( “H c =4 -n b), (Vx) ( ^ b -n a) 

(00b; 

= (\/x) ( "H g =*4 

It is obvious that the right hand sides of (40a) and (40b) are 
equivalent and no ambiguity arises. 


(ii) If v/e have the combination (V,h or (a,V). then 
one of these produces invalidity, because the sequence of 
statements are of the type (41), leading to an indefinite conclusion, 
having the QPL state A , 


(Vx) (| =^b), (3 x)(5 or “n ^ =4g) = /\ (| c, or a D c) i.4l) 

In such a case, only the other combination with (9 x) preceeding 
(Vx) need be considered, and this has the quantifier (3x), but 



QPL-III 

.54. Draft-1A 

9-12-83 

the SNS operator may be (l), or D, In the former case, 
there is a unique valid syllogism, and in the latter case, no 
valid syllogism is possible for this combination. 


(iii) In the case (i), althou^ the combination (Vj^) and 
(V 2 X) do not lead to any valid syllogism, we can obtain the 
state (3 x) by implication from one of them, and then, \-re can 
have four possible combinations. Thus, the implication being 
taken from either (V^x) or (V^x) leads to two possibilities 
( V^x), ( ^ 2 ^) nnd (9^x), (\/ 2 x), and each pair can be taken 
as it is, or in the reversed sense, leading to four cases. By 
experience, when all the 64 examples were worked out, not a 
single duplication^ or ambiguity^ was noticed. Therefore, a proof 
for this has been worked out and it is quite simple to see. 

It is best verified by saying that if there is a valid syllogism, 
then on reversing it and on interchanging the ( 9 x) and the 


no other valid result comes out. Thus, suppose 

(5x) (a =^b), {\lx) (D ==^ c) = (3x:) (a c) 


(4? a; 
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In this a can he either § or “1 s, and c can be either 

p or “~|p. If nov;, we reverse the two statements on the left 
hand side, we obtain 

(\/ x) ( ~l g ==^ 1 ^), (9 x) ==^ a) = V ^ 5 = A and D (42b) 

If, on the other hand, we interchange the (Vx) and {9x) in (^2a) 
then we obtain the QPL indefinite state A : 

(Vx) (a ==^ b), ('] x) (b =^5) = \/ ® 9 = (Ax) (a =4 c) (^?c) 
Un reversing this, we obtain, 

(9 x) (c ==^ b), (Vx) ( lb |) = (9x) (g D |) t42rj) 

leading to the ShS doubtful state D. Thus, in the three cases 
(42b), (42c) and (42d), either the QPL state is JX ^ or the SI'S 
state is D, or both of them occur, and they are indefinite and 
useless as conclusions of a syllogism. Thus, we have sho\/n o_uite 
generally that the procedure mentioned earlier in this section 
of working out a chain of two implications is a very general one 
and can lead to no ambiguities for a pair of QPL statements of 


Type 1. 
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i.c) List of the eighteen new svllog:isms 

Since there can only be one conclusion for a pair of 
statements in any of the four figures, we can omit the 18 examples 
which are well-knoim in traditional logic from consideration 
for the purpose of deriving the set of new syllogisms, h'e can 
also similarly omit 16 examples which have the sequence ( 0,1 ) 
because they lead to the indefinite state A , by combination 
yia the operation "into”. Thus, v/e are left \;ith 30 examples 
and it is interesting to note that 18 of them come out to be 
valid syllogisms of the new type in which the implication v/ithin 
the bracket is of the type s p or I 5 .=^ —\ p. we have 
listed these, along with the 18 syllogisms of the old type, 
in Table 6 , 


Table 6 . Summary of categorical syllogisms in traditional logic, 
including the nev; possibilities 


Table 7 gives the names of the valid moods of the old and new 
types. The first three vowels in the names give the sjonbols, 

A, E, I or 0 of the three statements in the syllogisms. The 
presence of a foui^th vovrel signifies that it belongs to the nev/ tjupe. 

Table 7. Symbols and names of valid moods of the old and new typos. 

To distinguish the new ones from the old ones, the letter symbolir:.n 



Table 6 


Q.f Categ:orical Syllogisms in Traditional Log:ic , 
including^ the new Possibilities* 


Figure+ 

Moods v/ith conclusions 
s =4 p and s =4 — I p 

Moods with conclusions 
^ s =4 p and —i_s =4 —i p 

First 

AAA, All, EAE, EIO 

AEI>, EE0‘, lEI’, CEO’ 

Se cond 

AEE, EAE, AGO, EIO 

AAO', SEP’, lEI*, 0AI» 

Third 

AAI, EAO, AH. 

EIO, lAI, OAO 

AEI', EEO', A01‘, 

EGO', lEI', OEO' 

Fourth 

AEE, m 

AAE', EEO’, SOO', ISI’ 


Forms: 


A=All§isb , E= All I is not-b, 

1 - borne a is b, 0 = Some a is not ; 

A*= All not-a is b, E’ = All not-a is not-b, 
I'= Some not-a is b, 0* = Some not-| is not-b. 


* 4 * 

Figures: 1 : 

2 : 

3 : 

4 : 


m j—^ p, 

p ni) 
m p, 
p m, 


s i —^ ffi, 
s m, 
m 'i—> s, 
m 't —^ s, 


s i—^ p 
s i—^ p 
s I—> p 
s \—^ p 
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y.Q-6)le 7i Symbols and Names o£ Valid. Moods oP ~blie 


Old and New Types 

Old 


Type 

New 

Type 

AAA-1 

5 

Barbara 

AEI *-1 

9 

Kaveriar 

AII-1 

> 

Darii 

EEO’-1 

9 

Electronic 

EAE-1 

9 

Celarenb 

lEI•-1 

9 

Dimension 

El 0-1 

9 

Ferio 

OEO*-1 

9 

Ponderous 

AEE-2 

9 

earnestres 

AAO'-1 

9 

Bangalore 

AOO-2 

9 

BareCO 

EEO•-1 

9 

Neelotpal 

EAE-2 

7 

Cesare 

lEI•-1 

9 

Nivedita 

EIO-2 

9 

Festino 

OAI*-1 

9 

Moravia 

AAI-3 

9 

Darapti 

AEI'-I 

9 

Magnesia 

AII-3 

9 

Datistl 

AOI•-1 

9 

Sarojini 

EAO-3 

9 

Felapton 

EEO ’ -1 . 

9 

Development 

EIO-3 

9 

Feriso 

EOO'-1 

9 

Mesozoic 

IAI-3 

9 

Disamis 

lEI'-1 

9 

Indefinite 

OAO-3 

9 

Bocardo 

CEO•-1 

9 

Lodestone 

AEE-4 

9 

Calemes 

AAE -1 

9 

Management 

EAO-4 

9 

Fesapo 

EEO -1 

9 

Generous 

EIO-4 

9 

Fresison 

EOO -1 

9 

Leonord 

IAI-4 

9 

Dimabis 

lEI -1 

9 

Silesia 
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the conclusion is given an extra prime as in , E', I’ and O’. 
■<e shall not give the derivations of all of these examples, but 
take only a few of them to indicate hov; the rules in (39a and b) 
and the associated results are applied for this purpose. It v.nll 


be noticed that, while doing this, v/e are applying no new result, 
or teclinipue, that has not been used in deriving the v';ell-r.no^/n 
18 oategorical syllogisms of traditional logic. The same rules 
are applied, v/ith only the extra provision that a conclusion 
starting from s can also be listed. It is obvious, on exai.a.iin 
the Table 6, that the nev; syllogisms are not duplications, or 
£trai['iitforv/ard equivalences, of the old ones. In fact, v/e use 
only statehients starting from an affirmation in the first io'/o 
statements on the loft hand side of the syllogisms and only 64 
of these are used. Howev.er, for the concluding statement v/e no;; 
allow the SIS statements ' I s ==^ g and “1| ==^ I g, starting 
from “Is also, in addition to the two implications starting 
from s v/hich are listed in the left half of Table 6. It can be 
shown that the case of negations for the first two statements 
are derivable in a straightforward manner from the 36 syllogisms 
listed in Table 6. (See Appendix 1 for a short proof of this). 
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(d) i1ev/ syllop.isJPs belonp;inp: to the fi rst fii?,ure 

In the first figure, the very first combination M leads 
to the v/ell-knov/n syllogism AAA -1 (Barbara) of the old type. 
Talan^' the next one ^ v/hich is not. in the traditional list, 
it consists of {\j x) (m =4 p), (\/x) (s ==^ ) m). From this, 

we obtain 


(Vx) (m ==4 p) ID (9x) (in p) rm (3 x) (p =#• m) (45a) 


(V x) (| ==^ i |) — (\/x) (g I |) 
(^ x) (g m), (Vx) (m s) = (3 x) (g 

H(3x) (-!§ ==^ g) — I’ (AEI»-1) 


143b) 


s) 


(43( 


The conclusion is of the form I’, leading to the form A^'—1, 
for which we have given the name Kaveriar . This is based on 
the name (Kaveri) of one of the important rivers of Karnataka state 
in which Bangalore is located. The termination 'ar' means 'river’ 


in Tamil. 


The next combination ^ leads to AII ~1, which is Darii of 
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the traditional list. The one after this, namely ^ , leads 
to no useful conclusion, but only to either D or A > as in 
(44a) and (44b). Thus, 

(Vx) (m p), x) (s I m) leads to D ('^4a) 

iteversino both, we obtain the following inputs, leading to a . 

(Vx)(“~lP =4 ■n m), (9 x)( m |) = (A x)( -^p ==^|) (4^:b) 

Just like the combination also leads only to an 
(3x) conclusion, producing E^’-1, and, o^st like ^ also 
leads only to D or A . Similarly lA and OA lead to only D or 
A , while IE and GE lead to the valid syllogisms of the new 
type and 0E0'~1. 

As already mentioned, the quantifier combinations in 
n, 10, 01 and W all lead to 9 ® 3= A , and they cannot lead 
to valid syllogisms. Hence, just as with the old examples, the 
first figure contains only four of the new type of syllogism, 
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(e) Kew sylloRlsms in the se cond, third and fo urt h figures 

Table 6 lists these new results. Since their derivation, 
from a pair of QFL statements^ converted to form a chain of tv;o 
implications^with the sequence V. V or 3 , V. does not involve 
any technique not already described and used for the traditional 
examples, do not work them out in detail. 


6, I-ianipulations with Statements of 


in QFL 


Although the 64 binary combinations of the statements 


involved in categorical syllogisms are all capable of Dein< 


represented by another statement of this type, and these have 

been listed in the previous section, it would be v/orthwhile 

( a/r€ U 

mentioning the general rules^employid in working out the outputs 
of st’.tements of this type, for all possible inputs. Suppose 
we have the UPL term (Vx) (| b) or (J x) (a =# b), then 
its outputs, correspondin to the inputs (Vx) (a,or -n §) and 
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.61 . 

(■3x) (|^or ~1|), are as given in Table 8. (The proofs of 
these are implicit in the discussion of previous sections.) 

Table 8. Algorithms for obtaining the outputs of Type 1 
statements of QPL 

In compiling Table 8, formulae in SNS, and the "into" 

connective in QPL, described in this report, have been employed. 

The very small number of three valid deductions (Sl.Kos 1, 3 and 5 

of Table 8) can be readily computerized, l^ile testing this 

procedure for routine application for a pair of statements, it 

was found that it is necessary to have also the “implicate" 

operator ( ^) in addition to the connective operator "imply" 

( ). Consequently, the three cases where this connective 

can give an output that is not D or A are also included in Table.8. 

(Their full capabilities and application have not been worked out.') 

sdo 0 f- bwo 

Hov/ever, initial trials show that a oo p i a- s of statements having 
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Table 9 . Alpiorithms for obtaining the outputs 
of Tyre 1 statements of QPL 


m 

B 

Input 

— 

Statement 

Output 

1. 

(Vx) (a(xj) 

Implies (»^) 

(V x) (a ==^ b) 

(3 x) (^(x)) 

2. 

(Vx) (■*! i(x)) 

(V x) (| ==^ b) 

D 

3. 

(9 x) (|(x;) 

(Vx) (| =4 b) 

(3 x) (b(x)) 

4. 

(3x) (-la(x)) 

(Vx) (| b) 

D 

5. 

(Vx) (a(x)) 

(9 x) (|(x) b(x)) 

(3x) (b(x)) 

6. 

(Vx) (-l§(x)) 

(3 x) (a(x) =4 b(x)) 

D 

7. 

(9 x) (|(x)) 

(3x) (a(x) =4 b(x)) 

A 

8. 

(9^) (■n|(x)) 

(3x) (a(x) =4 Ux)) 

A. and D 

9. 

(Vx) (a(x)) 

Implicates ( 4= ) 

(V x) (b(x) 4= |(x)) 

(3 x) (b(x)) 

10. 

(-j x) (|(x)) 

(V^) ^ s(x)) 

(3x) (b(x)) 

11. 

(V x) (|(x)) 

J 

(3 x) (^(x) 4== a(x)) 

(Jx) (^(x)) 


Rules for reversal 

(Vx) (a *^b) = (Vx) (n t =4 -n a); (9 x) (a=^ b) = (9 x)(b=^j) 

(Vx) (b^*® a) — (Vx) (a 4= 1 b); (9 x) (b4=® §) — (9 x) (a^ b) 
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implications produce some difficulties in implementing them 
in the sequence in vMch they are witten. 

</e shall illustrate this below by one example of the pair 
of statements taken from one of the 64 moods of categorical 
syllogisms, namely OH'-a. These are (dx) 

(Vx) (s =% m). rte wish to find out the output state of p , 


v/hen the input states of s are T and F. Thus the input 

(Vx) (s^) put into (Vx) (s ==^ m), gives x) (m^). This, 

going into the reversed first term, namely (^x) ("nm p) 
gives (A x) (pq), i.e a A quantifier and a D state, how, 
if we input (V x) (sp) into (Vx) (s m), the output is 
and this, going into (^x) ( | p), gives again p^. 

Thus, we get the wrong result that both (Vx) (s,ji) and (Vx) (Sij,) 

leads to the output of g in the D state, showing that the two 

given QPL statements, in the sequence given, lead to an invalid 
syllogism. But, our Table 6 gives that the two together are 
valid £ind yield the statement (^ x) ( | p), so that, 

for the input (V x) (sp), the output is (3x) (p^). 
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It nay be mentioned that this ditficulty does not arise 
in di:S, v/here the forward (=^) and reverse ( -4= ) implications 
are equivalent, and both will give the same result, and no 
difficulty arises. Thus, 


=¥ t), =^c) = (| g) 

Also, 

^ ^ ^ —I a) 

(b (-1c ^ lb) 

and wt 

('—1 g 4= 11), ( I ^ 4== 1 |) = (^ I £ #= ' 1 §) 

^ (| 


(45) 

(460) 

(^6b) 


(47) 


uii the other hand, the special situation^ as mentioned above, 

arises in QPL for statements ot Type 'I, because (Vx) (a b) 

and (jx) (a b), on reversal , behave differently (see Table 8). 

Thus, in an argument composed of statements of Type 1 in wFL, 

it appears as if the input term cannot be applied to the first 

st tement in order to obtain its output, it is liien applied 

A 

into the second statement and its output obtained^and so on — 
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a process which we have developed in great detail in connection 

L Of I 

vdth the arguments injf^SNS logic. It looks as if a sequence of 
statements will have to be manipulated as such in many situations^ 
and not one by one as v;e would imagine. This is the lesson, that 
the studies made on the 64 categorical syllogisms that are 
possible, has given us. 

It will be apparent, from all these, that algorithmic rules 
v/ill have to be carefully formulated so that the truth value 
and quantifier value of a term can be uniquely worked out for a 
sequence of Type 1 statements in QPL. The full examination of 
this requires extended study and is being reserved for a later 
report. Hov/ever, one result seems to be clear. If we have a 
chain of n QPL implications, then either the resultant iraplicatir'n 
is always A or/and D; or there is just one combination of these 
that leads to single QPL statement of type l^and all the remeinin^ 
( 2 ^— 1 ) possible equivalent v/ays of writing the chain lead to the 
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net resultant having either a A or/and a D, Hence, given 

a QPL input, an argument composed of a finite number of 

quantified categorical statements can always be v/orked out to 

yield a unique output. These very brief comments v/ill be clarified 

and extended in the next report, but an outline of the proof 
is given in Appendix 2, 
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Appendix 1 

al/^orithm for finding; the resu l tant of tv/o categorical 
statements . 

It is possible to work out complete general rule^ for 

combining tv/o categorical statements (of Type 1) to obtain a 

resultant statement of the same type. The treatment here deals 

with any categorical statem*ent, either of the t 3 ^^ A, E, I, 0 

or of the typejA', E', I', O'. Thus,(^statements combined 

can have either an affirmation or a negation as input, and 

similarly either a negation or an affirmation as output. We show 

that two statements with the quantifiers (Vx) or (9x) for 

either of them_, on combining together^ lead to a third statement 

of the same category and that the only formulae for combination 

CKfO 

that we need employ are what is contained in the categorical 
syllogisms AAA -1 ( Barbara ) or AII -1 ( Parii ). 




V/e have already seen that tv/o categorical statements_, in 


which one has the existential quantifier (9^) and the other the 
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universal quantifier (Vx)^ can combine in tvro different ways, 
with the common middle term (m) being the output of the first 
statement and the input of the second statement. However, 
depending upon the sequence (9 ^ V» one of them 

(in thisj[the former) can lead to a non-A quantifier. In either 
case^ we verify that the middle term m appears with an 
affirmation in both of them, or a negation in both of them^ so 
that it can go in from the first statement to the second statement. 
If this happens for a resultant non-A quantifier, then we have 
the output based on AAA-I ( Parii ), namely 

(3 x) (a =*^ m), (Vx) (m b) = (3 x) (| b) (A1) 

We shall illustrate this by a random example, (Vx) ("Is m) 

(B x) ( -n B =as^ g) . In this case, the sequence in which the 
two are given Ip ads to a state (Zl x) for the resultant. So 
v/e reverse each of them and obtain. 


(3 x) (p “^ |)» (Vx) ( I m |) = (9x) (p s) (A2) 
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For doing this^ vre associate p with a of (A1), '—|m of (A2) 
with m of (A1), and | with ^ of (A1). It is readily verified 
that this technique can be applied to any combination of one ^ with 
one V; in the two statements that are under consideration. 

One of the two possibilities only can atjtaost form a valid 
non- (Ax) conclusion^ in v/hich case it is unique. Both of them 
may also lead to indefinite conclusions^ having either A or 
in which case the pair of statements started vdth has no valid 
combination except the indefinite state. 

If the tv/o statements have V) then;as they are, we need 
consider only any combination of it in v/hich the middle term 
is output te the first and the input to the next. If the tv/o 
middle terms have the same sign (affirmation or negation) then 
it has a valid re/sultant, for example, 

(V^x) (s ^ I m)^ (V 2 X) (—]| =# p) = (\/x) (s p) (A3) 

Bdr obtaining this, we use the standard syllogism AAA -1 ( Barbara ). 
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which we shall v/rite as 

(Vx) (| m), (\/x) (m =5=4 b) = (\/x) (a =4 fe) (A4) 

In these, the relationship between (A3) and (A4) is that we 
associate s with a, m with m and p v/ith b of Barbara (A4). 

It can quite happen that the two sentences, bbth v;ith the 
universal quantifier (\/x:), lead only to the doubtful state D 
for the resultant, e.g. 

(V^x) (— 1|=4 g)* (\4x) (■~im==4 —Ip) 5= D (A5) 

In such a case, we can look for a way of combining the two to 
obtain a conclusion of lesser power. V/e do this by converting 
either one of the two statements into an existential statement 
by implication. We have already shovm, in Section 5(’b), that 
this process can lead only to one of the four ways of combining 
a pair of 3 ^ statements, leading to a valid conclusion, 

and that there is no duplication or ambiguity. Hence we only 
illustrate the technique below, with the example of (A5). 
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Converting first ( V^x) into (9x), we obtain the pair of 
statements 

(9x) (“^1 |), (Vx) ( I m — I p) = D (A6a) 

Reversing the two statements on the l.h.s. of (A6a), we obtain 

(Vx) (p m), (9 x) (m ==4> —F §) = A (A6b) 

This leads, however, to A . Therefore, we convert (V 2 X) alone 
into (9x;), and obtain (A6c), 

(Vx) (—)g=:^m), (3x) (—11=4”^?) = A and D (A6c) 
and, on reversing the two statements on the l.h.s. of this, we 
get a valid conclusion, as in (A6d): 

(9x)('np ==4 ~1 m), (Vx)(-nm ==^ |) = (9x) (*—ip =4|) (^^d) 

Thus, with ( V.J, V 2 ) as the first two statements of a 

syllogism, we obtain as conclusion either a conclusion with 

(Vx), using AAA^, or a conclusion with (3 x) as quantifier, 

if the former is not possible. In the former case, the conclusion 

is straightforward, and in the latter case, it is one of the four 
possi.bili*fci0s tlius obt 8 .in 0 dj using ^ bub is uniQUG# 
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(c) Both quantifiers 3 . 

In this case, since , no valid conclusion 

can be obtained, and such a pair of statements leads to no 
definite conclusion, 

(d) Reversal of the resultant 

It is to be noted that conclusions such as the right hand 
sides of (A4) and (A6d) are not the only ones that are obtained 
on combining the two statements on the left hand sides of such 
equations. Their reversals are equally valid as conclusions. 

Thus, v;e have also 

(a4) H (Vx) (-16 -1 |) 

and 

(A6d) ^ (3 x) (s g) 

A case of special interest where such a reversal is made 
after applying Darii is the derivation of 0kl'~‘2 (^iorevis). 

This syllogism rea'ds as follov/st 

(3 x) (p i)» (Vx) (s m) = (3 x) (“11 =^?) (A7a) 
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The first step is to reverse the term (^x) (s m) to get 
its equivalent m 3=^ f|). Then v/e obtain the 

following, having the pattern of Daril , v/hose conclusion is given 
in (A7b) below. 

(3 x) (p =:^ -1 m), (Vx) (-n m —fp) = (lx) (p 1) (A7 

On reversing the conclusion in (A7b), we obtain the right hand 
side of (A7a), thus proving the syllogism Moravia , using Darii . 

The pattern of l-loravia is of great interest in relation to the 
v/orking out of the conclusion of n statements, under certain 
conditions (see Appendix 2), 

Thus, we can test if any pair of categorical statements 
have a valid conclusion. The conclusion can also be derived in 
a straightforv/ard manner by the procedure described here. V/e 
need, for this, only the two syllogisms AAA--1 ( Barbara ) and 
AII-1 ( Darii ). It is obvious that this technique can be readily 
converted into an algorithm and computerized, but this is not 


presented here. 
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Appendix 2 


Procedure for finding the resultant of a chain of n cate,gorical 
statements 

Suppose that v/e have a set of (ji + lj terms s , m^, m 2 ,.,., 
m^,..., , p and n relations connecting them made up 

of statements of lyp® • Each such statement v;ill he of one 
of the forms A, E, 0, A', E', I', O', and therefore can 

have the quantifier V or "3-, and can have either affirmative 
or negative inputs and outputs inside the bracket that is 
quantified. Then, if every middle term occurs as an input in 
one statement and an output in a different statement, then 
n statements connecting the above ^n + lj termican be v/ritten 
in the form of a chain as follo\;s: 


— i^x) (s ==^ 

(A8a) 

^2 'S ( '^x) (a2==^ b2) 

(A8b) 

♦ ^ ^ ^ 4*4 • 0 , - 

//j 5 i^'^) (13=^ bj) 

(A8c) 

^ (^x) (a^==^ p) 

(A8d) 

The condition for the chain is that the output of 

^ is the 

input to ^2 general, the output of is 

the input 
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"to j+l " shall give below the conditions under which 

such a chain of implications has a valid conclusion and the 
formulae for the conclusions when they are valid. 

(a) First quantifier is 9 and all others V 

The quantifiers ( can all be only (V^) 

or (Bx), We also know further that irrespective of the input 
to a categorical statement in the form of a universal or 
existential quantifier, the output is always (9 x) (see Table ^ . 
Hence no middle QPL, term in (AS) can have an (B x), since 
B ® 9=A , and this generates the A state, which is then 
carried through to the end, so that the conclusion is also an 
indefinite state. On the other hand, the first statement can be 
an (B x) and all the rest can be (\/x) in v/hich case, under 
suitable conditions, a valid conclusion can be arrived at. For 


obtaining such a valid conclusion an additional set of equations 
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(which we may call as the "transitivity” conditions), as in 
(A9), are required: 


Si ' §2’ ^2 ° ijr--' Sj = Ij+v-- Sn.-I = in 


(A9) 


When these are satisfied, we call the chain as a "connected chain". 


If the chain is not connected, and any one of the equations in 


(A9) is not satisfied, and some input to 




is F, so that the SNS state of the output from the implication 


is D, v/hich is then carried over right upto the end and the final 


output is in the doubtful state. 


Suppose, v/e have both the conditions mentioned above satisfied, 
then the statements are implementable in serial order from 
^1 ^n resultant is 

^ = (3 (s p) A10) 

(b) All quantifiers are \/ . 

If all the quantifiers are V , and the transitivity conditions 
(A9) are all satisfied, then the conclusion is 



.76. 


■yf' = (\/‘') p) (All) 

Under these conditions, all the equations in (AS) are reversible 
and we can v/rite to in serial order as loIIov/s: 


S (Vx) ( —Ij = 4 . --1 gj^) (A12a) 

'^4-1 = '^in-b 

= (Vx) (■~tb.=^ ■'IsJ (A12c) 

J '“J ““ J 

rr (\/x) (”nh.|5=^ s) (A12d) 


In this case, the equations in (AI 2 ) can be implemented in serial 
order as written, and the resultant becomes 

)r = (\/x) (-1 p =» -ni) (A13) 

(AII) and (AI 3 ) are equivalent by reversal and are not tv/o 
different conclusions. Kence a set 01 st-Ttenients of Type 1, 
all vath V j v/hich form a connected chain, has a unique conclusion, 
in vMch the first term in the sequence {§) implies the last term 


in the sequence (p) under the universal quantifier (Vx). 





.77. 


(c) Last state ment alor]e_ has j r aid all others V • 

If this happens, v/e reverse all the dFL sentences in (A8) 

and v/e obtain a sequence of the sane t;^/pe as (A12), but in 

which the first statement (A12a) alone becomes (A1A), and all 
the others are unaltered. 

^ (1 x) (g =4 a^^) (A 14 ) 

Therefore, we need nev/ set of transitivity conditions (AI 5 ) 
which is the same as (A9), except that the nth one has a 
negation in addition, as in (AI 5 ) below. 

in "" "^Sn » in-1 "" Sn-1»**‘» §1 "" Si ^^^5) 

They are listed in the reverse sequence from n to 1 in (AI 5 ), 
because they are applied that v/ay. Then the set of statements 

^n ^1 implemented in the reverse order and v/e get 

the resultant, 

ill —^ 

y( = (3 x) (p =4 ^ (3x) (—j s =4 p) 
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(d) Suir-mary of this appendix 

Sunraarisinr: './hat v/e have said above, a set of n categorical 
statements have a valid conclusion only under the follo\/ing 
three conditions: 

1) The conclusion is 0^ x) (| ==^ p) if all the Quantifiers 
are (Vx) and the sequence of statements form a connected chain 
by satisfying (A9). This is the extension of AAA -1 ( Barbara ), 
from 2 to n statements, by adding any number of them, v/ith (V x), 
to the right; and the conclusion is the same as in L'arbara . 

2 ) The conclusion is x) (| g) if the first statement 
is (3 x) and all the rest are (V x) , and they form a connected 
chain satisfying (A9). This is obtained by extending AII -1 
( Parii ), as above to n statements by adding any number of them 
with (V x) to the right, and the conclusion is the same as in 
Parii . 

3) The conclusion is (3 x) (~1 s p), if the last statement 
is an (3x) and all the preceding ones are (Vx) and the connected 
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chain is formed in the reverse sense from the n th statement 
to the first one via a sequence of implications, and the 
transitivity equations in (AI 5 ) are satisfied. Effectively, 
this is also an extension of Darii , but using reverse implications, 
( ^=), whose properties are indicated in Table 8, It can also 
be considered as an extension of OAI '-2 ( Moravia ). from 2 to n 
statements, by adding any number of them with (\/x), but to the 
left . However, the validity of Moravia itself rests on that of 
Darii, so that v/e need only Larbara and Darii , for proving the 
validity of any chain of Type 1 statements. 

It appears as if no valid conclusion is possible under any 
other conditions, namely (i) if the chain is not connected by 
the transitivity conditions, or (ii) if there is an x) in 
any statement other than in the first/or the last;position in 
the chain. 

The discussion in this appendix has not been thoroughly 
rechecked, and it is given here to provoke discussion, rather than 
as definitely conclusive results, as they appear to be novel. 
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Abstract 


The paper deals with the application of QFL to cateaorical 


* H /nm m M « an. -T* U. ^ ^ Jt JL_ ^ “I • • • * - • i ■ 

J»t ir-«-<f*tiir'jrinii !r\m/-v i-r -ir; T'.r' Y^.T Cl miT TnoT TnO 

'J- -o——--><-. -4-vy - ,_ 1 . # a. u J. o L-’V^ Xii UC U U U t blic 1/ Lilt: 


so-called "doubtful" state (D) of SKS logic and the "indefinite" 


state (A ) of extended predicate logic occur naturally in the 


manipulation of QFL sentences having inputs with the quantifiers 
\/ and 1 . '.•"hen these are taken into account, and the reversal 

equivalences (\/^) (§ ==^ t)(V^) ( ) §) and 

(3 (§ ~ (3 x) |) are also taken into account, 

along with the inclusion condition (Vx) (| ==^ b) ZD (3 x) (a == 7 b), 
all the 18 categorical syllogisms found in standard treatments 
can be algebraically derived, by reversing either, or both, of 
the statements in the two input premises, and checking all the four 
possible rearrangements for a definite conclusion. It is proved 
that at most one of the four leads to a definite conclusion 
and the I three lead either to Zi for the quantifier or D for the 
state of the SNS relation that is quantified. These considerations 





are summarized in a set of four algorithmic procedures, using 
wrdch the validity or non-validity of any tnood nnt the 6 d 
that are nossihl® (hy using the standa.rd joitdo A, ^ with 

s p or s — Ip) in the four figures can be established 

and the conclusion derived (as one of the forms A, K, n) 

when it is valid. Surprisingly, not only was it possible to 
derive the 18 syllogisms listed traditionally, but In addition, 

18 moi^e valid new ones could be derived which, however, have 
conclusions in one of the four forms A’, E’, O' (newly defined, 
having t § p and ' I 5 j p inside thr' bracket that is 

quantified). These have been listed and mnemonic names coincvl 
for them. A very general theorem is obtained, nr-mcly that any 
pair 01 categorical statements, with V or 3 as quantifier, has 
no valid conclusion if both are ^ ^ ; has always a valid 

conclusion if both are V , V ; but may be valid or invalid if one 
has the quantifier V and the other I . In proving this, it is 


shown that every pair of categorical statements 


can be brought 



into isomorphism with the pair in one of the two classical 
syllogisms Barbar a or Darii , v/hich are the only independent 
patterns (moods) possible for the pair. This has also been 
extended to the case of n categorical statements in sequence, 
and it is shov.n that there are only three independent patterns 
possible for them to have a valid conclusion — one as an extension 
of Barbara with all statements quantified by \/ , and two as 
extensions of Darii , with one ^ and all the rest being V • 
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Fart III ■— Algebraic Theory for Cateforical Statements 
in wuantified Predicate Lorgc (GFL ) 


1. Introducticn 

Studies on the representation of logical connectives by 

operators based on Boolean vectors and natrices were started 

some five years ago with special reference to the computerization 

of logic. The earlier studies v/ere written up in the form of 

reports from the Mathematical Philosophy Group of the Indian 

Institute of Science (Ramachandran, 1979> 19S0; Ramachandran and 

Thanaraj, 1980a, 1980b, 1981; H. Ramachandran and Thanarag, 1981). 

From 1981 onwards, a very general Boolean vector-matrix algebra 

was developed for sentential logic which extended the standard 

propositional calculus with tv/o truth values T and F, to a 

of 

formalism isomorphic vath the Boolean algebra^genus 2 having four 
states -which in logic are T(true), F(false), D(doubtful) and 
X(impossible). An electronic analog machine was also constructed 
(Ramachandran, Johnson and Thanaraj, 1980), using standard logic 
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gates to represent all the operators of this extended propositional 
calculus, for which the name Syad-t’yaya-System logic was given 
(syad = may be, nyaya = logic,in Sanskrit), The electronic 
circuits in this machine cldsely represent the algebfaic formalism 
that was developed for this purpose. A brief summary of all these 
was written up as a paper for Current Science (Ramachandran, 1982) 
and it summarized the properties of the Boolean algebraic 
representation of both the logical states and the logical connectives 
of propositional calculus, in its extended form of SMS logic. 
Thereafter, the Boolean algebraic technique was extended to 
predicate logic, and two papers (Part I and Fart II v/ith the same 
title as the present paper) were published also in Current Science 
(Ramachandran 1983 a,b). 

In the papers dealing with predicate logic, it was shov/n that 
the Boolean algebra of genus 3 and, in particular, its vector-matrix 
representation by three-element Boolean vectors and 3X3 Boolean 
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matrices, leads to the extension of the four wo]l-Lno\.T} etntes 
in cuantified predicate lo[!,ic (QIL), (nanieljr > "j. , encrc 

exists”, "not for all" and "for none”), by addun: four more 
states ("for some only", "for all or none", "indc?finiU'” and 
"impossible"}. Also the nature of the uFL con;u'Ctivor, between 
such cuantified SNS terms, as in (Vx) (p(x)) (.^y) (b(y)) 

or {\/x] (|(x)) & (^x) (^(y)) = q was discusse'd in ureat 
detail in Rainachandran (1983 a,b). (We have yiven t.he naim; 
"Extended Predicate Logic” (EPL) J'or this exteiuird I'orm o£ idl). 

It was shown that logical connectives of EI'L ar-e, in general * 
representable by 3X3 matrices^ or operators containing boolfan 
sums ( 0 ) or products ( © ). In fact, there are (8 X 8) = 64 
possible matrices having the nature of an "and" and uA having the 
netui-e of an "or", ie shall not go into the details of those 
here except to point out that they all deal with ill nentoncos 
in wnich the connective is also a QPL operator, ./e shall call 
such sentences as "Sentences of Type-2". The formalism needed to 
deal vith sinrle sentences of Type-2 of all types was developed in 
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Parts I and II of this series and, on examining the literature, 
it was found that this t 3 rpe of connective has not been stated 
and investigated so extensively be lore. 

However, it was brought to our attention that these 
operators, or connectives^ do not deal with sentences having 
logical connectives of another type in OFL — such as, "Given 
(Vx) (§(x) |(x)) and the QPL input (3x) (ap), what is 

the QPL output containing b(x)?" As we will see later, it is 
(9x) (bp.). S entences of this type-in which the same variable x 
occurs throughout the sentence and both the input and the output 
have the same scope for its domain, may be called as "Sentences 
of Type-1". The purpose of this paper is to examine and discuss 
the properties of such sentences, pairs of them and a connected 
chain of them and to give the conclusion in each case for any 
riven input, or inputs. In particular, v;e confine ourselves to 
the so-called "categorical" statements v/hich occur in the classical 
syllogisms of traditional logic (Church, 1966). V/e shall discuss 
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in sxtsnso 5 out v/g gpg sblc to Q,6si[_Ti 


a very yonoral procedure 


•..'hereby the 


conclusion oi an y paii' or stwt <,‘:..oill's 


fi-oni out of the 


eihit forms A, 


h 2> 2;') i'» 2' obtn.ir:eii by u.sing 


only two standard results - namely those which corresponc) to 


the classical syllogisms Barbar a and Darii ♦ Thus, it is not 
necessary to remember the symbols of all valid syllogism, but 
instead work cut the conclusion of any pair of categorical 
statements by a strai^tforward derivational process by converting 
them into a form which is isomorphous with Barbara or Darii . 


This treatment has been extended to n catc^fprical statements 
in the form of a connected sequence (see Section 4 for the 
definition of connectedness), and it is found that, by applying 
uce sane tv/o standard syllogisms Barbara and Darii , the conclusion, 
when it is valid, of an n-statement chain can be v/orked out, 
a..,., uhat this occurs only for three types of sequences, whose 
nature can be specllied. This Is described in Section 5. 
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2, Outline of SMS logic with special reference to the connective 
for ir.rlication . 

( a) Description of the states and the unary conr-ective “implies” 

As mentioned above, the main purpose of this paper is to 
derive the conditions governing a pair of (and sequences of n) 
categorical statements, for them to lead to a valid conclusion, 
and to v/ork out formulae for deriving the conclusion in such a 
case. "0 found that the principles based on the Boolean algebraic 

formalism that were developed for ShS and hPL, are required for 
doing these. A long report (Ramachandran 1983 c) on these studies 
has been prepared for private circulation, and the present paper 
is a condensation of that, v/ritten such that only the notation 
and ideas commonly used in propositional calculus (PC) and QFL 
are employed for the proofs. Therefore, the essential ideas 
connected with SKS and EPL are briefly presented in this section 
and the next section — particularly with special reference to 
those aspects that find application in the theory of this paper. 

In particular, the Boolean algebraic representation of the logical 
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connectives lead to some nev; features regarding "iniplicntion" 


in Propositional Calculus and Piedieate LogiC. 


mi • % 

4 kS- 41 J4.ViV«e4k^) 


clay an important part in the derivations worked out here and 


their basic principles are described in Sections 2 aul 3* 


Table 1. Truth Table of implies b" and ”a and b”. 


he shall start with the truth table of a =^>b , wliich is 
shown in Table l(a), in v/hich T 1 ( = "coiTosponding to", 

or "leads to") and F 0, The nature of the truth value of 
p when I = F leads to some very interesting new ideas. Thun 
from Table 1a, we have 

^ by, and ap or bp (| "may be" T or F) (3) 

hote the slight change in nomenclature about the repercussions 
of I being false, namely that b "may be" T or F. In standard 
literature on logic, it is said that ap implies b^ and bp. 

•«nat .ve mean is essentially the same idea, namely that the false 
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Table 1. Truth Table of "a implies b" and "a and b” 


(a) =*=^ b (b) a & V 


i 

b 

i * 

T 

F 

b 

a = 

T 

F 

T 

1 

0 

T 

1 

0 

F 

1 

1 

F 

0 

0 
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truth value for a cannot distinguish between and bp and 
canriot give a imique T or F truth value as the ansv;er; but the 
situation is better understood by saying that, when a is ialse, 
b could have the truth value T, or it could have the truth value 
F, and there is no v/ay of saying which is correct. In other v/ords, 
the information content of what the implication a b gives, 
when a is F, is nil. Thereafter, b cannot be the input of 
another logical statement, connecting it, say, to c — to give 
useful results about c. 

The situation when "a & b” is true, and a is given, can 
be deduced from the truth Table 1(b). In this case also, 

aj hp, but ap “Hb^ and "^bp (i.e. b can 

neither be true, nor false) 

In this case, when a is false, the statements "a itself 

becomes meaningless for | itself must be true for "§ 2^ b” 
to be true. In such a situation, to ask for the state of ^ is 



iirv'j 


. 11 . 


E.eai'J.nrless and it is an impossibility for ^ to be conceived 


if a is F, ana a 


L h is true, -.'e denote this hy the 


srr.hol X standing icr the "impossible" state. 


very simple representation of the "doubtful" state D and 


;sible" state X can be given by using tv/o-element 


-oolean veetdrs (a. to represent the truth value of a. torni 


. ..’e take the value 1 or 0 of a/ to indicate v/lietiior T exists 


or does not exist and si.milarly the value of to indicate 
whether ? exists or does not exist. Then, v/e have 


= (1 0), F = (0 1), D = (1 1), X = (0 


The representation (1 O) for T is obvious, since truth exist: 


nd falsehood i 


is absent, and similarly (0 1) for F. On the 


uOer nano, in the douotful state, the term concerned can have 


foe or tiiS state r, and \ie are unable to say v/hether it is 


•v'a’jS one or the otner. Hence, the representation by (1 1) 
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is reasonable. On the other hand, if we take (0 O), both 
truth is absent and the falsehood is absent and the term is 
an impossible one. In general, the state X comes as the 
consequence of a contradiction, and though we have worked out 
how the consequence of a contradiction can be turned back and 
useful results obtained in logical arguments (as in a reductio 
ad absurdum proof ), we shall not discuss these here, since the 
present paper deals essentially with implications. It may be 
mentioned that the output of an implication as such is never 
the impossible state X, but only one of T, F, or D. 

//e shall now focus our attention on the implication relation 
and its use as a unary relation between a and b, when | b 
is true. This is expressed by using a logical operator 
I (for “implies") connecting a and b in the form of an equation 
a I = b. We have shown (see e.g. Elamachandran, 1982) that 
I can be represented by a 2X2 Boolean matrix llj, which has 
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for its elements the same ones as ir its truth table (Table 1(a)), 
and then it is readily verified thai 


(1 0 ) h o \ = (1 0 ); (0 0 


1 1 


1 O) = (1 1) 

\i V 


(6a) 


corresrsonding to 


aj,I = b^ ; apl^=b^ 


(6b) 


The full ramifications of the h-.olean vector-matrix formalism 
will not be commented upon here, ex^^pt, one main idea, namely 

A 

that of reversing a logical equation. Thus, if a I = b is valid, 
then in the reverse sense from b to a, there is a logical 
equation. If we denote it by b J » then the matrix | J| for 
it is the transpose of the matrix jl, for the forward relation. 


ihis comes out of the general theory of relations (see Ramachandran, 

1983a). On testing the effect of this |j| , we obtain^analogous 
to (6), the results 



(0 1) (7a) 
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* 1 ^« 

which yield the logical correspondences 

i = ®D ’ i ^ i (7b) 

Thus, we get the consequence that an implication from a to b 
has an equivalent logical relation from b to a, namely 

b) = ( I b =# — 1|) (7c) 

This equivalence (or tautology) is taken as an axiom in standard 
treatments of PC, but we obtain it|^as a consequence of the vecto 2 > 
matrix formalism, based on the definition of a logical operator 
by its truth table. In this paper, we shall take the equivalence 
(7) as a well established theorem and the generalization of this 
to predicate calculus plays a fundamental role in our approach 
to categorical syllogisms* 

(fa Two implicationiln succession in PC 

Consider the equivalence for/pair of implications, usually 


taken as an axiom: 
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KowsvgPj "this can bs dGnivsci in oun for’iEulat-ion by thG fact blaatj 

h 

for the matrix |lj = { j representing tne coruiective i , 
the equation lljl! = III holds, so that 




(8b) 


However, the proof is iariaterial, and we take (8) as a theorem 
for our treatment in this paper. 


><e can reverse the l.h.s. of (8) and obtain 

( nc ==^ n b, --lb -ni) (--Ic ==^ --la) (9;) 

2ut, the right hand side of (9') is the reverse of the r.h.s. 
of (8a) and is equivalent to it. Hence (&) and (9) express the 

safiie result,, in tv/o different ways, and they are equivalent to 
one another. 

nowever, if in (8a)the second implication is from —lb to c. 


we obtain, 
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The statement a )C g means "a is disconnected with c”, 
or both a = T; and | = F.^put as inputs to the l.h.s. of (10)^ 
leadji^to c-being D. (If § = T, b = T, -n b = F, leading to 
c = D; and if a = F,b=:D, ■nb=D and g = D). Independent 
of our proof, (10) is an obvious result in PC. V/e shall use the 
symbol as in r.h.s. of (10), to indicate that the l.h.s. of 
the equation leads to no definite consequence. 


iiL A number (n) of implications in sequence 
Consider 

I1 Sr S2 Sa -•••’ 8n Sn 

It is obvious that 

if bjj “ b. 2 t ^2 ~ •••> ^ 

then (11 ) ^ (a-j ==#' 

H , . ! X 

On the other hand, between the j^quations in (11/, 
if b^ = some j » 1, 2, ...j n—1 

then (11) a (a^ Si^ ° i 


( 11 ) 


(12a) 

(12h) 


(13a) 

(13b) 
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Ko\iever, this can he derived in our formulation hy the fact that, 


for the mr 


I \ 




'“crix ;ij = { j repressriuing ZxiB coimecuive i ^ 

V 

the equation |l}ll = III holds, so that 




(8b) 


However, the proof is immaterial, and we take (8) as a theorem 
for our treatment in this paper. 


-e car. reverse the l.h.s. of (8) and obtain 
( "^ 0 —1 b, —7 b ==^ —1 a) ■S ( --1 g -n a) (9;) 

But, the ri^^ht hand side of (90 is the reverse of the r.h.s. 
of (&) and is equivalent to it. Hence (&) and ( 9) express the 
same result, in two different ways, and they are equivalent to 
one another. 

-“lowever, if in (8a)the second implication is from —)b to c. 


we obtain, 
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The statement a )C c means "a is disconnected with c", 
or both a = T. ar4 a = F,put as inputs to the l.h.s. of (10)^ 
leadjf^to p being D. (If g = T, b = T, -n b = F, leading to 
2 = D; and if §=F,b = D, '~1b=D and c = D). Independent 
of our proof, (10) is an obvious result in PC. V/e shall use the 
symbol^, as in r.h.s. of (10), to indicate that the l.h.s. of 
the equation leads to no definite consequence. 


(c) A number (n) of implications in sequence 
Consider 

=4 , |2 S2 ’ * * * ’ in Sn 

It is obvious that 

if b^ = a2 , ^2 " ^3’ ^n “ ^ 

then (11 ) ==#» b^) 

a 

On the other hand, between thejquations in (11), 
if bj = for some j = 1, 2, ..., n-1 

then (11) (a^ * £ 


( 11 ) 


(12a) 

(12b) 


(13a) 

(13b) 
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V.'e shall not indicate the proof of this in any detail, but 
it readily follows fix)m (10), 

Tlie saae conditions (I2a) are sufficient for the equations 
in (11) to be manipulated in the reverse sense. Thus, we obtain 
for the resultant 

f ^ • * *» ^ i"l 

■=(■^5^ -ngi) (i^t) 

It is to be noted that the r.h.s. of (1A) is identical with (I2b) 
Also, if (13a) holds, and 

3 = 2, ..., n-1 (I5a) 

then-^l^h ) nn i~n\) H a^) (15b) 

which, again, is identical with (13b). 

Hence, for n implications in a sequence in PC, the net 
resultant is the same, irrespective of the direction in v;hich 
the imolications are applied — forward or reverse. This is not 
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the case in QPL, as we shall see later. 

Thus, we have proved the condition for a pair of implications 
to lead to a valid resultant implication, and extended it for 
n implications. These results are obvious, and well understood, 
but the v;ay in which they are presented here have an important 
application to the theory of our paper, applied to implications 
in statements of Type-1 in QPL, 

3. Essentials of QIL needed for our derivations 
( a) Sentences and states in EPL 

In the four types of categorical statements A, E, I, 0 
the standard QPL states \/ and ^ are usedj v/ith the implication 
being affirmative or negative. Thus, we may symbolically express 
the four fo^ms of categorical statements by(l6 a, b, c, d), 

AE(\/x) (a(x) =4 b(x)) , E E (Vx) (|(x) lb(x)) (l6a, b^ 

I E( 3 (a(x) =*^ b(x)) , 0 rz-( 3 (§(^) lb(x)) (l6c, c| 

In these, the first two for A and E follow the standard practice 
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adopted traditionally for QPL. On the other hand, for I and 0 
we have made a small change, namely writing the PC statements 
within the bracKets that is quantified as |(x) ==^ b(x), instead 
of a(x) § b(x) vMch is commonly used. The use of the logical 
^ is very significant in that the relation between a and b 
under the existential quantifier 3 is a symmetric one. Thus, 

"Some a are b” can also mean ’’Some b are a”. This is particular! 
evident from the Venn diagram in Fig. 1(b) below. Therefore, 
if we wish to emphasize the direction in which the implication 

is applied, namely from § to b or from b to g we write the 
same statement as 

(9 x) (| b) H (3 x) (b a) ( 17 ) 

n Son (17) we have omitted the variable x for a and b and 
put it only for the quantifier (3x). This practice vdll be 


Qone throughout hereafter since all statenents of Type -1 have the 
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same variable x for the terms inside the bracket that is 


quantified. 


jL j. ir: 


-? A. X. 


XU ^ ^ 

l.t f I - ■ 




. . I 






{ r-* \ 


is that v/e have in effect reversed the relation ”Some a are b" 
into "Some ^ are and shov/fl that the two are equivalent in the 
same sense as './e have used for propositional calculus. 


However, the reversal under the universal quantifier (\/x) 
is clearly different. As is very well understood, the PC sentence 
that is under th?' universal quantifier obeys all the rules of PC 
and therefore on reversing (l6a), we vail get the equation, 

(Vx) (| b) — (Vx) ( 1 b I a) (18) 

We shall proove both (17) and (18) below when discussing the 
properties of the implication under quantification. It is clearly 
seen from (17) and (18) that the reversal of the PC sentence 
is different according as whether it is quantified by (Vx) or 


x). As a consequence, in a sequence or two or more quantified 
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inplication, the reverse^tcari produce a different result than 
rhe fonv'ard sequence. We will have many occasions to see this 
as ve go along. 

Before explaining the properties of the implication statements 
(Vx) (a ==^ h) and (9x) (a ==^ b), we shall briefly mention 
the properties of the QPL statements in general. In attempting 
to obtain the Boolean algebraic representation of statements 
like chose mentioned above, we found the need to have three 
basic states similar to the basic states (T = (1 O), 

F = (0 1)) for SNS logic. (See Ramachandran 1983 a, b). 

Denoting a QPL vector by (Y S €), the three basic states are 

(l 0 O) = "for all” , (0 0 1) = ”for none” , 

(19a,b,c) 

(0 1 0) = "for some only and not for all or for none'' 

tutting the Boolean values 1 and 0 for each of (Y S t), 
we obtain the total of 2X2X2 = 8 different Boolean vectors that 
are possible in this algebra. On examination, the other five 
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states are found to have the logical equivalence'- 


(l 1 O) = "for all or some" ^ "there exists", 
(0 1 l) = "for none or some" H "not for all" 


(iob) 


(1 0 1) = "for all or none", (1 1 1) = "indefinite", 

(20c, d, e) 

(0 0 O) = "impossible" 


The general theory of the eight states in v;hat may be called 
extended predicate logic (EPL) is given in (Ramachandran 1983 a,b) 
and applied to QPL sentences containing statements of the Type-2. 
Here we will use only the tv/o states (Vx) and (^x) and will 
obtain the other two states § (for none), and A (not for all) 
by having negated statements Under the quantifier, V/e shall, not 
also use the Boolean algebraic notation as given by (19) 

and (10) which was extensively employed for Type-2 statements. 
Instead, we shall use the conventional logical formulae. Eut^as 
V/e need the indefinite state ( a x) very often^ since it occurs 
frequently on combining two or more categorical statements^ we shall 
briefly discuss its properties here. 
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Just like the state D, = (1 l) of SMS, which moans 
"either true or false”, the state = (1 1 1) of 'iFL 


ilso has no information content and cannot be carried over in 




Dne succeeding; stens of/connected series of statements. This 


is best seen by v;riting it as, 


i1 1 l) = (1 1 O) or (0 0 l) = Either "there exists" 

or "there does not exist" 


( 21 ) 


•<e see that there is complete doubt about the quantifier, namely 
"th§re exist" 

v/hether it is / , or the negation of it, namely "there does not 
exist", n’e can also a (1 1 l) as the superposition of all 

n A A 

the three basic states in (19), but this interpretation is not 


used in the present paper. As v/e shall illustrate by examples 


-Later, che ouupui. of many pairs of statements of Type 1 containing 
an implication leads to (Z\ x) whe^n certain quantified inputs 

ito v\Klli, 

are put in. Just as we D, we shall simply write the symbol 

f\ A i*V 

A at the conclusion to indicate that the conclusi^^ 
informational value (instead of vn'iting in full (A x)(a(x):=^ b(x)). 
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(b) Outputs of single implication statements of Type-I in QPL . 

A suiiimary of the eight independent input-output relations 

for implication of the form found in (l6a) and (l6c) are 

suiMiarized in Table 2. 

Table 2. Algorithms for obtaining the outputs of Type-I 
statements of UFL 

The proofs of these can be readily derived by drawing Venn 
diagrams of the corresponding sets which have the relevant relations 
between them. V/e shall only indicate the proof for SI. Nos. 

1 to 4 and 7, as they cover all essential ideas needed for the 
proof also for the remaining cases. 

Vvhen the first one with SI.No. 1 is translated into set 
theory, it says in effect — "In the universe of discourse if 
any member has the property a , then it has the property b", and 
this is indicated in Fig. 1(a). As will be seen from the figure, when all 
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Table 2. Algorithms for obtaining: the outputs 
of Tvoe-1 statements of QPL 


SI. 

* No. 

Input 

Statement 

■B— 

1 

(\/x) (a) 

Imnlies (==^) 
(Vx) (| =i> b) 

(3x) (b) 

2 

(V'x) ("la) 

(V x) (§ b) 

D 

3 

(lx) (a) 

(Vx) (| =#>■ b) 

(^x) (b) 

4 

(3x) (-la) 

(Vx) (| ==^ ^) 

D 

5 

(V x) (|) 

( 3 x) (a b) 

(9x) (^) 

6 

(y x) (—j a)~ 

(3 (f D) 

D 

7 

(9x) (|) 

(3 x) (| =#► ^) 

A 

8 

(3x) ('ll) 

(^ x) (| =?. ^) 

A and D 

9 

(Vx) (a) 

Reverse Implies (^==) 

(Vx) (b §) 

(9x) (b) 

10 

(9x) (a) 

(\/x) (b a) 

(9x) (b) 

11 

(Vx) (|) 

(3 x) (b ^3= a) 

(9x) (b) 


Rules for reversal 

(Vri (s-»b)s(Vx) (3^) (| ^b)H(ax)(fe =^i) 

cyx) ,)=(Vx) (-ia^ -,b); (3x) (b^ j)S(3x)(a4- S) 
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the members of the set § is exhausted, we cover only socb (or all) 


or set u, 50 that the output is only (jx) (b). Obviously, 

(-^ x) can also take care of the case when the set a = set b. 


The above property that (\/x) (|), fed into (Vx) {a b), 
gives as output only Q x) (b) (and not ( Vx) (b)) is a very 
important result and is vital for all the succeeding arguments. 


As regards SI. No. 2, we note from Fig 1(a) that points 
inside the square outside the shaded region, marked a , can be 
either in the set b or the set ~lb. Therefore, •^la can correspond 
to either b or Hb, when (\/x) (a b), so that the output b 
has the SNS state D, as indicated. 

Considering Si. No.3, if (9x) (g) is the input, then we 
will have some part of the shaded area of set a in Fig. 1(a) 
occupied. Clearly this corresponds to (9x) (b) (as given in 
column 3 for this case), for the limiting case, when set g = set b 
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and all of set a is included in the input, is also contained 
under the quantifier ("j * 

As regards SI.No. 4, it can be verified from Fig. 1(a) that 
the input (9x) ("la) can correspond to regions demarcated for 
set b or set "^b, so that the output b will be in the SNS state 
D, and the quantifier state (^x). We denote this by the symbol 
D in the third column, indicating that b cannot be carried over 
to further steps in any sequence of statements. 

The outputs in Sl.Mos. 5 and 6 are inimediately obvious from 
Fig. 2(a), following arguments like the above, and they are not 
discussed in detail. 

The result, (Ax) (^(x)) of SI .No. 7 is understandable from 
Figs. 2(b) and 2(c). The sets a and bjWith the same intersection 
a ^ b as in Fig. 2(a)j are show in Figs 2(b) and (c), with two 
different possibilities for the region of the diagram covered by 
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("3 x) (a). In Fig, 2(b), where the region (9x) (a) is included 


in 


a b, the output is (9x) (b); but if it is 


^ c •? I?*! rr O i rs] 

CJLkJ JL.JLA M ^ m \ J 


then the region covered by the input (9x) (a) ir not included 
in I ^ b, and the output is ■=^(3x) (b)H($ x) (b) (see Fart II 
for the meaning of the symbol ^). Hence, for the full output 
^ , the quantifier is "(-^x) or ( = (1 1 1), as per Eqn, (2l), 

which leads to the "indefinite" state (Zlx). 


The result that the QPL output becomes ihx) (b) when both 
the implication and the input are in the (3x) states, is very 
important for the discussions in the succeeding sections. The 
case of SI.No. 8 is a combination of the conditions in Si,Nos. 4 
and 7, and hence we write the output as J\ and D , and it has 
no information value, for succeeding steps, if any, containing b. 


Fig.1 Venn diagrams for implications vdth (Vx), illustrating 

(a) (Vx) (|=^b), and (b) (Vx:) ==^— 11 ). 

Fig.2 Venn diagrams for the implications (9x) (a — 

(3x) (b =#'§). (a) Existence of | & b, 

(b) ( 3 x) (§) C i ^ ^3 x:) (|) (|l I 
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Fig.2 
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The last three lines in Table 2 corresponding to Sl.h'os. 

9, 10 ar/i 11 reauire no coninient. They correspond to the revarse 
operator of implication ( and only the three cases v/here 

a useful conclusion is obtained are listed, since all the rest 
lead either to D or A or both. The implication is in the reverse 
direction and it corresponds to the mathematical condition 
"necessary", since the fon>/ard implies (=^) corresponds to the 
mathematical condition ^sufficient", 

(c) Reversal of quantified implications 

Kow, we shall examine the property of reversing an implication 

from b to a in the case of SI .No. 1. The Venn diagram in 

Pig. 1(b) clearly gives the result (Vx) ( lb =*=4—)a), thus 

confirming Eqn. (18) written earlier for the reversal of an 

implication quantified by (\/x). This equivalence (18) is a well 

established one in the literature of logic, and it is listed 


at the bottom of Table 2. 
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In the same w'ay, the equivalence (17) between (3x) (a ==^ b) 
and (dx) (j |) (also listed below Table 2) follows from 
Fig. 2(a), where both of them are consequences of the fact that 
('^x) (| ^ b) is true. This equivalence for (5x) is not 
commorJLy used and is not found in the literature, but it is 
extremely important for deriving the validity of categorical 
syllogisms (see Section 4). It will be noticed that the reversed 
SNS statement inside -the bracket quantified by (9 x) is different 
from that quantified by (Vx). Because of this, when a pair of 
QPL statements, one with (\/x) and the other with (9x), is reversed, 
only one or the other leads to a non-D result, We shall discuss 
this further in subsection 3(d) and section 4. 

(d) Conclusions from two categorical statements 

In this subsection, we shall combine two quantified statements 

('^^[x) (a b^, (^x) (b c) and work out the resultant, 

for ^ » V or 3 and b' » b or lb. The results are 
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summarized in Table 3. The first entry appears to be a simple 


Table 5. Sequence of tv/o implications in succession connecting 
the terms a and c via b 

extension of the PC equation (a b), (b c) = (a ==^ c) 
to the universal quantiiier state (Vx). However, this is not 
such a trivial result, as its proof will show. Thus, 


For (Vx) (| ==^ b), (Vx) (a^) h- > ( 3 x) (b,T.) 
and (Vx) (ap) }—> {^x) (bj^) 

For (Vx) (b=^q), ( 9 x) (Uj) ( 9 x) (c^O 

and (9 x) (bj^) I—> (3 x) (c^) 


(22a) 


(22b) 


Combiiiing the two, we get, for the relation between a and c. 


the correspondences 


(Vx) ( 3 x) (Cj), (23a) 

Which is identical in nature with tte r.h.s of (22a) of 
(Vx) (| b). Hence the correspondences in (23a) yield 

(Vx) (§ ==%> g), and we can write the analog of (8a) as below. 

(Vx) (| t), (Vx) (b ==» o) = cVx)(g=^c) ( 23 b) 
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Table 3. Sequence of two implications in succession 
connecting the terras a and c via 


SI. 
Ko . 

First statement 

Second Statement 

i Conclusion 

1 

(Vx) (| b) 

(Vx) s) 

(Vx) (a =^< 

2 

(\/ x) C| ] b) 

(Vx) (b ==$► c) 

D 

.-Ni-r 

3 

( 9 x) (§ ==^ b) 

CVx)_C^ — g) 

(3 x) (a — ^ c 

4 

(zj x) (a =#> b) 

(\/x) (b ==^ c) 

g, 

5 

(V x) (a b) 

C3 x) (b c) 

A 

6 

(V x) (| ‘"n b) 

(9"x) (b ==#. g) 

D and A 

7 

(3 x) (a b) 

x) (b ==^ c) 

A 

8 

(3x) (a ==^ lb) 

(3x) (b c) 

D and ,A 
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This corresponds to the first mood in the first figure 


i 

x 


r-x_L 



- ^ 
1 ) I 


Ci \7 


ogisns in traditional logic (see 


next section-4). 


Considering the entry for SI.No. 2, the first implication 
gives the output x) ("nb) and this, going into the second 
implication, gives (^x) (cq) as the final output, thus leading 
to the conclusion D. 

SI.No. 3 of Table 3 is very interesting, (^x) (a) as input 
to the first statement gives (-^ x) (b) as output, and this, going 
as input into (\/x) (b c) gives the output (3 x) (c), 
according to SI .No. 3 of Table 2. Hence, the tv/o statements 
together yield the conclusion (^x) (a c), and we obtain 
Eqn.(24). 

(3 x) (|=%.b), (Vx) (b p) = (jx) (| c) (24) 
This combination of statements is also in the first figure of the 
syllogisms in traditional logic, and bears the name Darii (see 


Section 4). 
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All the rest of the combinations of two implications in 


Table 3 lead to either or /A. (.ve use the heavy letter 
symbol (and not D), for it refers to the relation a D = c 

^ . . . sr ^ ss 

which yields c^ for both inputs a^ and ap (see Ramachandran, 


1981 ). 


Of these, SI.No. 5 is particularly interesting, for it has 
the Q_uantifier sequence ( \/» 9 ) and yet leads to the QPL state h. , 
This is because (\/x) (| ==^ b) has the output (Jx) (b), and 
this, going into (9x) (b *=^ c) will lead only to a Z\-state 
output as we have particularly pointed out in the last subsection 
(see SI.No. 7 of Table 2). The same reason makes SI.No. 7 of Table 
3 also have a A-state conclusion. The occurrence of the 
quantifier state A for the resultant of tv/o QPL statements 
under suitable conditions also plays an important part in the 
general theory of categorical syllogisms, considered in the next 


section. 
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Thus, v,e ha^/e obtained the remarkable conclusion that 


there is, in essence, only forms of a pair of categorical 
statements, in the nature of A, E, I or 0 , leading to valid 
conclusions, which are independent, namely Eqns (23b) and (24), 
listed as 31.Nos. 1 and 3 in Table 3. >^e shall examine in the 

next section the 64 different v/ays (or moods) in which these 


stat-Ciuents can combine, as discussed in traditional logic, and 


indicate xheir validity, by bringing them to a form isomorphous 
with one oi chese two, which also will enable us to obtain the 


nature of the conclusion. Since the reverse of such an ordered 
pair of statements is, in general, not equivalent to the forward 
one, the test must be made with both the forward and reverse 
forms, and if either gives a valid conclusion, that should be 


taken as the conclusion of the pair. We shall prove in the next 


section that 


ambiguity arises in this procedure. 
But, it can happen that ^ fomrd and reverse senses may lead 
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to or ^ as conclusions, in which case the pair is inviid 
(see Section 4 {C )), 

One more general result for QPL statements of Type-1 remains 
to be stated, since it will be applied in the treatment of 
Section 4, This is that 

(Vx) Cf ==> b) 3 (5x) (a =» 6) (25) 

Thus, it can happen, as with (\/x) (s ? m), {\/x) (m s^p), 

that the pair leads only to the conclusion D both in the 
forward and in the reverse directions. In such a case, we can 
take the reverse of the first statement to obtain (Vx) (m ==^ I s), 
and then apply (25) to this to obtain (9 x) (m =%> Is). If we 
reverse it again to get (9 x) ( ) s m), we are led to the 
pair of statements in the l.h.s of (26), which have a conclusion, 
by isomorphism with Eqn (24). We put 1 1 = | » g = b and p = c 
in l.h.s. of (24) and obtain Eqn. (26) 

(9 x) (s |), (V^) P) = ^3 x) (~l§ ra) (26) 
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The resultant syllo^usm, namely x) (m => p), 

^V'x) (s “1 m) = ( Is m) is one th,-a is not 

found in the list of eighteen in traditional logic aurl Ih.e 
pair in the l.h.s. is usually listed as invalid, for instance, 
in Delong (1971). Our technique has revealed a nurnbMr of such 
new valid syllogisms, and the next section gives the details 
of the applications of the results presented in this subsection 
to the 64 possible moods. 

4, Theory of categorical syllogisms and the nov/ly nfidod examples . 
(a^ General principles 

•‘<e shall not give an introduction to categorical syllogisms, 
as they are well-understood in traditional logic (see e.g. 
Church, 1966; Delong,1971). It connects a minor terra 5 to a 
major term p via the middle term m , using two categorical 
statements — namely the minor premise connecting p and m and 
the major premise connecting s and m. The two categorical 
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statements can be connected together in four different ways, 
and the name "figure" is used for these, following Aristotle. 
rle have given the direction of the implication in each of the 
four figures that are possible atr- th e- bottom of Table 4. Following 
tradition, we use only the lour forms A, E, I, 0 for each of 
the major and minor premises, so that there are 16 possible 
"moods" in each figure, making a total of 64 in all the four 
figures. 

All the moods can be examined for validity, using the 
following criteria; 

(i) If both the major and the minor premises in the syllogism 

are I or 0, then the two statements have the pattern of 

Sl.hos. 7 or 8 of Table 3 and the resultant is D or A , leading 
to an "invalid" conclusion. 

(ii) If one is A or E, and the other I or 0, so that we 
have the sequence V , 9 or d , V ^ / tf it is not in isomorphism 
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v.lth (9x) (a ==%>b), (Vx) (b ==^ s) we attempt to obtain it 
by reversing one, or both, the statements, '/e shall shov/ below 
that at most one of these possibilities leads to a valid conclusion, 
and that conclusion is then assigned to the syllogism. If none 
are valid, the syllogism is taken to have no valid conclusion, 
and to lead alv/ays to indefiniteness. 

(iii) If both are E, and we have the pattern Vj, , we^ 

test if it is in isomorphism with (Vx) (a ==^ b), {\J x) (b c). 
If not,j^try revefsing one, or both, the statements, so as to 
obtain four possibilities in all. V/e shall show that either 

all four are invalid, or two are valid and two invalid. If two 
are valid, then the two valid conclusions will be equivalent 
under reversal, so that there is no ambiguity in the conclusion. 

(iv) if, in (iii), all four are invalid, we obtain, using 

the analog of Eqn. (25), one of the two possibilities - 3|, 

V ^ 

'll 2* follow the procedure in (ii) for the four 
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rearrangements of each. Then, it will be found that one, and 
only one, possibility (of the eight) is valid and all the rest 
are invalid. It will not happen that all eight are invalid in 
this case. 

'ik shall first discuss the results obtained by using (i) 
to. (iv) in subsections (b) and (c) and prove these in subsection (d). 

(b) Table of categorical syllogisms 

If the procedures (i), (ii), (iii), (iv) of the previous 

subsection are applied, as appropriate, to the 64 possible pairs 

of statements of the forms A, E, I, 0, 18 of the 19 traditional 

moods (as listed e.g. by Church (1966) or Delong (1971)) are 

ot 

obtained, provided we use, for the SNS statementjthe conclusion, 
only either s *4 p or s ) p, i.e. the conclusion is 

also one of the four forms A E, I, 0. These are given in 
Table 4 on the left hand side. Following standard practice, the 
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s'^Tibols A, E, I or 0 of the major premise, minor premise, 
and conclusion are given in serial order, iollov;cd by the 
numcer (1, 2, 3 or 4) of the figure, for each valid mood. The 
mner.,onic latin v/ords for each mood is also given, which has its 
three vov/els in the same order as the symbol, de shall give, in 
subsection 4(c) the demonstration of typical examples. 


Table 4. Symbols and Names of Valid Moods of the Old and Nov/ Types 

.^hen this was done for all the 64 combinat.ions, quite a 
number v/ere found to have conclusions with implication —is ==^ p 
and }| } p, v/ith, of course, either (Vx) or (9 x) as 

quantifier. Thus, tiiey have one of the forms A', E', ][’, O' 

(shown in (2a-d); as conclusion. Therefore, these were systematically 
searched for, and then 18 more valid syllogisms wore discovefed 
in the moods with symbols as listed in the right hand side of 
-able 4. The mnemonic words for these were coined and they are 
aj-so lisi-ed in Tab.e 4. They all have four vov/els, the first 
tiiree corresponding to the forms of major premise, minor premise 
and conclusion, v/hile the occurrence of the fourth vowel indicates 
that the syllogism is of the nev/ type and has A’, E’, I' or 0' 


as conclusion. 
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'able 4: Symbols and Names of Valid Moods of the 

Old and T^ew Tvres 


Old Type 

New Type 

Figure 

J_ : m 1 —> p, 

s 1—> m, 

s 

i:—^ p 

AAA-1 , 

Barbara 

ASI*-1 

9 

Kaveriar 

AII-1 , 

Darii 

EEO'-I 

9 

Electronic 

EAE-1 , 

Celarent 

ISI»-1 

9 

Dimension 

SIO-1 , 

Ferio 

OEO'-I 

9 

Ponderous 

-Fig:ure 

_2 : p 

s \—> m, 

S 

1 —> p 

ASE-2 , 

Canestres 

AA0*-2 

9 

Bangalore 

AOO-2 , 

BareCO 

EE0»-2 


Neelotpal 

EAS-2 , 

Cesare 

ISI»-2 

f 

Mivedita 

SIO-2 , 

Festino 

0AJ»-2 

f 

Moravia 

Figure 

J : m p, 

m !r-> s, 

S 

p 

AAI-3 , 

Darapti 

AEI'-3 

f 

Magnesia 

AII-3 , 

Datisti 

API'-5 


SaroQini 

EAO-3 , 

Felapton 

EE0»-3 

» 

Development 

EIO-3 , 

Feriso 

SOO>-3 

9 

Mesozoic 

IAI-3 , 

Disamis 

IEI»-3 

9 

Indefinite 

OAO-3 , 

Eocardo 

0E0'-5 

9 

Lodestone 

Figure 

4? p 

m \—^ s, 

s 

\—^ P 

AEE-4 , 

Calemes 

AAE'-4 

1 

Management 

EAO-4 , 

Fesapo 

E£0»-4 

f 

Generous 

EIO-4 , 

Fresison 

E00'-4 

9 

Leonora 

IAI-4 , 

Dimatis 

IEI»-4 

f 

Silesia 
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(c) Illustrations of the -procedures (i) to (iv) of Secti on 4(a) 

We shall first give a few examples for the standard syllogisms 
in the four figures corresponding to the left half of Table 4, 
and then deal with one or two in the new syllogisms in the 
right half. 

Considering the first figure, Barbara and Darii are the 
standard ones worked out in Section 3yWith one of v/hich al] 

-others are sought to be brought into isomorphism. V/e shall work 
Celarent (EAE-l) which is straightforward. In this, ^ 
corresponds to the sequence of statements on the l.h.s. of 
(27a), which gives again an E-statement from s to '^p, 
leading to the listing EAE-1, 

(Vx) (s |), (Vx) (m I p) = (Vx) (s —ip) (27a) 

On reversing both statements in (27a), we obtain the l.h.s. of 
(27b), which gives (Vx) (p 3=^ I s) as conclusion. This is 
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equivalent to the r.h.s. of (27a). 


\J v) f n 

I u - - / r' 




• V IU4 


“1 

• o; 


(Vx) (£ “Is) 


{27b) 


On the other hand, reversing only one of the statements on the 
l.h.s of (27a} leads to (Vx) (s m), (Vx) (p i nj) 

and (V x) ( "^ m '^'l s), (V x) (m I p) which are 

disconnected, and cannot lead to a valid conclusion. This 
illustrates (iii), with the sequence Vj, V 2 which has a valid 
conclusion. 


From the examples in the second figure, we may take Baroco 
( AOQ- 2 ). Its two statonents are (Vx) (p |), (9 x) (| =%> 1 m) 

(V 

which are disconnected. However, it can be made to be^connected 
pair by reversing the first statement alone, when we obtain (28a) 
with a valid resultant. 

(9 x) (§ =*^ m), (Vx) ('"H m ! p) = (3 x) (| ) p) (28a) 

The other two possibilities obtained by reversal of one or the 
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other of the A^O sequence yield only the disconnected pair 
-yx) (p =4 m), (3x) (s j^e resultant D and A. 

cls xn V j» 

{\Jx) (p *=^ ffi) j x) ( I ro §) " j2< ^ (28b) 

This illustrates (ii) v/ith the sequence V, 3 , which, has a valid 
conclusion. 


As an illustration of an invalid pair of statements (but 
which is not-3,3 as in (i)), we shall take the example A I in 


the fourth figure, which is 


(Vx) (p m), (3 x) (m 


(29a) 


Although the SNS statements are connected, the quantifier sequence 
is an V followed by a 3 , which leads to the indefinite stale 
h , We give the three other combinations obtained by reversing 
one, or the other, or both the statements^ below in (29 b,c,d), 
all of which also lead to no valid conclusion. 
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(\/x) ( Im ==^ 1 p), (9 x) (r s) (Disconnected) ( 2913 ) 

(V x) (p m), (jx) (| m) (Disconnected) (29c) 

(9 x) i|==^ra), (Vx) ("nm }p) = D (29d) 

••■P- HP*. ~ ^ 

For an illustration of (iv), v/e may point out the example 
of A E in the first figure, which was discussed at the end of 
Section 3(c). It is invalid as is seen from (30a). 

(Vx) (| =4‘n |), (Vx) (m =5^ p) = D (30a) 

The reversal of its terms also gives only invalid conclusions, 
as is readily verified. Dut, on applying Eqn (25) and obtaining 
an (9 x) for the first statement, we deduce the valid conclusion 
(9x) ( Is p) (I’) as sho\m earlier in (26), It can be 
readily verified that the other connected combination that is 
possible, leads only to D or /^, as in (30b) below: 

(Vx) ("1 P e ) » (9 x) (m s) = D and A (30b) 
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On 


obtaining (3x) (m =%> p) from the second stntemeni 


in ( 50 a), we get the cc.nnected pair in the l.n.s. oi 


I ij \ ^ \ 


which again is D or A. On reversing both the statements fn 


the l.h.s. of (30c), we obtain (30d), which has, however, the 
conclusion A , since the sequence of quantifiers in 9 , V . 

The remaining .four possibilities are disconnected, and therefore 
do not lead to a valid conclusion. 


(Vx) (|=^~lm), (9 x) (| p) = _D and A (30c) 

(9 x) (p m), (Vx) (m ~~1 s) = A (30d) 

Thus, we find that A E in the first figure has only the 

V-. 

conclusion I'. In fact, this syllogism (^I'-l) ms one of the 
first examples of the new type of syllogism that was discovefed 

during our studies, and it has been given the name Kaveriar 

-- 

I’Kaveri' being an important river close to Bangalore and 'ar' 
being the termination for 'river' in Tamil). 



. 49 . 


QPL-III 
Draft-1 
23-12-83 


It may be mentioned that^ .-imong the four arrangements 
obtained by reversals of two categorical statements (^^x) (a ==^ 
and ( (b 3 =^ c), two will not form a connected chain from 
a to c via the middle term b, so that only two need be examined. 
This is seen, for instance, in (27a, b) and (28a, b). Also, in 
(30a, b) and ( 30 c, d), this feature has been taken advantage of, 
and only two possible arrangements, v/hich are reverses of each 
other, are examined. Although the manipulations in {22) to (30) 
appear to be complicated, the proof of the uniqueness for the 
conclLsion given by a pair of statements connecting s to p, 
vis the middle term m, is quite simple, v'/e give the proof 
bri'-rfiy in the next subsection, 

(d) Proof of uniqueness of the procedures (Dj^jiv) for obtaining 
the resultant . 

The proof is not demonstrative, but existential, rfe assume, 
in each case, that one type of rearrangement (after reversal) 
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leads to a valid conclusion. We then show th-'t nr' nthm 
non-equivaleai: conclusion follows by any other pjrsiMf' marrangeineE 
In doing this, we consider only the other connect>''a ronrrrnnyt'ments 


i.e which have either 4 I—> m, m b or b '—> m, m i—> a . 


(i) 3,3 : In this case, no valid conclusion is possible, 


for the resultant quantifier is always A . lienee, there can 


be 


no duplication. 


(ii)V^9 : Here again, if there is no valid resultant, 
there is no question of duplication. Therefore, wo assume that 
there is one valid arrangement, in which 9 must pr'ecedo V, as 
in 

(9 x) (a k), (Vx ) {I =4 b) (31a) 


bote tha.t, foi^alidity, k must be equal to i.e. 

k = ^ = either m for both, or -n g for both ( 31 b) 

i'-ow, on reversing both statements (which is a necessary condition 
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for co^ectedness), we obtain, 

(V’x) (—15 ), (9 x) |) = Band A (31c) 

The A arises from the sequence V ,9 (see Table 3, SI.Koe.5, 6) 
and D arises because k = { if (31b) is satisfied. 

The other two rearrangements will be disconnected, and hence 
the valid conclusion is unique. 

(iii, V , V and conclusion exists: In this case, assuming 
connectedness to exist, there is only one other rearrangement 
possible for reversal. Hence, if 

(Vx) (a m), (Vx) (m b) = (Vx) (§ ==^ b) (32a) 
then 

(Vx) (— lb Im), (Vx) ( fm "^l) = 

= (V^)("1S 

and the two conclusions in (32a) and (32b) are equivalent. The 
other two rearrangements are disconnected and hence invalid. 


Therefore, in this case, although there is duplication, there is 
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no ambiguity. 

(i\') V,V and no valid conclusion : Since tlitu'C' le no 
conclusion, the two statements have the pattern 

(V^x) (a k )5 v/itli k - { 33 ) 

Straightaway, obtaining an (Jx) statement from either V| or Vp, 
and rearranging, after reversal, for connectednern, v;c obtain the 
four possibilities — the other four are disconnected: 

( 3-jx) (a=^k), (V 2 X) (f b) = ^ (34a) 

(V 2 X) ('^ 1 =*^'^^), ( 9.jx) g) ^ A (34b) 

(V^x) (a k), ( 92x) (^ b) = ^and A (34c) 

( 32x) (b ^{), ( V^x) (-1 I |) = (9x) (b =4o) (34d) 

= (9 x) (a b) 

it is seen that, v/ith the condition k = ' f in (35), only one 
of the four, viz i34d), is valid, and the others are invalid. 

putting (iii) and (iv) together, we can say that the 
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sequence V.V/ for a pair of categorical statements alv/ays 

\ * 

has a conclusion, either with the universal quantifier V , or 
(if this is not possible) with the existential quantifier 9 . 

because of the proof of uniqueness of the valid conclusion 
of a pair of categorical statements, in searching for the 
conclusion of a given pair, if a valid conclusion is arrived at, 
we need not check any further rearrangements. 

(e) Summary of Section 4 

It will be noticed that although the categorical syllogisms 
covered by Table 4 in section 4(b) have only statements of the 
form A, E, I, 0 for the two premises, the theory in section 4(a) 
and its proof in section 4(d) make no such restrictions, and the 
two statements considered in these can have all the eight forms 

» 1’» 2* them. Thus, quite generally, 


there are 8X8 = 64 moods in each figure, leading in all to 256 



possibilities. 
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However, we are rot considering all these pairs 
of statements, since the procedures (i) to (iv) can always be 
used to check for their validity, and to find the resultant 
when any pair is valid. In effect, the procedures (i) to (iv) 
have the following consequences: 

(^ ) If the pair has only A, E, A*, E' (i.e. of the type 
\/,V), then it always has a conclusion, either of the type V, 
or of the type 3 . 

( P) If it has only I, 0, 0’ (i.e. of the type 

3»1 )» then it is invalid and has no definite conclusion. 

(y ) For the rest (of the type 3 , V or V , 3 ), some are 
valid, and some invalid, ’//hen valid, the conclusion is always 
of the type 3 , i.e. one of I, 0, O’. 

The above theory can be extended to a connected sequence of 
n categorical statements, the QPL analog of the SNS sequence 
considered in Eqn (11) of Section 2(e). As the study of these 
has not yet been finalized, this is only presented in 
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5. Resultant of n connected categorical statements 
(a) Three rossible patterns leadin.r to concl-iisi ons 

Suppose we have a sequence of n connected statements 

( ^x) (s=:=^b^), (<^x) (|2=^b2),... ( ^x) (|^=^b^) 

.... (*^x) (|j^=^p) 

the condition for connectedness being that 

Sj " =3+1’ *^^3 =3+1’ ^ ^ ^55b) 

and 

= V or 9 » ""j = 1 to n (55c) 

J 

since we deal only with categorical statements of the forms 
A, E, I, 0, A’, E’, I', 0*. divide our discussion into two 
categories — (i) All quantifiers are (\/x) and (ii) Some are 
(^x) and the remaining (\/x). The third case when all are (3x) 
need not be considered, since even two implications in succession, 
bo^ (3x), will lead to (Ax) as consequence, so that there is 


no valid conclusion when all are (-nx). 
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(b) Analogue of Barbara 


(i) All 

J 


\ i 

are b' : 


In this case, by repeated application of 


Barbara (SI. No. 1 of Table 3) we obtain, using (35b), 


(\/x) (| =#b^), (\/x) ***» ^36a) 

(Vx) (p^_^=a;;^p) = (\/x) (| p) 


and the necessary conditions in (35a) are that b. = a. ^ for 
all j. It is readily verified that, on reversing the whole of 


the l.h.s. of (56), v/e obtain again a connected sequence 


(Vx) (-np (\/x) ('~l|n-l"*^"^fe-2^’***» 

(Vx) "Ib^), ...» (Vx) (-"Ib^ =4 -n|) (36b) 

(\jyi) ( IP =$» I |) 


and the conclusion in (36b) is the equivalent, under reversal, 
of that in (36a). Thus, the resultant in r.h.s. of (36a) is unique. 


(c) Two analogues of Darii in the fon^/ard and reverse directions . 

(ii) Some % are 3 , others V : In this case, there cannot be 
J 

two "^’s in succession, since it leads to a (h) and the 
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resultant conclusion of all the st.^teinents also wi.ll be in the 
A-state and hence invalid. Also, a sequence V,3 cannot occur 
anywhere, since tliis also leads to a Z\- state (as per Sl.Pos 
5 and 6 of Table 3). Hence, only ^ or can be 3 . 

{cl) In the former case, the forward sequence (35a) is 
implementable, with the additional condition 

for all 3 = 1 to (n-l), by repeated application of Darii (SI.No.3 
of Table 3)» and the conclusion is ijx) (s p). For ready 
reference, we give this, in (37a): 

(3x) (| (Vx) (b^=^ b^),...., (Vx) 

n (37a) 

n ijx) is p) 

In this case, reversing the l.h.s. of (37a) leads to -state 
for the conclusion because of the sequence V, 9 at the end; but 
this does not matter because by our theory, only one of the 
forward and the reversed sequences need have a definite conclusion 
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for the set of categorical stateir.ents to have a valid resultant. 


ip ) nov;ever, in the reverse direction, 5 can be the 


quanrifier of the first statement. So, we can look for a 


resultant for a sequence of n statements, as in (36a) and (57a), 
but v/ith (9 x) quantifying the last one, under suitable conditions 
corjnecting b^ and • Let us write it in the for^/ard direction 


as follows: 


(\Jx) (§ ==# b^), (Vx) (b^ ^fe-2"^=n-1^ 

(3 x) 


(38a) 


The conclusion of this is a A-state; but when written in the 


revei’se direction, it takes the form 


(^ x) (p ==%> ) > (\/x) ( ) =%> I , •..» 

tVx) (Vx) ”i|) 


:38b) 


This is seen to have a form isomorphous with (37a) if 

by homology^ 

In-1 = Sn-1’ and the resultant is x) (p ==^ ||) / which 

is equivalent to (3 x) ("1 s p). Hence, we obtain the 
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tr.ii'd cat6£ory of a s6>,''UGncG of n statGrr.GnfG v/itn a conclusion —• 
namely 

;Vx) {s (Vx) fe2^’****» ^n-1^» 

(39a) 

(Jx) p) = (:i^x) (—7| p) 


(For cooplGtGness sake, we can write (39a) in terms of 


reverse iarlications, as 


(V x) (Vx) (|^ ^l2)»-» (Vx) (in_2^ in-V 

(3^) (|n-1^ "" (3x) (f^g) 


(39b) 


which is seen to be identical in structure with (57a}, but with 
reverse implications ( ^), instead of implications (=^). Just 
as (37a) has an 3 only for the first implication, (39b) also has 
an 9' only for the first reverse implication, going from right 
to left, and V's for all the rest.) 


The two cases (<^ ) and ( ^ ) (given in (37a) and (39) 
exhaust the possibilities under (ii) having some t}’s present 
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in the sequence. Under (i), 

, . . . . _ . _ — \ 

wiixv^ii ucirvCTc^ uiitr xuiui • 


there is only one possibilj_-ty 
Thus, totaiiy, there are only three 


patterns (that are independent) which have valid conclusioj^g 
for a seq.uence of n QPL implications in statements of Tyog_^ 
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This rei^ort 


deals v.lth the .•'•eneralisation of the 


tneory 


in Fart III 


n ! 1 r\. 1 


v/a.u.ix vvClc*v-^wixW‘'T^->- ZZ't-CCC'h'CTii.LO -Lii t' LiC-ii <- JL — -L tf LI 


predicate Topic (QFL), extended to all statements of Type-1, 
having the same quantifier ^(x). The method adopted is to 


extend the 


Topical graph of an SIIS argument containing relations 


of the type g J ^ and | ^ = c to the case of an argument 

containing Type-1 relations in QFL of tha-i:ype ^{x) (|(x) = t(x)J 

and '^(x) (a(x) ^ p(x) = c(x)). The theory of SKS arguments 
is briefly dealt vdth in Sectio'i 2, after v/hich the elementary 
unary and binary statements containing matrix operators Z of 
the above type in QFL Type-1 arguments are discussed in Section 3^ 
along vath binary Boolean relations of the type a1 lU |2 = | 
and |1 \\/ || = I* 


T;:is is then follo'.:ed by detailed discussion of the structure 
of the lo^-ical graph of Type-1 argument and how various preliminary 
alterations of this structure make it possible to convert the 



* J J. • 


‘■,iven graph into a "rohncoil" ii\ v/liicii ('vary st..'p can be 


1 fv'k'i 

‘ -c l „L y h '■i ‘ J. i ' 


'1; orLtlr"ic "'.Lth the follov/in.a stmctur 


"e: 


innut ePL state(s), UPL Type-1 relation, leading to uFL state 


of output^ of the particular c'lenicntary relation^ Corraing part 
of the reduced graph. After discussing the various nianipulations 


and steps involved in this, a sunmaiy of the irnplen'entation 


procedure'is discussed in Section 5 along v;itli a proof that a 


reduced graph of the above type is alv/ays imploinontai.To for 


any finite QFL Type-1 logical graph, ('see addendum) , 


The paper in effect proves the result that hPP logic of 
'i'!/ps-1 has no incompleteness^ or indefinitenesSj associated \/ith 
itjexcept that the OFL state of the output :':ay be rilso one of 
the lour non-defiriite states of extended predicate l:\,ic'namely 
A O 1 l) = indefinite, 0 = (0 0 O) = contradiction, 

^ = (O 1 0; = some, but not all and not none, 0 = (1 0 l) 
all or none. Incidentally, in Section 2 it is sbo’.-n that a 



.iii 


ircul.'.r 3i:s arfiirent, //hich leads to parado::eS; can alv/ays be 


cor-verLod into a , raph \athout circularity leading to so.T.e one 


of the 31 S states beinp a possible input for the arranent. The 


generalization of this to QPL Type-1 circular ar,2tir.ents is employed 
in the tlieory of Section 4. 


This particular report is Draft-II of a paper being prepared 
v.dth this title for publication. For the present, it is^^ing 
xeroxed for private circulation and for opinioie of qualified 
persons. It is not claimed that there are no c'^rors or omissions 
in this narticular draft. 


.--Qdendum 

(The nroof for the ir.pleinentability of any finite CiPL Type-1 
logical :.raph is extendable to the general case of any finite 
STL logical :raph, containing both Type-1 and Typo-2 statements. 
This iollovsfrom the fact that the graph structure of S13S, QPL 


Type-i^ and general EPL graphs^ are isomorphic and can be treated 


?ntabilitv in exactlv the sene 


This is 
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Vortor^Matrix Representat i on of Boolean /xlgebras and Applic ation 
to Extended Predicate Lo.fiic (BiPL ) 

Part IV —General 'theory for Statements of Type-1 in QPL 


1. Introduction 

L£^i 

In Part III/we considered the algebraic theory for combining 
two categorical statements in QPL to obtain the resultant,which 


is also a categorical statement. This was then extended to the 

resultant of n categorical statements of type (H'jX)(§^(x) 

H 

a^^^(xj). j^ByhJIlng and to be affirmative or negative, 

the four possible SNS connective operators I,, IP, ||I and_NIN( — J) 
are all taken into account. For the quantifier ) only two 
possibilities in QPL need be considered, namely V and 3 • 


Kore generally, a statement of Type-1 has the form 

(%'x) (s(x)) , v/here Vor 3 ond s(x) is 

an SNS statement ("l) 

If s(x) E. (§(x) b(x)), then we get the restricted example 

of categorical statements. More generally, hov;ever, |lx) can have 
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various other forms and the only condition vre put is that it 
must be a logical statement composed of Si.'S terms and connectives, 
vMch can take up the four possible truth values T, F, D, X of 
ShS logic. The theory of SNS statements and sentences has been 
discussed in Ref [l] and it can be shovm that any general SNS 
argument can be written in a form of a logical graph in which the 
elementary statements are either unary or binary. These two 
examples of elementary statements in SN'S can be represented 
symbolically as follows: 


Unary |(x) rr (|(x) 2^ - b(x)) , 

where Z is one of the ten possible SI'JS 

operators, E, N, A, 0, I, J, of, I^ 

(sggphelmcrfor^lizLtat-ib^ ^ these). (S^ v '.r■ (2) 
’ 3 lO 

Binary Forv/ard 

s(x) (|(x) ^ h(x) = c(x)), 
where Z is one of the above ten matrix 

connectives, or one of the three Boolean 

, 4 - ^ 

connectives U, ^it ^ (see Ref hj] 


( 3 ) 
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O. 


s(x) =1 (g(x) _Z |(x) = fe(x)), 
in v/hich Z can be only one of the 

, I 

/ (' i' I W I i\ 

above ten matrix connectives^ \ 

J(c)(nijj. 

According to the nature of c(x), the binary reverse relation 


(4a) 


0»lti cf- 


I 


(4a) becomesthe following.using/forv/ard relations.' 


c = Tt~>aZ = b ; c = Fk-^a2^=b (4b, 4c) 

0 = D 0 - » c = X a X = b (4d, 4e) 

More generally. s(x) in Eq.(l) can be any general SNS statement 
connecting any number of terms via any number of unary and/or 
binary logical SMS relations. In all these cases, the final 
output of the SKS argument has one of the four SNS states when 
each input term contained in the argument is specified to have one 
of these four truth values. This general theorem is the result 
of the theory of SNS logic (see Ref also Section A'Sj 

below^ for an outline of the proof using our Boolean algebraic 


representation.) 
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In this article, we shall generalize the algebra for any 
general SI'IS argument to the case v/hen the quantifier/ is 

appended before the bracket containing the ShS sentence, so that 
each term in the argument is a QPL statement for the variable x . 
The inputs are QPL terms^ontalning both^^i^ntifier state as v/ell 
as an SKS truth value and we ask for both the SL’S truth value^ 
as well as the quantifier state^ for the final output(sT^jgiv^n 
the corresponding quantifies for each of the input terms contained 
in the full set of statements in the QPL argument. As a preliminary 
to this, we shall give a fairly full, but condensed, account of 
the way in which any general SNS argument is worked out in the 
forv;ard direction. The terms and connectives of any such argument 
can be represented by a logical graph in which both the terms 
as well as the connective operators are nodes, which are connected 
by directed edges indicating the direction in which the logic of 
the argument flows. This is discussed in the next section for an 
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SKS argument and the general v;ay in which the outputs of such 
a graph are worked out is inclieaten tnerein. uertain recondite 
points such as the reversal of the direction of flow of the 
argument when the "impossible” state X arises are only briefly 
commented upon. Similarly, the case of circular arguments, in 
vMch the logical graph has a closed circuit of edges are also 
only briefly discussedl (The difficulties with circular arguments 
arises only v/hen the "doubtful" state D or the "impossible" state 
X arises as a consequence.) We shall comment on these at the 
appropriate place and reserve a full discussion of such pathologica: 
situations for a separate report. 


2. Logical _graDh of an SNS argument 


,a) Elementary statements 


The logical graphs corresponding to the SKS parts of the 


elementary QPL statements in Eqs. (2), (3) and (4) are shown in 


Fig. 1, and the corresponding equations are given below in 


Fig. 1 Elementary statements of SNS logic. 



{a). Unary relation as in Eqs (2) and (5) 




Binary forward relation 
as in Eqs (3) and (6) 


(c). Binary reverse relation 
as in Eqs. (4) and (7) 


FIG. 1. Elementary statements of BUS logic 
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Eqs. (5), (6) and (7): 


Unary (SK^ relation 

a J = d ; Given the input term a’, and the nature of the 

connective Z, to find the output term V (5a, t 

The matrix equation for this is 

4' I z I = 4'| (5c) 

whose expanded form is 


A= 0^ 




= b' 
V 


2 a’ 






(5d) 


Binary forward (SNS) relation : 

I ^ b = c ; Given the input terms a * and b *, and the 

connective Z, to find s’ (6a, 

For matrix operators^ the equation is 

<a'lZ|b') = , <:a'|zqb'> = o' (6c, d) 

where 


(6e) 
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F'or non-matrix binary operators (see Ref.LlJ), the eauations 


are: 


Z « U 

^ mm 


Z = V 




@b^ = cj, ; 



(6f) 

®b^ = 0^ : 

= 


(&g) 


Binary reverse(SNS) relation : 

k' 

c Z a = ^ ; Given c', |', to find b' (7a, b) 


For the four truth values T, F, D, X, respectively, 

of c’ , v;e get the unary relations, as in (4a-d), and 

the matrix equations for these are of the same form 

as in (5c, d). (7c) 


It is to be noted that any unary for//ard relation is expressible 

vv 

as a binary relation, c’ = T or F. Hence, the introduction 

of the unary relation in our Boolean-algebraic representation of 


logic is consistent v/ith the conventional treatments of propositional 
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calculus; but the consequences of including also due dl.'S sxatcs 


D and X ai'-e covered by our Matrix algebraic representation as 


riven above. In narticular, a 2 = b is equivalent to (c,-, Z a) = 


As v/ill be discussed in particular in connection with QFL 
statements of Type-1 (see Section 3(c)(ii)), the ten common matrix 
operators can be classified into three types — namely the 
A-type (A, 0^, , the I-type (O,, , I, J), and the 

£-t}rpe (E, ~ . Of these, the ^-type and _E--t\q)e operators 

never give a unary output ’./hich is X for | Z_ = b, for a = T or F, 
vrhile the ^-t^/pe operators can do so. For example, a' = F = (0 l) 
innut to a A = b, leads to 


(0 1 ) 


h o\ = (0 0) = X 

io oj 


( 0 ) 


If the structure of the unaiy 
for the A-tvoe onerators also. 


relation , as in Fig. 1 (a.) is adopted 
then the contradictoi-y state X 
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ai] be pro-paeateJ through the graph. To avoid this, in the 
o-norogous un.^ry I'clation for Type-1 stateoents, as shov.n in 
^'ig. oa, a iiev/ construction called '^inodified A-construction” 




is adopted by which the^input (O 1) = ^ and the necessary 

input (1 O) = for ^ are compared by the consistency 
"vidya" operator V and this leads to an output v/hich may be 


X or othervdse. On the other hand, the output from a A s; b 

= = A 

goes as b* = T = (1 O) into the graph for further processing. 


(ns this great convenience of the modified A-construction 


became very clear only for Type-1 statements, reference is here 


m; 


ide to Fig. 6b and its explanation in Section 5(c) (ii) and 


it is not exnlained here. Hov/ever, it may be mentioned that the 


nei rc 


3 ult is that for all operators of the type shov/n in Fig.1 




l)y mokinr suitable A-constructions and V-constructions (see 

later in this sectionj, it is possible to relegate all contradictory 


states X to outputs and the graph can be analysed and implemented 


throufiliout. The proof of this is given later in tnis section.) 
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Structure oi a general lorical ararh in Sj-S losic. 


,ve shall not uane 


ake the treatment in this section coim>letely 


gene 


, ol. Instead, v/e shall consider two or three typical logical 


graphs of this type and indicate iiow the steps from the inputs 


to the final output are v/orked out in each case. Thereafter, we 
shall try to indicate hov/ the v/hole process can be generalized 
and v;orked out for any logical graph. 


To start with, v;e shall consider a graph wliich has no circuits 
and has therefore the structure of a "tree” (Fig.2). Tlie nature 
of the six connective operators ^ to ^ is also indicated 
v/ithin Fig. 2. It is to be noted that the edges leading to c in 


Fig.2. Logical graph having a tree structure containing unary 
connectives and binary forward and binary reverse 
connectives. 


I 2 b = s, and starting from p in c Z | = b, are marked by 

double lines (see Fig. l) ^ ci.wcl h k 

jnjV; C<. ^ W) Z, j;) ^ b y To 
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The equations connecting the various 


terms that are 


contained 


in 


_ 1 _ 

j T 1 


cii* 0 


•__ T_m_ 

u ■; vfM r ^ ijw J. fj VV W 
O"*" ’ 


I ^ = |i ; iJ, B ^ 

b ZJ = M ; hi Z4 = 

g2 Z5 y = 


0*2 

(8a, 

8b) 


(8o, 

8d) 

= p 

(Be, 

8f) 


It is to be noted that “only matrix-type connectives are used in 
this graph. Further, Eq. (8f) effectively yields the equation 
c ZJ = p, in which Z? = I or AN, according as c = T or F. 

Using Eqs (5), (6) and (7) and the 2X2 Boolean matrix 
representations of the various connectives (as given in Table 2 of 
Ref.[_23)) we can work out the results shown in Table 1 below for 
the SKS truth values of the output v , and of the intermediate 
terms g1, g2, M, g4, corresponding to the eight possibilities, 
obtained by putting each of |, b, c equal to T and F. 


Table 1. SiS truth values of the terms in Fig. 1 for the different 
T and F inputs for a, b, c. 
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^^4)16 1 . SNS trut)}! valuGs of tha "tgriiis in Fj.g.1 for 
the different T and ? inputs for a, b, g. 


SI, 

No, 


a 


Inputs 
b 


Intermediate cutput-inputs 

|1 |2 h'j ^ ^ 


Z7 


Output 

P 


1 

2 

5 

4 

5 

6 

7 

8 


T 

T 

T 

T 

F 

F 

F 

F 


T 

T 

F 

F 

T 

T 

F 

F 


T 

F 

T 

F 

T 

F 

T 

F 


T 

T 

T 

T 

D 

D 

D 

D 


F 

F 

F 

F 

D 

D 

D 

D 


F 

F 

D 

D 

F 

F 

D 

L 


T 

T 

D 

D 

T 

T 

D 

D 


F 

F 

F 

F 

D 

D 

D 

D 
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It will be noticed that, in four cases, p has the definite 
state T or F; and in two cases it has the doubtful state D. ;fhat 
is interesting is that, in two cases, namely SI. Ko. o = T, 

b = T, c = F, and SI. No. 4: § = T, ^ = F, c = F, the output p 




r. 

has the impossible state X, and "^is impossible state indicating a. 




contradiction) occurs only at the last step involving ^6 and c. 

We can therefore conclude that, in these two cases, if all the 
earlier steps, as well as the inputs § and are perfectly valid, 
then c can only be T and not F (leading to SI. Nos 1 and 3). 

Vice versa , if c is known to be definitely F, then § can only be 
F and not T (as in SI. Nos 6 and 7). It is readily verified that, 
in all these four cases thus corrected, the output p is either T or 
F, and not X. (We shall not examine further the theory of 
reversing the argument from a contradictory state (X) for the 
output, leading to "conditional" consequences containing the 
exclusive or, like the above — "Either c is to be changed to T or 


a must be changed to F" —which occurs in this argument. This is 


reserved for a separate communication.) 
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Table 2 . List of Intermediate terms and output g and q 
for the logical Rraph shown in Fig. 3 


SI. 
No. 

Inputs 
a b 

Intermediate 

outmt- 

-inputs 

Ei 

Outputs 

E S 

1 

T 

T 

T 

D 

F 

F 

F 

T 

2 

T 

F 

T 

X 

F 

F 

X 

T 

5 

F 

T 

D 

D 

D 

D 

D 

D 

4 

F 

F 

D 

F 

D 

D 

F 

D ■ 
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fc) SNS logical graphs with circuits 

V/e shall first consider an example of a graph with a closed 

circuit of edges (Fig. 3), in which the circuit does not have 

throughout the same direction for the flow of the argument. 

The nature of the connectives is indicated in the graph itself. 

The results for the various intermediate terms and for the outputs 
and 3 

/corresponding to possible truth values 'T and F for the inputs 
a and b are given in Table 2. 


Table 2. List of intermediate terms and outputsp and 3 for the 
logical graph shora in Fig. 3 


Fig. 3 . A simple logical graph having a closed circuit of edges, 
in which the outputs from two different paths are 
combined by the Boolean connective V 


It is to be noted that p 1 and p2 are the truth values giving 

=ae=: 

information regarding the state of p coming via two different 
paths jWhich are combined by the vidya operator V to give the 


values of p^ and p^ that is common to them^so as to rive p = p^ 




^4 





. 16 , 



Fig.3. A simple logical graph having a closed circuit of edges, 
® in which the outputs from two different paths are 
combined by the Boolean connecti've ^ • 
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It v/ill be noticed that no contradiction arises for the 
output q. On the other hand, p = X for the inputs | = T, b = P; 
but the impossible state X arises for the first time for g1, 
produced by Step 2 in the graph. Hence, one of the two inputs 
to 0 , namely b and gl, must be changed. If ^ is made T, then 
g2 (= gl) is D, for a = T, and v/e get the case of SI.No. 1 for the 
inputs, with the X-state being eliminated. On the other hand, if 
v/e luiow for certain that b = F, the equation for step 2 becomes 

^ ^ “ ii il 2- “ » which requires that = F. 

On reversing step 1 in Fig. 3, we have g1 NIN = § and this yields 
a = F for the input g = F. Thus, v/e get a conditional consequence 
of the contradiction X for gl (= ^), namely, "Either b is to be 
changed from F to T, or | to be changed from T to F", a consequence 
very similar to that of an X arising in Table 1 for Fig. 2. 

ihe other interesting feature in Fig. 3 is the occurrence of 
the SaS Boolean operator V , as mentioned above. It removes the 
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doubt in one of g1 and g2 when the other input has a definite 


T or* F. 5i'T’o-r\ t ^ r* 4^ t-’i M 

X KJl i , ^ \aD XLX OX. l\u* 


of Table 2 ), If, 


however, one of gl and n2 were T and the other F (as does noi 


happen in Table 2) it would lead to 


p = T V F = (1 0) ® (0 1) = (0 0) H X (9) 

S /v' 

If so, such a contradiction (X) for the state (truth value) of 
would indicate that "Either £l has to be changed from T to F, or 
p2 has to be changed from F to T" and the consequence in either 
case worked back in the reverse sense of the argument, to the 
inputs. An example of this will be shown in the next subsection. 

(d) _ SNS logical graph having a directed circuit 

(i) Condensing of n unary equations in sequence 

Suppose v/e have (n-l) statements, all unary, as in Eq (10) 


below: 


pji 
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Then, they can be readily combined to give a single equation 

a Z = b , Iz! = IZl! Z2l . . . . lZ(n-2)l (l1a, b 

r: =: 

If ye are not interested in the intermediate terms ^ to g(n-2 ) ^ 
then (11a) can be employed for all calculations pertaining to 
a logical graph, of v/hich (I0)is a subgraph. The equations 
(I1a, b) can also be written in the reverse sense, from ^ to a, 
for vMch the relevant equation, obtained by reversing the sense 
of all the (n-l) equations in (10), is 

b Z^ =.| , Iz'^l = \z{n-2)'^\, . . ,]ZZ^\ Z1^| (12a, b) 

The analogues of the condensed equations (l1a) and (lib) are 
very relevant to QFL statements of type-1, and they vdll be 
discussed in Section below. 

(ii) Cyclic equations 

ie shall consider now a cyclic set of equations in SKS logic, 
obtained by augmenting (10) by adding one more equation b Zn = a. 



This yi 6 lds a "tv/o—Gcua 111011 circular 


argument shovm in 


^(a) “ 


with 



( 12 a, 


2' = aZ2 • • . • Z(5tl) . 2" = Zn ( 13 a, 

We shall consider a few combinations of Z’, ^ in (' 12 ) to 
see how the circularity of the argument affects them..- If z? „ ^ 
= I, aj. 1 >t;. , tvj, I ^ a^; but ap V—^ bj^, b^ T?ence, 

there is only one solution possible for the two eauacion'-.- ri-’:- 1.1 

^ ^ 9 5 0 j 

viz. a = T, b = T. All other possibilities lead to the ioobt-G-ii 
state. 


If Z* = I, Z" = IN, and we start with a = T, ,r- 
a,j, I —> b^, but b,j, I —^ a^i and on continuing the eye ' , ay 4™4 |)^ 

L jj 

^^ lienee, starting with a^ does not lead 1 - so'; 

v;ith either T or F for | and b. On the other hand,, 
ap I— > bp, bp I—> ap and once again § = D, | I . - 
solution obtained. Hence, the graph of Fig. 4(a) hr ^ 

" . - I— l ■.■l . . ' . I.. . n i —. . .i i — i 1 ■ n. . i..».. ...i.iW WmW i .ii — i.. m . i lai ■ i MO. Mfm. ^ 

Fig.4. (a) Directed circuit with two unary connect' ^-s. 

(b) Inclusion of the operator V and remove'’ ' St 
directed circuit. Note the feed-back , ' - 
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with the deiinite state, but only with the indefinite state D, 
v.'hen ^ = 1, and ^ . ife will now consider another such 

pathological case, with ZJ = S, r = H. Then if | = T, we get 

the unandin^ SGq,U6^C6 1 ^ "bij, }~^ ap hp |**' ^ Sjp . j . . . , 

V/e get, for both § and b, the repeating sequence . . . T,F,T,F,. . . 

To avoid this, v/e can use the vidya operator, as in Fig. 4(b). 
Since v/e start from a and end v/ith a in Fig. 4(a), we call the tv/o 
teras at the beginning and the end of the circuit as a1 and a2 
respectively and test for their consistency by introducing the 
binary V between them. V.hen this is done, the graph does not have 
a closed circuit v/ith the direction of flow of logic being the 
same throughout. In Fig. 4(b), it is clockv/ise from a1, via ^ 

11 and to V , but it is counter-clockv/ise from |1^ to V. 4e 

shall show that no infinite repetition occurs for this. 

(iii) Feedback line 

Thus, taking Z' = I, Z" = I as in the example above, v/e 
obtain |2 = T starting from a1 = T; and a1 V || = T. The curved 


no' 
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This yields a two-ecuation circular argument shovm in Fig. 4(a); 

a ^ t = I (l2a, b) 

with 

2' = Z1 Z2 . . . . Z(eM) , Z” = Zji (13a, b) 

vve shall consider a fev/ combinations of Z , ^ in (12) to 
see how the circularity of the argument affects them. If Z' = 

= I, by , bj. ! 1 a,ji; but ap V y b^, bj-j 1 ^ ajp. Hence, 

there is only one solution possible for the two equations (12a, b) 
viz. a = T, b = T. All other possibilities lead to the doubtful 

state. 

If Z’ = I, Z” = IN, and we start with a = T, \ie obtain 
a;j. h-> b^, but b^ h-^ and on continuing the cycle, a^^ \^ b^, 
b ]3 I—> a^. hence, starting with aj, does not lead to a solution 
\/ith either T or F for a and b. On the other hand, if g = F, 
ap I—> bpj, bpi i—^ aj^ and once again g = D, b = D is the only 
solution obtained. Hence, the graph of Fig. 4(a) has no solution 

Fig. 4. (a) Directed circuit with two unary connectives. 

(b) Inclusion of the operator V and removal of the 

directed circuit. Note the feed-back line from a to a1 
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dotted line indicates that this final output T for a is to be 
fed back to a1, as in a computer cycle. Such a feedback leads 
to everything being satisfactory and consistent in this example. 

If now we take ^' = I, ^ = 11^ |1 = ^ leads to |2 = D 
and I = ^ V || = T, v/hich is what is to be fed back to |1. 

The fed-back value of ^ is identical with the starting one. 

Note that, in the main graph, without the dotted feedback line, 

12 is the input, while a| is only an intermediate input-output, 
leading to the output a. 

It is therefore to be noted that the feedback line is another 
elementary component of a logical graph that we must include in 
addition to the set of three connectives shown in Fig. 1. 

Consider now the third case of subsection (ii), namely 
Z' = E, Z" = N. Then, we obtain the following for Fig. 4(b) 

{aA = T) j —> (a2 = F) I —^ § = X 
( a1 = F) h-V = T) h-^ § “ ^ 


(15a) 

(I3b) 
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r.ence, 


both the inputs T 


and F for a1_ lead to contradictions, 


so that the set of equations, 

a1E=:b, bK = a2, ilV|| = | 






have no solution ,vath a definite T or F, . 

This means that the first tv/o equations in are 


mutually contradictory and the consequence of the state X for g 

irresnective oi' the state T or -f for ai indicates the follov/ing. 

CI4^) 

"Either E must he changed to Ef(=N) in (1J€), or N must he changed to 

^\\\) 

N^^E)in (4^)", — a conditional conclusion very similar to what 
ve obtained for the logical graphs in Fig.2 and Fig. 3, 

v.hen a contradiction X arises. 


(jv) Single-term cyclic equations 

Eq.(l2), containing two una^ry relations can he condensed 

still further -o give an one-term circular argument, as in ( 15 '^), 

whose grapn is shown in Fig.5(a). 

a Z = a , Z = Z’ Z" (lua, b) 

Fig.5 (a; Closed directed circuit v/ith a single te^rm and only 
one connective 

lb; dome as (a;, but avoiding the directed circuit, but 
with a feed-back line. 
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*e shall consider the behaviour of this for t>^ical cases of 
2 beinr I, Ih, h and K. V;e denote, for convenience, the input 
a in (15a) by al and the output by |2, and the output is fed as 
incut straightaway for the next cycle. Then, we ootain, for 
2=1, the following: 

a^j, i—> 1—y Sifjy I—^ ... (15c) 

ap I—^ ap I—^ Sq t—^ . . • (l5d) 

Hence, a = T is a solution for this case, having a definite 
truth value. 

If nov; 2 = I N , 

3jp tSp 1"'’'"“^ 3.j^ Hp • • • (16a) 

ap 1—^ Sp i—> Up 1--^ . . . (l6b) 

so that, the only stable solution of (15a) for 2 = IN is a = D, whicli 
hcs the doubtful state. 

For the case when ^ = E, 

Sjp I ■ 3 Sjp h 'y ... 5 Up ap ... (l7a, b) 
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and both | - T and | = F are possible solutions. 

Only for do we get a pathological result, as in 

(18a, b): 

t—^ dp l~> . . . ; ap I—> Sp ... (I8a,b) 

Thus, we get an endless alternation in the truth value of a , 
irrespective of whether v/e start from T or F, 

Hov/ever, this is not a paradox, but a contradiction, as is 
shorn by converting the graph in Fig. (5a) into that in Fig. 5(b), 
with the vidya operator checking'fo]? contradiction^ and including 
also the feedback line (as in Fig. 4(b)j. For a general Z, the 
logical graph in Fig. 5(b) corresponds to the equations: 

sA ^ = a2 , §1 X ^ “ §> § ^ (if § ^ k) (l9a,b,c) 

The following results for ^ = Jg are readily worked out: 

( a1 = T) ( a2 - F) l (a = Z) (20a) 

( a1 = F) ^ (^ = T) (§ = X) 


(20b) 
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lienee the argument contained in the graph shoTO in Fig. 5(b; 


wi 


th Z = N is illcnical .^nd Sclf-coiiti-adictor^'', cxaceuy as is 


the case withTf^g- ^(b). If v/e v/ish to remove this contradiction, 


it can only be done by changing the argument itself, i.e. by 


changing Z to -in this case by changing N to n'^(=S) . When 


v/e do this^(20a, b) go over to i17a, b) which are perfectly normal. 
Another remedy is to admit the doubtful state D as input; when we 
obtain (.for ^ in Fig. 5(b)]: 


(a1 = D) 1 —^ (|| = D) I— ^ (a = D) (a1 = O) (consistent) (21) 


The equation a = % is the algebraic representation, 
in our notationj of the famous Cretan liar paradox: "Vriiat I say is 
false", v/hich leads to an endless repetition of the truth values 


T,r, T,i', .... for the statement a ^ "V/hat I say". But, v/e have 
got two solutions (a) g = X, (b) g = D, which satisfy this 
equation, ihe truth value a for a means that the statement is 


xi^possible", or'in alid, and there can be no such statement in 
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logic (propositional calculus). The second possible solution 
a = iJ lueans that "we do not know whether the statement a is true 
or false", or "the statement'a may be true, or may be false", 
a possible way of expressing its doubtful logical state which is 
permissible in SNS logic. Since the state D occurs very frequently 
in the analysis of arguments in PC, as in those represented by 
the graphs in Figs. 2 and 3, there should be no objection to having 
it as the state of the only term in the circular argument § ^ = a. 

It v/ill be shov/n below that, if circular arguments in directed 
circuits are removed by introducing the vidya operator, as in 
Figs 4(b) and 5(b), then any general logical graph in FC can be 
converted into a set of elementary logical equations, which can 
then be implemented in sequence (see Section In such a case, 

the consequences of the inputs having given truth values can 
always be v/orked out and the logical states of the outputs can be 
determined by straightforward algorithms. Such algorithms can even 
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be converted into a computer program. This is discussed in 
the next subsection, 

V>'e shall not describe here the procedure v^hereby contradictionaj 
when they arise^ are used to v/ork backwards into the argument 
and find out the precise location 01 the place v;here the contradictio, 
arises^ and the consequent change that should be introduced into 
truth values^or nature of connectives^in earlier steps in the 
argument. The general treatment of this is a big project and 
has not yet been completed. It vdll be discussed in a later part 

l/W 

of this series. Here, we shall only point out^^the next subsection, 
the way in which SNS graphs are implemented and worked out, 
oecause this is vital for giving a general theory of the implementati 
of a OPL argument completely consisting of Type-1 statements. 



(e) Alrebraic imnlo.^cntc. 
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Any yonaral ar^yinient can be built ud eH'Dlo’,'’ing only 
the three types of elementary statements as sho\m in Fig. 1. 
we assume further that there are no circular arguments in it, 
consisting, of a full directed circuit of edges. If one such 
occurs, as in Fig. 4(a), we avoid circularity by employing tvra 
terms such as ^ and ag in Fig. 4(b), connected by the binsry' 
vidya operator^ to give |1 V a2 = §. i.b avoid also multiple 

1 ^ VTV / 

inputs into a teiTi (say a) by usin: the vidya opo: ator^aT" V a2 = |1', 
§1' X 3^ “ ii* also Section 4 below). On the other 

hand, there can be m.ultiple outputs fror' a tern to different 
connectives Z2 etc. Thus from the same term v/e can have 

bus of the t^'pe r^=P2> = el-c. On the other hand, 

an operator^ if it is urnu'y can only have ore input and one output^ 
and if it is binaiy enn only liave two Inputs and one oinrput. 


For such an rirgiiment, the flo'v of logic in it esn be 
}xpressed in the form of a sot of equations, as slio'.-n, for instance, 


ror Fi.'S'; 


2, 3 4; and the so eque Lions a*e cmecuta ule in 


secuence, using, the given truth values of ali iiUiUts, so as to 
yield the truth values (in Shd.' of all the outputs. The proof of 
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this is renarii 


narliably siir.plo, as r.iven belo'..’’, usin^ rnathcF.atical 


inauction. 


Firstly, it can be rc-adily verified that all_graphs of 
this nature, having upto 10 nodes are implementable, Wc use the 
term “implementable” to indicate that a set of SNS logical 
equations representing the graph can be v/ritten doun, and executed 
in the sequential order in v/hich they are listed. The Input(s) 
for the algebraic equation representing any step contained in it 
v;ould have been obtained in one of the preceding steps, or it 
(they) v/ill be fresh inputs for the argument. 


For larger graphs having n nodes, v/e prove the result by 
induction on the number n. './e assume that all SI;S logical graphs 
v/ithout circular arguments as subgraphs, v/ith ra 4 n nodes, 
are implementable, and prove from this that all such graphs 
v/itli (n+l) nodes are implementable. The proof is as follov/s. 


The graph has at least one output, say p . Then, this 

has arisen either from one term (say tj) via a unaiq-- connection Z 
(as in Fig. 1(a)), or from two terms tk and t^ via a binary 
connective Z or (as in Figs. l(b) or 1(c)). In all cases, remove 
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tno connective (Z or ^ and t:ie output tpr:: p, and obtain a praph 
'^-2’ -y as3i;nption, 


■i-i 


tills •'~raDn 


1-1 


or 


.^_2 is iiiipiementable. 


Then, add the following equations at the end of the list of 
equations for the reduced praph (namely or : 

%-1 = n i = E (22a) 

'^-2 ' ^ ^ ~ ~ (22b,c) 


I* or 


ror 


it is quite obvious tliet the aupinented list of equations fo: 


iLiplementable, 


The above is; an existential proof of the theorem that 
"t-iveii tlic praph of any ar.'Tnont in PC, \/c can al'./ays unite co'm /rret 
a set of elenentary Si;S eorutions (of the types of (22a,b,C/), 
uiiich can be executed in serial order”. Fortran propra"' to 
pti'fora the execution has beer outlined, out not yot v/ritten. 

■-ov/cv-i', the above bhenreir. indicates tirt che sequence of erirtions 
is uhooretically capable of beiiu urittc-n out. The discussion 
of the ajporitl'iL'i is rcS'un’-eJ "or & lat':■ p'.U'J icatxon, as it iS 
coLJSon to bhS and uPL, and for arpunonts ’diich use combinations 


of CL, SLG and CPL. 
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3. Logical -raab of a QPL ar,£aiment composed of Tvne-1 stntc‘:.' 'eiTt_s. 
( a; Sler;entarv staterrents of this t-yn^e 

A general statement of Type-1 (in QFL) has the form of 
Eq (1), and the three forms of elementary statements of this type 
are given in Eqs. (2), (3) > (4) of Section 1. Since the variable 
X is the same throughout in an argument composed solely of Type~l 
statements, v/e shall employ the follov/ing abbreviated notation 


for these: 


Unary : 

9(s 2 = 


(23a) 

Binary fon'/ai’d 

IS 

= c) (Matrix) 

(23b) 


I 2 

b = c (Boolean) 

(23c) 

Binary reverse : 

‘Cj/ls Z I 

= b) 

(23d) 


In these, V or J only; but Z can be any one of the ten 


matrix operators in all three of (23a, b, d), v/hile it can al; 


;o 


be 


one of the two Boolean connectives, "upon” and "vidya", for 


rhe binary _on'/ard relation in (23c). vOien this occurs, tlio 
corresponding connectives lU and W of BA-3 become operative, 



and the equations becorae 


a1 





(25e,f) 


v/here ^ ^ stand for the canonical fora in BA-3 of the two 

QPL inputs in the standard form. (See Fart II, Section 6, for a 
description of these forms, and of the canonizer and standardizer 
vMch interconvert these representations of a QPL term. As an 
Illustration, V(alY) V 3(a2^) ^ (1 0 O) ® (1 1 O) = 

(1 0 O) “ V (a^) and V 3(a2p) =' (1 0 O) 0 

(0 1 1) = (0 0 O) = (f) ia), the contradictory state for ^CL- 


It may be mentioned that the EFL contradictory state arises 
only as the output of the operator \\/ , as is the case with V in 
SLS. It is also obvious that the variable x is the sane for 
ag and a in (25e,f). Upon inputting 

- li’ ^23 ) or (23 ), the output |' is obtained 

via the Boolean sum or Boolean product oi the two j)~vectors, a^ 
the case may be. 


w'e shall indicate how the quantifier ^, and the connective 
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orerator Z , are treated in parallel channels, with a small 
interaction of Z with *2]_ v/hen the QFL input(s) are put in (23a,b.c) 
and the QPL. output is worked out. The relevant formulae are given 
in outline, along with the graphical flow chart representation 
of the three forms of elementary statements, in Fig. 6. 

Fig. 6. Elementary connective relations in QPL Type-1 sentences. 

V/e shall illustrate the derivation of the formulae by taking the 
example of a categorical statement, discussed in detail in Part III 
I^Ref. 1J , 'Which has the form ^ (a I = h) . Suppose the input is 
^ ^' 3 ( 1 '). Then, the flow of the logic on implementing 

Eq. (25a) with Z = I to yield the output best 

understood via the formulae in (24) belov/, 

<Z/.'a(|’) , I—> Cf'Js' I) 1 -^ (24) 

where 

( 25 a,b) 

= 3 


and 


(25c,d) 
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a' 2 = b« , (^ ®- H/) 0 ^ 

~ ^ ^ “ Sr'type 

= 3 for 2 = ^-type 

3(i A = b)S 3(b A = g)^ 3 (i I = b)H 3 (b I = a) 
For V(a A = b), see Fig. &(b) 

Fig.6(a) Unary QPL relation of Type-1 



Fig. 6(b) Unary Type-1 relation with (V, i^) and input *3/ (a')- 

3.-3 * 

The modified ^-construction is shovm, with outputs 
V(b') and 3/'(a’). 
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a' Z b’ = c' 

See text for formulae 
regarding ^ for the 
three types of Z , 
namely A-type, 0-type 
and E-type (Eqns. 30, 
32 , 33, 3 A). 


Fig. G(c) Binary fon/ard OPL relation of Type-1. 



a' Z = b' , if c’ = T 
a' Z^ = b', if c' = F 

(‘V @ \ @ '°/) 

e(% Ir %c) = \ 

v/hore %{ or 'S^c) is the 
same as in Fig.6 (a), 
including the modified 
A-cons truction. 




6(d) Binary 


reverse QFL relation of Tyoe-I . 
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o/. 


intuitive justification of the four equations (23a,o,c,d) 
is as follows. The SKS equation (25c) is the simplest to see, 


and it gives the output b' for h , given the input a’ for a 


and the operator equation a I = b. As regards (25a}, this employs 


a new connective, which has been given the name ”into*' and having 
the symbol ® , with all the quantifiers ( > ....) 


having only the two states — (1 0 O) and ^ 1 O). 


The property of this operator ^ is best described by Table 3 
which gives the multiplication table for the equation ® 4/ 


Table 3. Table for the "into” product 4^ ® 4/ 

'^The contents in Table ^ are simply explained as follows. 

If the equation contains 4^ = V , and the input quantifier 4/ 
is also V , then the effective quantifier 4/^ in Eq (24) is seen 
to be also necessarily V . If, on the other hand, either one Oi 
^ or 4/ is V and the other is 3 , then only the one that is 

3 . 
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Table 3. 


Table for the "into” 


product* ^ ^ 



£V 

V 

3 

A 

V 

V 

9 

A 

3 

9 

A 

A 

h 

A 

A 

A 


'^’The table lists the EPL states of 'H/' = ^ ® ^ , 
for the permissible input states of and <^|/^ 
in Sentences of Type-1 . 
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o9. 


logically less restrictive of the tv/o (nanely 3 ) '“'"ill he the 


quantifier of the resultant. This is because, if v/e tahe that 
the equetion ^ (a I, = h) is valid, for = V > v/hile the 


input state ^ is only 3 > hhen the resultant equation giving 

3 . 

the outnut (a"^!) v/ill only be valid for = 3 . In the 
same v/ay, if the equation is valid for = 3 > v/hile tne 
input is with = V-» then also the resultant v/ill only 

be 3 . 


< 0 / _ 3 

The fourth possibility, in which the equation has j 

and the inpur also has ^ ’ requires special comment. The 

situation is best understood from Fig. 2 of Ref [l3 ? ^-nich 
the two inputs of 3 may; or may not,have any common elements. 

'fncn they do not have any elements in common, the inpuu - 3 , 
when fed into <^= 3 equation, can lead to the resultant $ 

O'for none-j for ^ ® . On the other hand, it is also 

possible for the resultant to be = 3 , the intersection 
is non-empty. Thus, the combination « (Sy 
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•'-n lead to either 3 oi' ^ • Consequently, the effecti''^e 


Quantifier for 




= 3 ^ = (1 1 0) © (0 0 1) = (1 1 1) = A (26) 


Tills is why the fourth entry, corresponding to = 3 , = 3 , 

in Table 3 is A . 


The renaining entries in Table 5 are readily seen to arise 
from uhe following considerations. If one of either ^ or is 

A , the resultant in ^ (a I) is completely indefinite ( A ) 

and the fact that the other is V , 3 or A is irrelevant. Hence, 
v;e have the entries in the last row and colui^jn of Table 3. 


It vrill be noticed that the entries in Table 3 are closely 

similar to those for the Boolean sum ’’upon" in 0 ^ . All 

3. 

of them (for @ agree v;ith the EPL state of 

except one — namely 3 ® 3 , which is A , while 3 ® 3 = 3 . 
This new result, viz that 3 ® 3 = A » derived here for a I = b, 
is equally true for all matrix operators ^ in ^(a Z = b), vrith 
the input ^(a'), leading to H^’(a‘ Z = b'), as will be shovm 
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03lov/. wTiat is uiora, tha opBraior ^ is scually r 6 ouir 2 d idi 


binary relations (boLh forward and reverse), as stated in rhe 


formulae listed in Fig. 6. It turns out that the corrective 


plays a dominant role in the theory of not only QPL sentences 


of Type-1, but also in its extension to EPL sentences. 


Kh 

w 


r) ■% *-» 


From the structure of Table 3, it is readily verified that 
is both associative and commutative. Further, it is also seen 
t the followinr distributive formulae betv/een ^ and ® are valid: 


{% ® %) @ - (<%; ® %} $ (% 9 %) (27a) 

<1, ® © t'l/j ® '^) (27b) 


Boolean addition ( ® ) is^ ho’./ever, not distributive with respect 
to the "into" ( ® ) operation, so that, for example^ sometimes 

(<q/ & e % 4 ^ ^ ® (270 

This can be verified from *%| = V j ^ - V , ^ = 3 
the l.h.s. gives 3 , vMle the r.h.s yields A . 


, wnen 
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'Ihe explanation of £q 


. (2?b) and the valuo j lor 


in 


U54; are both given belo'v for the particnlcr case of the connective 
operator Z = I. general tr'sati.'ieno lor all conneci-ives is gi'ven 




in the next section. It will be noticed that, in the expression 

(s' I). can be on6 of V > 3 ^ ® sh^^ll consider Gach 

a ^ 8. 

of tliese in turn. As discussed in Fart III, the equation 

V(a’ I = b') yields only the output 9(b’) (and not vMle 

the expression I = b'j also yields 3(b’) as output (see 

l: y 0" 9 , 

is only j, for (a’ 1} = '^r(j(b'). On the other haiui, 


lable 2. p 25 ^f Fief [l] ). Phuc, irrespective of beinr: 


.-.1 also v/ill only 


if is , then it stands to reason that 
have /j . All these properties are readily satisfied by Eq (2ob), 
v/ith uhe condition *34 = 3, as given in Eq (25d). Those 


two 


equations are empirical and have been designed to fit the properties 
of the logical formulation of a categorical implicational statement. 
Hov/ever, it has been written in a forni which is a special case of 
vdiat is true for a unai 7 QPL relation in general. This section only 
clarifies the method of approach and v;e shall give a full treatment 


for the general case in the next section. 
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.^ 5 . 


{z) Justiiication of Fi,':!:.6 for all elementary connective relations 
in QPL . 

(i) Pinary relations for general ^ 

;/e shall consider first Fig. 6(c) giving this type of 
elementary relation. Anologous to Eq (24) the flow of logic 
may be pictured as follows. V/e are given the binary'’ relation 
in vMch the inputs are *^g(|') and H^(b'), and we are required 
to find out both the quantifier and SNS state^ of '^(g'). 

2, b) ^(c') (28) 

For this we first put in the tv/o inputs "into" the corresponding 
places in the relation, and we obtain: 






(29a) 

(29b) 


vhereafter the v/ay in ’which these quantifiers go to j.omi ) 

IS vcn^ complicated and requi:'es separate treatment j.or the ^.hree 
types of matrix connectives, namely the E-type, A-type and 
0-type as in (30). 


E-type 

(E_ , K = E") 

(30a) 

A-type 

(A, 0^, J^) 

(30b) 

0-type 

(0, I , J ) 

(30c) 
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After redefining a and b, the SNS relation can be converted 
to the fonr. a ^ b = c, v;ith Z = E, A, or 0, for each of the 


*tiir6G typGs oif coniicctiVc5 in 


4-V»r\ 'f’rx v'rm 11 -pAr' 

XiXV-JlJk J. JL CJL JU w JL 


c' is the same for all three, namely 


a' Z J' = s' (31) 

The formula for ^ on the other hand, is best given in the 
form of an algorithm for each case, as in (32), (33), (34) belov/. 


Z = A 

If i' = F, b' = F, then c’ = F and ^ (32a) 

If one of a', b' is F and the other is T, then c' = F 

and % = or , according as |* or b' is F ( 32 b) 

If both of a', b' are T, then jf 

however, 't>oth and ^ are ] , then 4^. = V ® (32c) 

^ c a ^ D 


Ifa' =T, b' =T, then c’ = T and 

if one of 1 ', b' is T and the other is F, then c' = T 
and ^ ^4’ according as |’ or b’ is T 


If both a' and b' are F, then ‘Q/ = ^ 43/' 

c ''a ^b * 

However, if and ^ are both 3 , then <R/ = 


(33a) 


(33b) 




I 
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S-ti^e: 

The formula for c' is §' 4 b' = c’ as in Eq (51) and the 
formula for the quantifier is as follows: 

% © '■?; = \ (34a) 

However, if both a' and b' have 3 

, then 

% & % = % (34b) 

;Note that there is a perfect symmetry between the formulae 
in Eq (52) for A and Eq ( 55 ; for 0 and that v/hat is valid 
for the input state T for ^ is valid for F for ^ and vice versa^ 
a phenomenon we had noticed in 3KS theory of the relations I involving 
the matrix operators for 0 and A. .;e are not giving the proofs 
of the fonnulae in Eqs (32, 55 '-nd 34) here^ but shall give a short 
summary 01 tin proof in Appendix 1. 

Ilavinr thus considered all the ten SMS matrix connectives ^ 
for Type-I UPL binary forward s^.^tements, we shall now oonsider 
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the t,-;o 


oolean binar/ coi'.r.ectives \''J and \V . As mentioned 


ir. Section :.(a), these co-:; ectives straightaway connect the 


;v,-o inruts = output g 


in the form of a Boolean uFL relation in EA“5» namely 
a1' a2’ = a' , v/here X is ll/or Vas the case may be. Hence 

the procedure to be followed is to convert the standard form of 
the inputs into the three-vector canonical form and then apply 
the connective \l/(or W) betv/een them. These are implementable 
using (55a,b)> involving the Boolean sum and product, respectively, 
of the tv/o 5-vectors: 


VU: a1 


a2’ = a' 


V’- al' ® a2' = a' (35a,b) 


Of these, \\/ is extensively used also in connection v/ith binary 


■'everse operators and v/ith the unarv forward co'.nective relation 


A = t) — see dection 5(c) and 5(b) below. 
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( ii) bnary relations for all matrix connectives 

./e shall first consider all the ten matrix connectives 
occurring in a unary connective relation, althou^ih such a 
relation invariably arises from a binary reverse relation, as 
in Fig.6(d), having c = T, or F, as the case nay be. This is 
because vie have e:diaustively considered the unary connectives 
of the ^-type in Part III, and the considerations taken into 
account therein, and in Eqs (24) and (25) above, are all valid, 
and useful, for the discussion belo\7 in this section. 

Firstly, we convert the four 0-type connectives into the 
I-type by the well-knovni relation 

'laV b = a =¥ b, or 0 N = I (3fe) 

This is because the relation extually takes effect as an 
implication, -./ith all its properties as discussed in Fart III. 


However, the A-relation has peculiar properties in its unary 
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xor:.i. ..'ith tho existential quantifier, 3(| L,he 


significance of 3(§ descrioca in rant 


Ul 


3(a A = b) S 3(a I = b) 


(35a) 


Since the matrix 


X for A is symmetric, (a A = b) (b |) , v;liich 


with the eouivalence in (56a) gives 


3(|A=^)z: 3(bA=a)::i: j (b I = |) (3^) 


Thus, v/e obtain the strange result (used extensively in Part III) 


that 


although 


3(a ==# b) IX 3 (b =# a) 


\/(a b) ^ V(-nb 


(37c) 


(37ii) 


In viev.' of all these, v/e use Eqn (3^a) to treaty-connectives 
■.;ith the existential quantifier 3 as implications, and no further 
discussion of 3(| 4 = b} is necessary. Ho’'/ever, the elementary 

IrL statenent \/{a A= ’g), \;hich arises from (or is equivalent to) 

ihe statements in (38) requires special discussion. 

'P.b are given that V(§ b) is true. Given ^^(a') 
v/hat is '^p(^')‘?" 


( 58 ) 
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it v/ill oe noticed that the connective A, in a b asserts 
'cii.'.t both I and b are true, rience, if a’ is ?. there 
can De a contradiction. Further, the state of b(namely b’ = T) 
is independent of what state a' has. Extending: these 
considerations to QPL, and including the in (38), v/e obtain 

the flov/ chart of the logic for this particular case \/(a b), 

as shown in Fig. 6(b). 

The explanation of this figure is as follows. As mentioned 
above, the expression l/(a A = b) asserts that both \/(a) and 
V(^) are true; hence the output V(i’) v/ith ^' = T, On the 
other hand V(|) Kiay or may not be consistent v/ith ^(|’). 
lienee, mb designate these by H^(§^) and V(|p, and apply the 
vidya operator \vyfor consistency betv/een them^( to obtain the 
output 'H/I(a'). (As in the case of SFS logical graphs, mb 
reserve tne disc'js sion of the consequences of the consistency 


test using V for a later study, v/e only shov- that the statement 
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Via A = b) is iir;-Dlernentable v/itli whatever input that is provided.) 

The discussion of the results for E = b), v/ith 

[/ 0^ d } and input as in Fig. 6(a) is simple. The 

net effective quantifier that goes in is obtained via the "into" 
operator as ^ i exactly as for S/(a I = b). 

' a. O. — ' 

Hov/ever, the output, v/ith E, has the same quantifier as the 
input (being equivalent to it). Hence, for ^ in Fig. 6(a), 

a> E = b’ , ^ ^ ^ ^ (39a, b) 

Hov/ever, for uniformity and convenience in programming, (39b) is 
v/ritten in the same form as for Z = I , namely 

(T- ® T') ® -q/g = «i/ , % .V (390) 

■■e consider in the next subsection the algebraic treatment 


the oinary reverse relations v/hich give rise to unary relations. 
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reverse relations for natrix connectives 
This kind oT relation, for stotenents of Type-1 in QFL, is 
described by the algebraic expression ^R/(c Z a = b). The SMS 
expression v;ithin the bracket has the significance of Eq ( 13 ) in 
Part I (ilef. Cl), in that it asks for b‘, given § ^b = c and 
the inputs p' and |’. kov/ that the quantifier has been added, 
the inputs are and % a‘) , and we ask for the output 

Q S= 3 — 



as sho\ni in Fig. 6 (d), for a bina 3 py^(^relation of Type-1. 


In SliS, the information regarding the state of p’ leads to 
the equations 

a' Z = b' , if p' = T; §• , if p' = F (40) 

w'hich arc seen to be r' aciily capable of being taken over into 
OFL for Type-1 sentences (as written in Fig. 6 (d)), since is 
coimion for | , b , c and Z . If, however, the quantifier 
IS different from , it is clear that ^'^(c Z q = 9 ) gets 
modified to 


h/'(£' 


z 


= b) 


> 


with 




= d/ ® (Ma.b) 
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8 :is aives rise to two QFL Type-1 ecuations analogous to (40), 


nar.ely ',42ai and (421)). 


ilso mentioned in each case: 


and 


H^'(| h) if s' = T , 

H^'(a = h) if c' = F , %{a') 


(42a) 

(42b) 


Ecuations (d2a) and (42b) are identical in structure to the unary 
QPL relation of_Type-1 shov/n in Fig. 6 (a). Hence, they lead to 
the outputs and b' as stated in Fig. 6 (d), The formula for 
V is clear, and the formula for arises from (4lb) and the 
formula for unary relations namely 


{4^' ® 'dl) ® 44 = 44 




• e nay restate these here for ready refei'ence. Given the innuts 


Cl 


k(c') , ^(f') Z a = b) 


(4i*4a, 0 f cj 


the Qutnut 


"""^(b'j, v/ith a'Z = b' for c'=T 


and i' z'^ = b' for c' = F 


cV ^ n: 


Z or Z' 


4 : 


(44d) 

(44e) 

(44f) 


and 
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Structure and implenientation of a general lorical graph 
for Tyae-1 statenents . 

In this section, we shall consider the structure of a general 
:.raph representing the flo\/ of logic in a QFL argument composed 
solely of Type-1 statements, and then show that such a graph is 
irnplementable with any set of QPL inputs, from the fact that each 


of the elementary statements of vMch it is composed is irnplementable. 


We shall therefore cormnent on ho\i to v/ork out combinations of the 


elementary statements and then prove the general theorem that, for 


any finite logical graph, employing QFL statements of Type-1, the 


EFL states of the cutouts can all be v/orked out in an algorithmic 


way — i.e. by following a sequence of operations in a stepv;ise 


fasion — which can therefore be computerized. Before proceeding 


to such combinations, v;e shall indicate the characteristics o; 


tiie structure of a general QFL graph, following the lines adopted 


earlier for an SkS logical ^raph. It is to be noted thxt, although 


ill inouts are QPL states, the intermediate terms and the outputs 
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nay have one of the EFL states and this particularly arises 
vaien they are outputs of the vidya operator. 


[ a) Frelininary steps for binary reverse connectives . 

In a QPL graph, every unary operator has one input and one 
output in the relation ‘^(a Z = b), v/hich featm^e can also be 
generated by a binary reverse relation ^(c Z a = bj, vdth 
c = T. In the latter case, there are two inputs, p’ and |', 
and the nature (truth value) of g' generates the unary operator 
or '^) connecting a and b in the unary chain. In view of the 
fact that the T and F states of g, with Z = A-type or I-type, 
can l:ad to either an A-type, or an I-type, relation, and since 
the further processing of the section of the graph dealing v/ith 
unary relation is quite different in the tvfo coses, the first 


uep- in 'cne unravelling of the lo:ic of a JFL ; raph \/ill tie to 


ouu use unary relations arising ouu of sverv binary reverse 
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relation. The steps involved in 


;ed in Sqs.(^5a. 


(cf|)=b, ^ if c' = then ‘^/(a2 ^=b) 




v/here 


md if c' = then {a ^ = W 

<H/' = «1/ ® 'Si/ 


w'hile doing this, if p’ is an independent original input, the 
rest of the manipulations mentioned in Eq (45) are carried out 
as such. If, ho'./ever, it is not so, and it hes an output of same 
step in the logical graph (argument) like ^^(g Z' = c) leading 
to ^(c')> then a "c-construction” must be made as follov/s. 

The term is called and the input g' in (45) 

is called “^^(cZ') and these tv/o are connected by a vidya 
operator V ss sIiov/t. in Fig. 7 to yield an output • 





UlcT 
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are converted into the set of ecuations 


(C\) > . 

t I 


- cl ' J 


.n /, 

J I t 

y 


<r~ 


z a* = D 


(47a,b) 


v/ith the vidya relation 

g' V g' = g' (47c) 

In this way all binary reverse relations are dispensed v;ith 
and each one attached to a consistency check operator 'V and the 
graph is reduced to one having only unary forv/'ard and binary 
forvrard relations — the latter, however, containing both one 
of the ten matrix operators and one of the t\/o Boolean operators 
in particular, the vidya operator ^ . 


(b) Preliminary steps related to A--t\n 3 e unary connectives 

As mentioned above, the treatment of a unary for'/ard relation 
when it has the general form \/(a A = b) requires the A-construction 
ns shovni in Fig. 6 ( 0 ). Here, the unary .^-relation is taken back 
into the binary reverse A-relation from which it arose and the 
logic of that is interpreted — namely that ''For all) both | and 


rQll 
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;re tme". (As vdll be obvious, if the connective is any of the 


other three rcssible ones ol the ^-type, a sir.ple ti''ansxorina'Cion 
of el tiler a, or h, or both, by a negation brings it to the 
standara forra V(a A = b)). Then, these two results | is T and 
b is T are applied independently. The first one, namely that 
"a is always true" is given by the expiTSsion V(§p, with |1 = T, 


in Fig. 6 (b). This is compared v/ith the actual state of the 


QFL term by the consistency operator V , On the other 
hand, the second result that "b is true" is fed into the graph by 
means of the term V(]2') v/ith = T, as shov/n in Fig. &(b). 


In this v;ay, the graph in Fig. 6 (c), for the case \/and 
Z = A, has been modified so th't no contradictions are fed from 

"V 

the -g-type relation into the graph. If any such, arises, as can 


- J ^ r. ! 

S - 


F, it alii be in one of the final outputs, 
nc.mely as shown in Fig. 6 (b). 
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1 ' .; Consistency check for nmltiple innuts to a term 

.-^s incntionod in connection v.'ith SI;S logicl sraphs, there 
o.'ii only ue one edge in the graph, leading as input from a -iFL 
t'^rm (say Sff(c)) to an operation (unary or binary) containing 

O “ 

4 or JL ; but more than one outputs^ from two or more different 
Operators^can lead to the same term. An example of three such 
i‘. as follo\/s: 


=pl) , yielding ^ 


(48a) 

Z 2 h2 = p2) , yielding 


(48b) 

% = £2) , yielding 


(48c) 


la (48a,b,c) » £2 , pp all refer to the same QPL term 
y.^-ld information coming from three different sources. Then, 
i'. follows (as in 8i;S) that p is the 3~vector that is obtained 
ly applying the vidya operator 'V bi.'tween n1 and £2 to obtain, 
s.r/, p2' and then between p2' and p5 to obtain p (see Eons (49 a,b)). 

plVp2 = ^', £2'\\/£3 = £ 


(49a,b) 
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XhG i^pnGraliaation to n outputs p 1 _ , "pZf •••> loadxnpj 

to the same tei'm p is obvious. To reduce space^ we shell write 
the final output after applying (n-l) vidya operations to these 
in the form 

pi V P2 V P3 • • ► • \V PB P ^ 

oLi^M tsM. )kM ■ 

v/e shallTexamine the EPL state of p in general, first v/hen 

the inputs pi and p2 belong to QPL or A (which occur in Fart III 

and in the earlier sections of this paper so far), in pl V p 2 = 

U'/e 

It must be remembered that, althou^^ v/e|^-saa#4 only for the quantifiepf 
O^f = y, j and A ^(a)j "^^he occurrence of a = T^or leads 

to the following possibilities for a , namely V —(l 0 O), 

1 o),A=(o 1 1), $ = (0 0 1), A=(i 1 1 ). 

A table of a1 V ^ = I 'with these EPL states as inputs is shov/n 

List of the vidya product a1 a2 


Table 4. 
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Table 4. List of the vidva product 0 


ii 

V 

3 

A 

1 

A 


(1 0 0) 

(1 1 0) 

(0 1 1) 

(0 0 1) 

(1 1 1) 

V 

V 

V 

0 

0 

V 

] 

V 

3 

1 

0 

3 

A 

LX 

0 

i 

A 


A 

1 

0 

0 

1 

! 

§ 

A 

V 

3 

A 

i 

A 


2^ 5 (01 o)j 


0 e ( 000 ) 
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It v.lll be noticed that two new states (both belon£ln[^ to 


Hijr’i-iy O'v./L'Ui 


r for the vidya products al V i| » oi QPL ternis 


|1 and , namely (p -[0 0 0 ), standing for "contradict 017 " 


cIa 


nd £r .(0 1 0 ), for "some". 


Of these, the former comes as a result of the consistency 

check made by V, and if § H ^ V ^ ^ O), then it 

means that al and |2 are mutually inconsistent, as may be readily 

Cfirrnaie, bhe-fC 

verified from the two pairs (for all, for none)Jand (for all, 


not for all)^ for which a = 0 . './lien this actually occui-'s in a 
irapli, then any term to v/hich it leads, via a path of unary or 


binary forv/arci co;.nectives, can be shown to have also the state 




Tills is readilv verified for all Z and 2 in the elementarv 
cc.inective operations 


the occurrence of ^is oven more restricted ~ it ha''''ens 


lust for one combination, namely "There exists " vidya "mot for all' 


but it must be remembered that this state is not necessarily 



producable only by such o, combination of oFL states. 


iiscusse 


d in Fart II, 1 O) 


IS one 01 tne three basic 


st..tes 01 the EA-5 representation of the four CFL states 
y»3»A and ^ , That the state ^ can occur in very simpli 


aryunents is illustrated in the next subsection. 


(d) Occurrence of the state “L in a simple tv/o-steo argument 
containing: the vidya operator . 


-/e shall illustrate this by an actual pair of statements 
in mathematics. Suppose 2^ is any positive integer and il a prime 
number. Then the follo'.unp QFL statements are obviously true 
for the sentence s(x) ^ {:■:') './here x ranyes over 

all positive inteyers. 

(3x) (d/(x) F(x)) iE 3(s^) 5 (1 1 Q) ( 513 ) 

(3n) (jfCx) ==^ mr(x)/ E- 3(sp) e A(sr|,) -e (o i i) ( 51 b) 
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Both (51a) and (51b) are QPL statermnts about the same sentence 
s , and hence the common hnov;ledge contained in both of them 
is to be extracted by applying the vidya operator 'V betv/een then. 
This gives 

9(sy)\V 3(sp) = (1 1 0)®(0 1 1) = (0 1 0) 

~£(s^) ^ '^■(Sp) (52) 

The. ac^pfceae nt ^(s) thus obtained, stated in v/ords, is that the 
statement "If x is a positive integer, then it is a prime" is 
true for some integers, but not for all integers (and obviously 
not for no integers). 


Ihe form of the above statement illustrating the symbolized 


ogical aerm ^(s) is exactly the same as th^t asserted in the 


famous Godel incompleteness theorem — namelv that there are 


stacements in predicate logic \/hich are true, but \/hich cannot be 
'tc. C'lL x , ) 

Improved to be false for all x . As is v/ell-knoim^ Godel has piven 
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a carefully constructed theorem v;hich has tills property. Hov/ever, 
as will be seen from above, the Godel's state is identifial with 

the state (0 1 O) in our extended predicate lor^ic. As_ 

mentioned above, the BA-3 representation of quantified predicate 
lo^qic uses as basic states the following three^namely 
(1 0 O) — For all, (O 1 O) For some, (0 0 1) H fbr none. 

The middle one "for some" excludes both "for allf-and "for none"; 
and in this way three mutually exclusive statesmen basic vectors^ 
of bA-3 are constructed. Since EPL is based on BA-3^ there should 
occur^ under suitable cincumstances^ any number of examples 
terras having the logical state £.(0 1 O)^ and the occurrence 

of this does not indicate any "incompleteness" in the structure 
of predicate logic. In fact, just as v/e found that the doubtful 
state D(1 1) is a necessaiy consequence of the complete formulation 

of Dropositional calculus v/ith T(1 O) and F(0 1) alone, so 

also both types of indeterminate states, namely Zi (1 1 1) and 
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^{(j 1 O) can occur, in addition to the v/exl defined four 

states, v;hen QFL is extended, ./hon arnamenta are set up of 
various kinds, even if only the four QFL states are input, tlie 
intermediate terms and the output terms can have any one of the 
eight states of BA-5 of the extended formulation (EFL). 


Thus, the unary and binary forward operators involving the 
matrix connectives (Z) can lead only to five of the states, v;ith 
A in addition to the four standard QFL states, de have now 
seen that tv;o others — namely 0 and ^ — arise from the 
application of the vidya operator. There only remains one out of 
the eight, namely 0 (1 0 1), standing for ’’For all or for none" 

which has not been introduced so far^ he sha 11 e - e^i -dW^~- t h-Fs 
b e lo'w, alo ng-wi^ch—a discussi o n -of ho*./ the four non-QFL states, 

1, 0 , A, can be incorporated in the general treatment cf 
statements of Type-1. (For statements of Typc-2 as discussed 
in Part II, all the eight states of LA-d are completely tal:on 


into accoi'nt in the matrix-algebraic treatment given in that 
Part, x-.s will be discussed in the next section, statements of 
Doth T\rpe-1 and Type-2 can occur logether in an argument, and the 
aljorith:. for treating such arguments \/ill be discussed in the 


next 




ir G.r' C 


Ox xaio series*; 
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(e) Incorporation of EPL states in Tvoe-I 


arruments 


ivs have seen in the previous subsections of this Section 4 
that tlie use of the four OFL canonical states V , ^ ^ and 

in arguments containing Typc-1 statements could lead to one of 
the remaining states of EFL, namely A , 0, £ . V/e shall 
therefore discuss the procedures for incorporating all the four 
additional states of EPL (including 0 ) in such a Type-1 argumen 


(i) Imnlementation of A as input 

The state A=(l 1 l) = 30‘$is the completely indefinite 


state in QPL, v/hich arises in the implementation of categorical 
statements (QFL implications), as slioum in Part III. It is 
readily verified that, on putting this A as one of the inputs 


for any binary forv/ard matrix connective operation, the output 
is also A , for all ten Z's: so also for their unary relations. 
Also, it can be shovm that, for p = A , corresponding to V(0) 
in a binary reverse relation ^/(c Z a = b), the interpretation 


of D as T 0 F leads to an output A, as in Eqns (55a,b): 
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c’ = D, £ Z g = ^ S' Z ^ s' Z^ = fc’ = S' 0 = (^ 1) = Z) (53a) 

and ^/(b’) = A (53b) 

Thus, A as an input in any step of a Typo-1 QFL argument leads 
to A as output for all matrix connectives. For the Boolean 
connective lU also A ® I = IS. 7 so that A through as 
to the output in the binary "upon" relation. Only for \l is 
A a = a , for all states of | , because (1 1 1) ® 

(a^ a^, a^ = (a^. 

Thus, the introduction of the non-QPL state A into 'i'ype-1 
statements introduces no difficulty. 

(ii) Inolementation of A and 0 as incuts 

In the last subsection li}, \ie interpreted '^{D) , v/hcre 
'^|/is Vor 3 , as equivalent to the EA-3 st:tG (l 1 l), corresT)ondin[ 

^0 in —-rl-. lyhe case o± ojou . A (arn) ^ ^■(a—ij end 

0(a-p) — This is because if only some (but not all) 

nave tne property a , some others v/ill have the property "P a 
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so that v/e may reasonably associate ^ , \ilien input into a Tyae-j 
sentence , as riving and hence having the properties of A , 

(On the other hand, ^ as input for a Type-2 sentence can lead to 
quite definite and useful conclusions, as v/ill be shovm in Fart V.) 
In the same v/ay, the sentence, "For all, or for none, a is T", is 
the same as "For none, or for all, a = T", v/hich is equivalent to 
"For all, or for none, a is F", so that 0(|), v/hen input into 
a Type-1 sentence, also has the properties of D for the Sr;S term 
|, and hence, we may take it as having the properties of A v;hen 
input into Type-1 sentences. 


Hence, v/e assume that all t;;/pes of uncertainties , in 


’.;hich 


^is any of the 7 quantifiers, other than 0 , of SFL, go 


in as ^ '■H ^ (indefinite) into the next step of the argur.ient. 


if it is a Type-1 sentence, except for the 


oeerator 


W. A. 


:lready mentioned, Sl t\/ i= “ = ^ sentence vhicn can occur 


in both Type-1 and Type-2 arcpiments 
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(iii) Iniplementation ot \U d. 


5 input 


uust; as 


v/ith A v/hich has three 1's, UJ has chree C’s. 


Hence, it also ^pes through as an impossible state Wfor the 


output 01 all elementary connective operations for which it i; 


an input, except in 


^ iU ^ Hence, in a program 0 as 


input can be straighta\/ay incorporated as an output state 


(V/e do not explain the exception for \U, since v;e have not used 
this logical connective "upon" an^nirhere. It can be shovm that 
it (i.e. the binary lUrelation) is relevant to the superposition 


of information from "ramours"; but this discussion is deferred 


to Fart V.i Further, as stated beforc, (7) can occur only as the 


output 01 the oinary \\/~relation in our method of approach o; 


Lreating 'fype-1 ar^^-unents. 


‘Ip snail now' proceed to the treatment of a chain of unary 


anions. 
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(f) Preliminary steps for unan/ chains 


considGr h chstiii of u 


4-1-^ ww y X V-.-Ut-A V.>JL. V-/AX ^,5 V> W X 11 XC“ U 1 i Ji ’ . 


a v/ith b (or ~lb), b(or "Hb) v;ith c(or f(or ~1 g) 

with matrix connectives Z^Z^, and quantifiers 

V/e have already discussed the procedure 
by v\rhich A-type unary connectives can be made notj^form part of a 
unary chain, so that we are left-with only I-tyne and E-tvne 
connectives. Of these, ^-t^'pe relations have been e:diaustively 
considered in Part III, and it has been shown that the above 
chain of n implications can be reduced to be equivalent to a single 
Type-1 implicational statement connecting | with g . In saying 
this, v;e consider the "invalid",or A-state^ conclusion also to be 
a single implication^ for this purpose^ and v/rite it as ‘^(a D = b). 


For worhing out n implications like the above in sequence, 
’./e cannot input ^ (a') and work out (p') etc sequentially 
in an algorithmic manner, one after the other in sue ession. 
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Instead, the n Type-1 implications have to be " theoretically " 
conbintd to get and ^ in (§ ^ = g), from ; 

'^2 ^;..., Z^; and thereafter ^ and §' can be input to 

(CJ/(a 2 = -) for obtaining the output and g' of the unary 

chain. Because of this, v/e shall give below, in outline, the 
formulae for combining tv;o unary T}^e-1 implications to obtain 
the resultant of the same type, and then shov/ how the formulae 
can be iterated. 


(i) Combination of two oopi tmvm Type-1 implications 


h'e first consider two BFL implications of Type-1 in 
succession namely ==^ b) or ^(a ==^ b) and %(h 

in succession, -./here ^/= Vor 3 • T’he resultant 

^'C(a{or ”1 a) b(or )b)} for all these cases is summarised 


in Table 3* By putting a = la and c = ic, all possible 


comoinations which occur in uractice can be obtained from the 


above eight possibilities. 


laole 0. f-esultunL of t’wo Type-1 i’iplicetions in succession. 



T able $. Resultant ol' two Type-I implications in succession 


SI. 
No. 

First implication 

Second, implication 

Resultant 

Name of 

categoric; 

syllogism 

1 

V(a I = b) 

V(b I = c) 

V(a I = c) 

Barbara 

2 

V(a I = -n b) 

1 = s) 

V(| fi, = c) = A 

Invalid 

3 

V(a I = b) 

3(b I = c) 

A(| I = c)5 A 

Invalid 

4 

\/(| I = -lb) 

3(b I = c) 

3(1 a 1 = 2 ) 

■—Dimensior 

5 

9(a I = fe) 

V(b 1 = 2 ) 

3(| I = g) 

Darii 

6 

3(i 1 = -n 

V(b 1 = 2 ) 

3(| 5 .“ g)—A 

Invalid 

1 

7 

3(| 1 = b) 

I = 2 ) 

A(| I = 2)=A 

1 

Invalid 

8 

g(i I = -1 b) 

I = s) 

A(| 2 = c)^A 

Invalid 


'''in Table 4 of Fart III. Kote the occurrence of the "hev/ Type” 
of syllo.^isni, Dimension ( IEI'-1 ) 

'■"ror all "invalid" resultants, the output c is A , irrespective 
of the OFL input state Gy/ 
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It v;ill be noticed that only three combinations In Table 5 
lead to valid conclusions for the resultant. Of these, Barbara 
and Darii are classical, but v/e have, in ad'dition, one of the 
new types of syllogisms derived in Part III, namely Dimension 
UEI’-1). This can only be worked out by reversing the sequence 
of tile first two implications and then reversing, once again, 
the valid resultant thus obtained. Hov^ever, in the fonn in 
which it is stated in Table 5, it is algorithmically applicable 
for v.'orking out the valid resultants of sequences of n implications, 
and this leads to the same results as those shovm in Section 5 
of Fart III. Thus, the forv/ard sequence y(“D a I =# —lb), 

ZZ zz ' 

I p), V(p 4 ) dan be v/orked out as follows to 
yield B(a ==# d^ *. 

Vi " 11 I, ! b), 3(b ^ p) = 3{| = 4 . c) 

(i’uialogue of Dimension ) (54a) 

B(| =4 c), V(£ =4 §) = 3(§ =^d) (Analogue of Darii) (54b) 
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(ii) Inclusion of S- type unarv connectives 

Since A-type T^/pe-l statements, with both V and ias 
quantifier, do not occur in unary chains, v;e need consider 3 nly 
the E-type connective relations that may occur in betv/een 
implications in a unary chain. Considering^ first combinations 
of tv/o ^-type relations, the follovang equations are obvious: 

^'^(§2^=6), = s) (55a) 

v/her^ 

% ^ % \ l/i - h (55b) 

with 

and Z^, ^ = E or K) (55c) 


offibinations of an ^-type and an E-type relations also follov/ 


dmple rules, as in (5c) £"d (57) below. 

‘%[(3l = b), '^(bZ, = c) = %(.sl = :s'. 


nere 


and 


9 ])®'% = % 

g if Z_2 = E, and x = '”) 5 if 22 " 


(56a) 


(56b) 


X 


( 56 c) 
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v.'here 

(57h) 

and 

y = |, if = E, and y = —/§, if 2^ = N(S^) (57c) 

10 v/ork out a chain of I-type or E-type relations, v/e consider 

/*s/ ■*■ »"s»/ 

their associativity. 


(iii) Associativity of iv. unary connective relations in a unary path . 

This can be proved quite generally. For this, v/e first take 
three unary relations ^(| Z^ = k), = c) and ^'^(c = d) 

and denote the equivalent single unary relation by ^ = d). 

For convenience, v/e write it as a product of three operators 

2^) = Z^(say), (^/^, Z^) = Z^Csay) and (‘9^, Z^) = Z-(say) 


in Sq (58a and b), with brack.ets in the two different v/ays of 


:ssGciation: 


l,) [%, 4 )) ('Vy %) = (z^ ZO Zj = Z (say) (58a) 

h'> Sz) 2.3) = ZgZj Zj) = Z' (say) ( 5 Sb) 
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ly taliinr; the data in Table 7, and in Eqns (55), (56) and 
(57), it is readily verified that for all s being V and 3 , 
and all Z's being I, E or N,, if 

Z = ^ and Z’ = Z') ; Z = Z' in (58a,b) (59) 

In other ’./ords, unary connective relations in succession are 
associative . (The detailed proof of is long, but 

quite simple, and it is omitted). 

(iv) Implementation of a unary bouquet 

:ie have already seen that there cannot be more than one 
incoming edge to a term from an operator (for shortness, v;e use 
the symbol t for a term *^C|) and Z for an operator (<^, Z) 
nroducing a unary or binary relation), ho .'.'ever, more than one 
edge can connect a term t^ to difj.erent operators (Z-|, Z 2 , Z-, say), 
hence, tlie unary paths emerging from a term t.^ can hove a "bouquet" 
structiire, as shovm in Fig. 8(a). 

Fig.8. Reduction of a general bouquet of unary paths to a bouquet 
of reduced single unary relations. 



ouquet of edr;:es starting from t^ along unary paths 
nd ending in t^, t^, ty, tg arici t^ 



hquival nt single coimective unrry paths, all 
saarting from t. and ending in t,/, tr, t^, t^ and t 
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The v;ord ’’bouquet" is surgestive of forming the stalk, and 
the differeut directed paths from it forming branching stems, 
leadinr to "flowers" (t^, t^, ty, tg,!^) as termini of the 
various unary paths from t^, It iSj^simple theorem in the theory 
of graphs that form trees (of vdiich bouquets are a special class) 
that two vertices are connected by a unique path in a tree. Hence 
Lhe term forming the stalk t^ is comected by a unique unary 
path to each flower, foming its terminus. 


..’e no’w’ show, using the theory developed earlier in this 


section 4(f), that a general bouquet of unary paths of Type-1 relai 


emcr 


cring from t-|, as in fig. (8a), is reducible to a set of single 


Type-1 unary relations from t^ straight to chc terminus of each 


of the unary paths. This follou's from the fact that we can 


collause n unen' uTL relations (of Type-1, containing only £-type 


nd E-tyr-e connectives) into a single relation cT the same type. 


Ions 


The pi'oof follows from two successive relations being reducible 



.79. 


QFL-IY 

Draft-II 

30-3-84 


to a single one, vMch can be applied iteratively to any number. 


^ PP O O 


CX UVJ V , 


loads to the 


uniqueness of the single QFL T^j-pe-l relation. 


Thus 


(iii), if 


so that 


usin^, the contracted notation mentioned in Section 4(f) 
\/e follow the unary path from t^ to t 2 , t^ and tg, then 

"t/j ^ ^2 ’ "^2 ^4 ~ ”^ 5 ’ "^3 ^5 ~ "^6 ( 60 a) 

t^ Z ^2 = ■*^5 > v;here ^4 ^5 ( 60 b) 


The relation (60b) is sho\\m in Fig.8(b). Similarly, each one of 
the paths from t^ to t^, t^, tg, tg can be reduced to single 
unary relations by iollonlng the paths from its origin to its 
terminus, rhus, Fig. 8(a) is reduced to Fig. 8(b), using the 
uUi^ir/ 0^'01 ;^tors Z^ , Z.j ^^ ^'] 4 ^ ^ one a 0 a. time ior 

obtainirr tr.e output terra at each terainus^ Zjj-Z,Z-j 

Zu"Z>iz,^ 2,3=qi,^2|,=z^Z^,i,r--Z^' 

Thereafter, the input (say*%|(tp) can be fed to each relation 
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and the outputs 



etc can he v/orked out. 


These latter 


WJ.J-JL L/C 


0113 iicF 


liiiai oiitjjutb, 


or v/ill be fed to binai'y relations, 


which are algorithmically implemcntable from input(s) to output. 
Thus, by the "bouquet reduction" procedure, the general graph 
of an argument is converted to a form in vdiich it consists only 
of single unary relations, coruiecting input and/or output 
terms of binary relations. This reduced graph has only relations 
of the types in (ola), v;ritten in the abbreviated version 

t^ Z = t 2 or t^ Z to = t^ (6la) 

Eqns (61) stand for the Type-1 relation? 

'^Z(t^ Z = t,) and ^ t^ = t^) (6lb) 


In the next section, we shall summarize the procedui-'es to be 


adopted for obtaining such a I’educed • raph from a general set 
of Type-1 relations forming an arfyu:ient and then prove zliat the 


■'educed graph is alv/ays i:;:plementable for Type-i statements, 


using an argument analogous to that adopted for Si>S statements. 
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5. Su!.:"^arv of the Inroleinentction procedure for a Tyne-1 arfaime iit 

•'■'e assume th.?t the lorjical ^raph of the argunient is 

available in terms of the set of unary, binary forward and 

binary reve.se relational statements between the various terms 

t. operators Z.. V/e shall first describe the various steps 
J J 

by which the argument can be worked out and the conclusions 
corresponding to the output terms can be determined when the 
input terms are given. The steps are also given briefly in 
the form of a flov; chart in Fig. 9 A to I. The descriptions, 
in paras A to I below, follov; the same order. 

Fig.9. Outline of Flov; Chc^rt. 


A. First we s-.arch for the incut and outni:t terms and 


cloosif' all terir.s as original inputs (t^"^), fine] outputs (t^.°^) 

J J 

and intermediate (middle) input-outputs Cjt^'‘’'). 

J 
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( 


t^^^ = input term, 
^(ai) ,u(am) ,(ao) 

t- J ^ ^ 

output terms; Z = 


t^^^= middle term, t^^"^ 
= "additional" input, 
Connective operator) 


= output 
middle, 


term 







desired 
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8) It is assumed thnt there are no directed circuits 


in the graph. V/e check for the occurrence of any such circuits. 


If there is one, as is shovm in Fig. 4(a), it is removed by 


adding a \V-operator at one of the terns (say a) for 


comparing 


the tv/o nev/ly created terras and |2, v/hich lead to 
|1 \/ a2 = I (as in Fig. 4(b). The tera y, initiating the 
(formerly circuitous) path becomes an input term, (Type t^^^j 
and a2 becomes a middle term (Type t^“0 v;hile a v/illjDe an 

SI — 

output terra'(Type This is done until all directed circuits 

are removed. (V/e have not yet proved that the graphs obtained 
by breaking a directed circuit at different terras (like | above) 


are eauivalent. Probably, they are not. Hence, the point 


(terra a) at vdiich the circuit is cut to provide the "circui 


removal cons; ruction" must be specified for each circuit before 


the lo='ic in the graph is algebraically implemented;. 
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C) '.'/e then chech for the occurrence of any multiple 

/ (n) 

inputs to a term (v/hich may be either of tte type t^’ or 

and, if such multiple inputs are present for any term, 
vre make the V-consrruction, as in Eqs (49) and (50), in 
each case. The t^®' or t^°^ that are thus produced are added 
to the original list in A, as uell as the operators Vthat are 
used. The output of such a -operator can be 0 for a middle 
term and carried forv/ard to later steps of the argument* 


D) '.'/e then list the reverse binary relations of the type 
^.(c^ wk ij " Sj corresponds to a term 

v/hich is an original input t^^^or an interiuediate term • 

If c^ is not a original input, v/e make the c-reconstruction 
as in Fig. 7(b), so that it becomes one of the orir'inal innuts, 


Replace 9o( c) by and introduce the 


c1 


input termi 


4^2^S|) and the output term %io). The additional inputs 
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and final outputs thus generated are added to 

; t}U*b ccir%o >-*0 •f'C!sil tr 4-Vv/-\ 

-- —-- , V _L. v> V-tLj v-OL u>v«. u. Y »/a.uiJ. i^xicr 

superscript (a), as in (ai), (am), (ao). The operator V is 
added to the list Z^, as also the Type 1 unary operator 
«y'(i z = b) or ^ (a = b) wliich replaces the binai'y 
reverse operator ^(c Z a = b). The output of such a V-oper 

in this process can be only for a an output term. 

E) Taking the sfrt of t^"^^ and t^°^ that are obtained 

at this stage, we input the QPL states of those t^^^ which are 

(ai) 

nrovided for the argument. List the t^ ' arising from the 


c-reconstruction process separately. .<e choose one set of 


nossible incuts for thes: (and later modify these over all 


possible uFL states that could be put into such reconstructed 

we consider one such complete set of t^.^^ for iuplenenting 


i ^ I 

the graph of the argument belov/. Vileen v/c talk of t^ ' hereafter, 
they include both t^^^^ and and similarly for t^ and t^°^. 
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F; ./e nov; check the unary relations to he of the E-type, 

I-twe and/or A-type. For each of the unary relations of the 

A-t^rpe, v/e make the modified A-construction as in Fin. 6(b). 

This also leads to additional and but do not add 

fat) 

to the list of the terms t^ . These are added to the list 
in A, for implementation, but they v/ill not be changed, as they 
are the oonsequences of the process of implementing the unary 
A-tvoe connectives. A consistency check onerator \f is also 
iniroduced in each case, v/hich couiu lead to an output d) for a t 


(ao 


a; 


1 Cih0 


bouGuets that 


rcuce tn 


rigs.G(a) and 
present. Thi 


each of the unary p,iths in the various unary 

are present in the graph produced at this stage 

em to the equivalent single uncry relations, ss in 

(b). Do this for all the unary bouquets that are 

s reduces the number of t^'^^, by eliminating all the 

J 
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Ain) 


t\ in the bouquets that are neither the starting term, noj 


the en-iiiir. teriii, in each unary path. Remove the Z. in the 

D 

original bouquets and'introduce the nev; equivalent Z. in the 

3 


single step unary paths. 


n) At this stage v/e obtain a ’’reduced" graph v/hich contains 


only (single; unary relations and binary for.;ard relations, and 


(i \ 


tills is the logical graph to be worked out from the t^ ^ and 


t^^^\ via the and t^^^^ to the t^*^^ and Renumber 

the list of the terms t^ if necessai^, and classify them into 
tlie t^'pes t^^\ t^”^^ and t^°^ and v/rite dovm all the unary and 


jinarv forward relations betv;een these terms, ’which may be in 


an a 


rbitrary order. (Distinguish betv;een V and t 


(i) ..(ai)', 


/ ♦ 


-earranre the secuence of the logical relations thus 


obtained, so that they can be implemented in serial order. (The 
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iiroritliai ior this is reserved for a later p'-rt of this series. 


The proof that this is possible is elven in Section 5(a) belov;). 


Usinp the set of original inputs t^^^i’or the terms 

implement the equations as newly listed, and obtain the final 

outputs This can always be done^although some of the 

3 

Middle and/or final outputs may be having the contradictory 


state (7) or the" indefinite state lA , 


I) If all the t^.°^and are non- (1) , then we say 

3 3 / 


that tiie inputs put in the step E are consistent \ath the 


chosen argument, and the conclusions can be read out of these 


ouiputs. (See Section 5(fc) for a justification of this). 


if there are contradictory states among the outputs, choose 


w'iOther set of inputs for the additional inputs taking care 

0 
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that the set of ori.^inal inputs t^*^^ ^iven for the argument 

J 

are unchanged, and repeat the process from E to H for 


t]u3 s-t of inputs. Once again check for absence of the 
contradictory state ^ in the outputs t^^^. Repeat for all 

possible combinations of initial inputs (t^^°'') other than 

J 


those that are given for the argument. 


Depending upon the natm-e of the argument, there may be 
only one set of final outputs, or there may be more than one 
set of outputs^ that are non-contradictor^,^ In the latter case. 


the additional inputs, and the intermediate inputs v/hich have 


been converted into original inputs in one of the steps, may 


have one or tno other of different possibilities, .^e stop t’ne 


'iGcussion at this stage, and the analysis of the various types 




f eryunents, dependin' on the coniredictory and non-contradicto 


iiatuie of the outnuts is reserved for a future cormunication. 
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(a) r-roof that a reduced yraph consistinp; of Type-I statenents 
is ir.Dlencntable . 

The proof of tliis follows the same lines as those adopted 
in Section 2(e) for the graph of an SNS argument. In fact, the 
reduced graph for a QPL Type-1 argument is even simpler in 
structure^ since it consi.st only of unary and binary forv/ard 
statements. For each of these elementary statements of Type-1, 
we have already seen that the output term can be v/orhod out 
in terms of the QPL state of the input for the unaiy relation, 
and in terms of the QPL states of the t\;o inputs for a binary 
statement (see Section 5(c) (i) and (ii)). Although the QPL 
state of a term t has two parameters representing it, namely 
the quantifier ^ and the ShS state t in the form of ^/(t), 
the rules for the deter'dnation of the output state of a ITL 


relation is such that the graphical corniection betwoou tlio 


input(s) and output follov.'s exactly the same rules as in ShS. 



92 


QIL-IY 

ijrait-ir 

9 - 4-84 


i'iie quar.tiiiervs) of the input(s) and the output, liovrevor, 
recuiiv the staoenicn'c of t-he relation and the natures of the 
input quantifiers, however, the rule for this is strairhofon'/ard 
and can be v/ritten so that they are algorithmically ir.iplementable 
from input to output. Hence for both unary and binary forv/ard 
relations, statements of Type-1 follow the rules of SI.'S 
statements in so far as the structure-of the logical graph is 
concerned and the associated relations betv/een the quantifiers 
can always be written dovm for application. 


In viev/ of this, v;e can take over the oroof that a graoh 


^n#1 


^ be imnlemented for QFL Tyoe-I statements if vre are given 


that all 'raphs HU (m = 5 to n ) are impler.entable. The 


proof IS the same as what is contained in Eqs 22ia,b; fer SHG 
;; raphs^ since ail uPL graphs containing a small number (bay 10) 


)f vortices are all im'oler.Gntable. In fact, as meneioncc acove, 


the proof of this for QFL graphs is unnecessary; becaile the 
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structure of the lo^fcal c^aph from the rraph tl'.ooi'ctical 


Ml j "i n I ^' V/ I P Vj 




T n v% T -I cj ) 
juvtv-ai t»JLVClU- 


SKS ana OFL, in that they conaiat o 


unary and binary relations represented by eleiricntary yraphs 
of the type shorni in Fij. l(a) and (b) for ShS graphs \/hich are 
taken over to Fig. 6feJ and (cl for OFL Type-1 stateDcnts. In viov; 
of the isomorphism of the rraph-theoretical structure of unary 
and binary forv;ard statements of SNS and QPL, v/e shall not give 
the proof of the above statement^ since it is identical with 
v/hat has been given for Shf graphs in Section 2(e). 


As a matter of fact, the graph considered for vSIIG statements 


include reverse binai'y str'cements, which are avoided in QFL 


;;raphs of Type-1 by using the c-reconstruction orocess. v/herebv 

— ^ y J 

■he reverse binary statement is converted into statements of 


one or the other of the other two typos. Hence the uPL Tvno-I 


raph is alv/ays i'.nlemcntable usinr the i-esults iven in Fj 


and (b) and nqs. (30), (32), (33), (34) for the formulae 
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connectint 


the 


temis t. on the one hand and the auanti 


tiers 


Hi 


on the other 


- - . 


i r 1 fcj n T^f j T‘*ia 1 A "r* / 


/ - 

• Ir 

1\ 


b) Frocessinfe of the arpiiment throur;h the reduced irraph . 

As already stated, the reduced rraph has only unary and 
binary for^./ard QPL statements of T>-pe-1. Among the former, 

V^l A “ employed in the unaiy path^but is converted 

in a suitable way for chechini., the truth of this statement. Hence, 
\/ith QPL inputs, the unary paths can only give a QPL output or 
the state A . In the latter, for matrix connectives also, only 
uPL outputs occur if the inputs are also one of the four QPL 
states; but if the input is ^ then the output is also A . 


In the forv/ard direction^ jD leads to ^ for all connectives 
vboth unary and binary) except for \\/ as already meiiticnod earlier, 


bencc it folIo-./s that the particuler set of inputs is contradictory 
if the (j) state occui's anyivhere during the working out of the 
argument. So also A. leads to A ^44 connectives, except 
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for W , but it does not indicate anythinr; like contradiction. 
Instead; this state is oi no information value for the rcsultin/ 
final output having, the state A . This situation is quite 


common^and can he the consequence of an implication^as discussed 


in Part Ill^v/here such arguments v/ere given the name "invalid". 
Actually there, is no invalidity in the argument, but only the 
result that the conclusion is of no value, just lil:e in the SKS 


implication (a "l|) •:=: (b = D = (1 1)). 


As is obvious, the occurrence of a null set as a result of 

g v ll = ^ 5 indicates tlir t the two inputs a1 and a?, into the 

clc-mentary statement are mutually contradictory and therefore 

c 

either a^ should be changed to ^ or an PPL vector contained 
in it, or a2 must be changed to §2*^ or an 2PL vector contained 


it. Thus, suppose |1 = \/ = ^ aT = A — (9 


-ich loads to |1 V li = 0 * '^'hen \ic conclude tlmt rf should 


be changed to (1 0 O) S \/ , or |1 must be changed to either 
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(0 1 or (O 1 0), or (O 0 corresponding, to 

A __ 

_/V j ^ or , as 0110 case i^ay be. beyond this, the treatment 
of the consequences of the contradiction nlll depend upon the 
particular argument with regard to retracing of the logic 
baclav'ards along the paths in the graph. This is not discussed 
here and is reserved fcr a future communication. 

c) Conclusion 

In the next Part V, we shall consider QPL arguments having 
both Type-1 and Type-d statements wliich necessarily also lead 
to non-auantifier)(-ShS statements. A general logical argument 


containing statements belonging both to propositional calculus 


and predicate calculus (Type-1 and Type-2 statements; is possible 


and leads to no more difficulty in the graph-theoretical 


imulementation of it than ’..hat we have discussed so far. This 


is because zhe flo;/ of logic in the graph is madulated by the 


occurrence of terms (t) and unary and binary connectives (Z) in 
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there v/ill be more than one variable for the different a_uantifiers 


that are introduced in the arf^ament. This is being examined 
and the results/reported in due course. 
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PREFACE .AI'ID SUIC'AARY 


A brief account of the franiev/ork of this report is given 
in Section 1 entitled "Introduction". Therefore, only a very 
brief suiTiinary is given here. 


In this report it is shov.-n that the method of v/riting a 


flo’j chart for a logical graph consisting of statements in QPL-1 


v/hich v/as given in Part IV, can be completely taken over for the 


most general type of argument in logic containing terms of the 


type of SNS, QFL-1 and QPL-2 and relations betv/een any two of 


these. Hov/ever, only terms which are functions of one variable 


are discussed in this report, although relations and the 


connectives representing the relations may be functions of tvro or 


three variables also. V/hile doing this, the algorithm for the 


v/orking out of a reduced logical graph is given in greater detail 


than in Part III and is readily seem to be computerizable. 


Exarflples of ar.gunents containing various graphical constructions 


such as c-reconstnuction and A-construetion as also examples of 



• X X « 

equations v/hich are in pure SNS or QFL-1 or QFL-2 and also 
any relations connecting one type v/ith another, are given in 
the two or three arguments whose logical graphs are given in 
good detail. It is believed that al3 the processes described 
in this report are capable of being converted into steps in 
a computer program. 

As in the case of Part IV, this report has not been-checked 
by anyone other than the author and therefore it cannot be 
assured that there are no incidental errors or omissions. 

On the other hand, the main principles and arguments are believed 
to be correct and properly formulated. I'inor lapses may kindly 


be excused. 
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Vector-Matrix Representation of Boolean Algebras and Application 
to Extended Predicate Logic (EPL ) 

Part V —Theory for general argument in logic including SNS, QPL and 

/-l%T I • _t 

I •o'T-oT’omtOTnTr o 

'WL AJt. U KJ 

1. Introduction 

This report contains the extension of the general theory 
for an argument composed of statements of Type-1 in QPL (hereafter 
designated as QPL-1), which includes also the theory for an SNS 
argument, to the case of any general argument which can have 
statements in SNS (propositional calculus) and in QPL-1 and QPL-2 
(whi'ch stands for statements of Type-2 in QPL and EPL, which has 
been discussed extensively in Parts I and II) of predicate 
calculus. The discussion in this report is made very brief since 
the proof of almost all the theorems required for the above 
purpose are contained in the earlier four parts. The essential 
idea is to show that Section 5 of Part IV in general, and, in 
particular, the outline of the flow chart of implementing any 
general argument in QPL-1 (Fig.9 of Part IV), are both readily 
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extendable to a completely general argument in logic, which can 
contain statements in SNS, QPL-1, QPL-2 and interconnections 
bet^ifeen these as will be described belov;. 

The framework of this report may be briefly given here. 

In Section 2, the three forms of elementary statements — namely 
unary, binary forward, and binary reverse — will be describe: 
for each of the types SNS, QPL-1, QPL-2 and mixed SNS-QPL cT^Pi-Sll 
(designated hereafter by QSII). It v/ill be seen from this, that 
the topological structure of the graph of an argument depends 
only on the unary and binary (forward or reverse) nature of the 
relations in it, and is independent of whether it is of one or 
the other of the above four types. Therefore, in the treatment 
of the graph in the flow chart,the outline, as given in Fig.9 
of Part IV, can be completely taken over . Therefore, in Section 3 
of this Part each of the steps A to I of this flow chart 


will be taken' and its implementation for each of the above four 
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types, namely SNS, QPL-1, QPL-2 and QSN will be explained for 
each of the blocks A to I. As vdll be seen from this Section, 
every step of the algorithm in the flow chart is implementable 
according to vrell defined rules and formulae for each of the 
four types of logical relationships. Thereafter, in Section 4, 
the proof readily follows that any general argument in logic is 
implementable by using our vector-matrix formalism. 

In doing all these, the use of brackets (wherein the fact, 
that at any stage, a term that is employed is itself the result 
of an argument consisting of a series of interconnected 
statements, ds indicated by putting them inside a bracket) v/ill 
not be gone into, except for the recognition of this feature 
here. This is a v;ell-known principle in mathematics vrhenever 
a function of a function is calculated and the same technique 
can be adopted here also in the algebra representing such a 


feature. Thus, the statements inside a bracket are taken to form 
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an independent argument and its graph worked out, by the 
techniques developed here, to obtain the required term. Then, 
the output term will be an SNS term, or a QPL term with a 
quantifier, a variable and an SNS term, in the standard notation 
for such a QPL term. (The term QPL will be taken to include also. 
EPL terms wherever relevant). Similarly, the way in which 
different variables are collected and taken care of will not be 
considered (as this is also a v/ell recognised procedure in 
mathematics and computer science), except as they occur in the 
theory of a pair of elementary statements. 

The emphasis is to shovr that a single argument in logic 

containing a mixture of all possible types of statements that can 

be put in SNS and QPL, and mixed relations in QSN using both of 

these, and employing both matrix and Boolean logical connectives, 

can be implemented, and the outputs calculated, making use of the 
inputs. In doing this, it will be shown that the rather complicate! 
sequei.oe of operations (Blocks A to I) given in the flow chart in 
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Fig.9 of Part IV can be followed, and each block replaced by a 
corresponding one, for each of the four different types of 
logical relations — namely STJS, QPL-1, QPL-2 and QSN/ 

2. The four types and three fonas of elementary statements . 

As mentioned in the previous section, we shall give a brief 
Kow 

summary of^the three forms of elementary statements — namely 
unary, binary forward and binary reverse^can have the four types 
of logic namely ST^'S, QPL-1, QPL-2 and mixed QSN. The formulae 
given below will^be proved, as all these have been thoroughly 
discussed in the previous four parts. The reference is made to 
these parts [l —^ and to the earlier publication on SNS logic 
and theory of relations [bj . Also, as mentioned in the last 
section, the logical graph indicating the flov^ of information 
from term to term is identical for all of these four different 
types and therefore we shall use a general notation of 
a , b, c etc., for a term (in general t ), and A, 0, U, V, etc., 
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« 6 ♦ 

for a relational connective (Z in general), to represent the 
terms and operators of the argument In general, t may he thus 
a SKS term or a QPL tenn etc., and Z may be a SNS-3I'^S relation, 
SNS-QPL-2 relation etc. The structure of the graph for the 
three elementary logical equations are: 


Unary • I; 2 = b (1) 

Binary forward : a Z b = p (p is an SNS term) (2) 

Binary reverse ’• c z'a = b (3a) 

If p = T, a Z = b (3b) 

If p = F, a Z^ = b (3c) 

If £ = D, a (Z © Z^) = b (3d) 

If p = X, a (Z 0 Z^) = b (3e) 

v/here Z^ stands for the complement of the relation Z (see Part l) 
For the Eqn (3a) the solutions when the state of p is given are 

outlined in (3b,c,d,e), so that the binary reverse is always 


equivalent to a unary relation v/hen the state of p is known^ 


s©=4fest it is only necessary to give the formula for unary and 
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binary fon-zard relations, subject to the relevant conditions 
for binary reverse in special cases. 

The treatment belov; in this Section 2 gives in outline the 
relevant formulae for all the four types of logical relations 
and they in effect give the notation that v/e are adopting, v;hich 
for the most part is identical with that used earlier in the 
previous parts. It is found desirable to use different fonts of 
letters for the four different types of terms and operators so 
that an equation itself vail suggest the nature of the logic 
concerned, without having to specifically state that the relevant 
term is a QPL term, or the relevant relation is an SKS-QPL-2 
relation, and so on. 

In algebra, an operator Z connecting a to b can be associated 

with an “inverse" operator (usually designated 1 ) connecting 

-1 

b to a. Thus Eq (1) has the inverse relation b Z = a. However, 
we shall use the symbol z”^ for this operator, since from the 
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General Theory of Relations discussed in Fart I [l3, the matrix 
jZ'i connecting the vector to the vector ja> is the 
transpose(^jZ^ljof the matrix Ul connecting the vector to 

the vector il^> . It then follov/s that the inverse unary and 
binary relations corresponding to Eqs (1), (2), (3) have the foa,. 


Unary 

: b 

= 

a 

(r) 

Binary forward—: b 

a 

= c 

(2') 






Binary reverse : £ 

a 

= b 

(3’a) 

If S = T, 

b = a 



(3’b) 

•t. 

tl 

Oil 

M 

i = a 



(3’c) 


These inverse relations find particular application in 
QPL-1, and hence their properties are discussed in Section 2(d)(i) 
where their application to SNS, QPL-2 and QSN are also discussed. 

(a) SNS relations 

An SKS term is denoted by J and an SNS-SNS relational 
operatoi denoted by ^ so that the three types of relations take 
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Unary : 

a 2 = 

b 

(4a) 

Binary forward : 

1 Z ^ 

= c 

(4b) 


-<r“ 



Binary reverse : 

5 ^ a 

= b 

(4c) 


As has been discussed in [^ 5 ] » Part I [ij and Part IV [ 4 J, the 
SNS logic^ which is the logical extension of propositional 
calculus, can be represented by Boolean 2-vectors and 2X2 matrices 
of the type, 

(t^ tp) : 4*^ Z^J3\ (5a,b) 

Zpj_ ZppJ 

Then the formulae giving the output in terms of the input term 
and the matrix of the relation for the above three types are as 
follows: 

Unary : 1 Z ( = <{b| (6a) 

Binary forward : 1 Z ( b^ = ^ | (6b) 

where 

4alZlb> =c^, <a|Z°lb>= , (c^ c^) = (6c) 

This is for matrix operators ^ . 

For Boolean opera .ors U and V : 

41© 41= 41 for U , 4[ ® 41 = 4| for 


V 


(6d,e) 
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No formula is given for the binary reverse because by Eqs (3b to e) 
it is converted into a unary relation when the SNS state of c 
is given. '^'"The four states are T,F,D,X, standing for 

T = (1 O) = True ; F = (0 l) = False ; (7a,b) 

D = (1 1) = Doubtful ; X = (0 O) = Impossible (7c,d) 

There are 16 possible matrices )Z| corresponding to each 
of the four components having the Boolean values 1 or 0. Of 
these, 10 are in general uset in current literature in logic; 
and, in our notation, they are classified as follows: 

E, N -- £-type (8a) 

A, Ot I=, Jf - A-type (81.) 

2.' h A - £-type or I-type (So) 

The above operators have, for their matrices, the 2X2 truth 
table for the logical connective represented by them (see Ref [pj )• 
In addition, the other tv/o operators found to be of common use 
h by 
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where a D b = c leads to c = D for all states of | and b 

(except X’s) and | X ^ = X for all | and The remaining 

four matrices are not simple connectives, but have properties 
similar to D and X — for example, c is T for all a , independent 

of the state of b, and so on. They are representable as sums 

of elementary matrices of the A^type and are not discussed 
further. This idea of having a general matrix \Z\ as a sum of 
A-type matrices is of great use for writing complicated logical 
relations which are not of the standard type, in SNS, QPL and ^SN, 
They are also representable as a product of two^implications, 
which are simultaneously true. (See Section 5(b)). 


QPL-2 relations 


These have a structure identical with the SKS relations_, 


except that Boolean 3-vectors and 3X3 Boolean matrices are employed. 
The notation adopted for relations are as in Eqs. (1), (2) and (3). 


They are: 


Unary 


: I Z^= 5 h-4 4) Zf = 


(9a) 
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where 


Binary' 

fonvard : 

a Z b a c i —^ 0 = (c. c,J , 

= = - - o6 P 

(9b,c) 

/o I 7 i 
^ I ' 

b\ = o 

/ I -C I , \ 

* i ^ I = Cp 

1 vjn o 1 

Binary 

reverse : 

c Z a = b 

(10a) 


If 

g = T , 1 z = ^ 

(10b) 


If 

g = P , 1 Z^ = b 

(10c) 


The results for c = D and X follow from Eqs. (3d) and (3e). 

The above are for matrix connectives. For the Boolean connectives 
\Uand \V, the equations follov; the pattern of (6d and e), and are 

0 4l = for V (11a) 

^1 @ 4^1 = Cc] for (lib) 


The state vectors and matrix connectives of EPL have the 


forms 









z /Sy 

^'TcL 

Zr^ 

Zyr/ 


Thus, in addition to the basic states 


(12a,b) 


(l 0 0) 
(0 1 0 ) 

(0 0 1 ) 


V = 

For 

all 

(13a) 

1 = 

For 

some, but 

(13b) 

not 

for 

all, nor for 

none 

n 

For 

none 

(13c) 
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five more EPL states are recognizatle, since there are 2^ = 8 
possible states for Boolean 3-vectors. These are, 


(1 

1 

0) 

II 

m 

n 

There exists 

(l4a) 

(0 

1 

1) 

= A = 

Not for all 

(14b) 

(1 

0 

1) 

II 

CD 

u 

For all or none 

(I4c) 

(1 

1 

1) 

II 

<l 

II 

Indefirhte 

(I4d) 

(0 

0 

0) 

II 

It 

Impossible (Called ’’Null Set", 
to distinguish it from the 



’’Impossible" in SKS) (l4e) 

For ready reference and use, these eight EPL states are designated 
by q(l) to q(8) and stand for the following: 

q(l) =(10 0), q(2) » (O 1 1), q(3) = (O 1 O) , q(4) = (1 0 1), 
q(5) =(00 1), q(6) = (1 1 0), q(7) = (1 1 l), q(8) = (O 0 O) (15) 

They have the property that q^(i) = q(i^), v;here 

q'^(2j - 1) = q(2a) ; q^(2o) = q(2j - 1) (l6) 

These eight 3-vectors are called the "canonical" representations 
of the logical states and they are extensively used in QPL-2. 
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The four QPL states alone are represented as follows in 
the standard literature and they are used as such in QPL-1 
(see below). 

(1 0 o) H (\/x) (|(x)) ; (0 0 (—J|(x)) (I7a,bj 

(1 1 0)^ (3x) (|(x)) ; (0 1 1)H(3 x) ('na(x)) (I7c,(i| 

The representation of QPL-2 connective is a 3^3 Boolean 
matrix and therefore there can be 512(2^) different matrices. 

A way of building all these matrices as sums of only three 
EPL implications » is indicated in Section 5(h). Here 

we shall consider only those matrices which are relevant for 
use in QPL logical formulae commonly used. Thus, the A-type 
matrix can have 64 different possibilities and they stand for the 
relations of the t 3 ^e V&V , \/^3 > etc., v;here the first 

term can have anyone of the eight states and the second one can 
have also anyone of the eight states. As shown in Part II [pj 
the matrix representation for this has the form 


,A(i, o) I—> 1 a (i, j)| = q(i) ^ (x)<^q(i)| » i, j = 1 to 8 (l8a) 
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Similarly there are 64 relations of the type VaV, Va 3, etc., 


which have 


for theii- representation matrices 


0(i, o) |0(i, j)j = |q(i)> ©< q(j)l , i, j = 1 to 8 (l8b) 

In addition to the above, four 3X3 matrices are widely applicable 
in QPL-2 logic. These are 


E 




h 0 o\ 

0 10 ; 

[p 0 1/ 




/o 0 1\ 

0 1 Oj 

0 o) 


D 





(19a,b) 


(19c,d) 


The formulae corinecting A and 0^, 0 with A*^, I v.'ith 0, I vdth J 
etc., are not given here and may be obtained from Part II, 
However, just as in the case of SNS, it is necessary to recognise 
the matrices to be of three types: E and N to be of the E-type, 
A, Og ig for all (i, j) to be of the A-type and 0, Ag p ^ 
for all (i, j) to be of the 0(or l)-type. 
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As is seen from Eqs. (9) and (l4)^ the algebra of the 3X3 

matrices in QPL-2 closely follov/ the pattern of the 2X2 matrices 

in SNS; only they are more in number and the equations contain 

more parameters. These 3X3 matrices relate one or twro QPL terms 

to another QPL term and, in general, QPL relation in terms of 

quantifier variables has the following form for unary and binary 

relations(zoc.a,-a)^ re/er/t 

( 10 0 ; 

a(x) Z (x, y) b(y) (20a) 

EC- 

and 

|(x) (x, y) b(y) = g (20b) 

g = T, g Z,(x, y) |(x) = ^(y) |(x) (x, y) = J(y) (20c) 

These forms are the most general ones that can happen; but it 
is also possible to have relations between terms having less 
number of variables or having the same variable throughout. 

This can happen, for example, by having x = y in (20a), (20b) 


or (20c). These are particular cases of the general result and 
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do not require any special attention. In v/hat is discussed Doth 


so far, and later, \i^ith reference to QPL ""2 5 W 0 U.S 0 onlLv 

[ v'cvr\ 5/ 

the general struc^re [as^given for Eqs {20a to c). 


(c) QSN relations 

V/e shall consider the mixed SNS-QPL and QPL-SNS types of 

PKe 

relations before con side ring |^QPL-1 type of relation^ because these 
have an algebraic structure closely resembling uhat v^e have 
discussed already in the subsections (a) and (b) for SNS-SPS and 
QPL-2 - QPL-2 relations. 


The mixed relations QSN, of the types SNS-QPL and QPL-SNS 
are closely similar and therefore they are considered together. 
Both have the same form for unary, binary forward and binary 
reverse relations as in Eq. (6) for SMS and in Eqs (9) and (IO) 
for QPL-2. In the corresponding logical equations for mixed 
relations, we indicate SNS vectors by ^ etc., and QPL vectors 
in the canonical form by b etc. To distinguish the inter- 
connecting matrix to be j[_^the mixed type which may be a 2X3 matrix 
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for SNS-QPL or a 5X2 matrix for QPL-SNS, v/e designate it by 2. 

Txius, for the mixed case, the tlrree standard forms of 
elementary relations are as follows: 

SNS-QPL 


Unary : 

a Z = b 

(21a) 

Binary fom^ard : 

a 1 b = p 

(21b) 

Binary reverse : 

£ 2 a = b 

(21c) 


QPL-SNS 


Unary 

: a Z = b 

(22a) 

Binary fcn/ard 

: a Z b = c 

(22b) 

Binary reverse 

^ «r- 

: c Z a = b 

(22c) 

The corresponding vectors for 

1 and a are (^ 

a^) and (a^ a^ 


Only the matrix for the connective operator has a nev/ form and 
it is as follov/s: 

SNS-QPL: 2 h-> 2X5 matrix 


QPL-SNS: 2 1—^ 5X2 matrix 




(25a) 




(25b) 
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The matrices of the A-type and 0-type can be constructed in the 


same manner as in Eqs. (I8ajb) for QPL-2. 


*. wji, 


4-V» A, 


four SDS states can be designated as in (24a)I 


s(l) = (1 0), s(2) = (0 1), s(3) = (1 1), s(4) = (0 0) (24a) 

with formulae for complementing the vectors similar to those in 
(16), namely 

s‘^(2j - l) = s(2j) ; 5 ^( 23 ) = s (23 - I) (24b) 


Then, we have, for SNS-QFL matrices of the A and 0-types, 
the formulae (25), in which the SIIS index is underlined: 

A(i, d) |A(i, 0 )! = ls(i)>®-^ q(3)l (25a) 

0 (i, 3 ) |0(i, 3 )l = ls(i) > @4 q( 3 )l (25b) 

For the QPL-SNS matrices of the same two types, we have similarly 


4'(i, 3 ) iA‘(i> 3 )! " jq(i)^ 04 5 ( 3 )! 
0 '(i, 0 ) )-> |o'{i, a)l = |il(i) > ® < s( 2 )i 


( 26 a) 
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It follows from the definitions in (25) and ( 26 ) that 


I.A’i'i- i'll = iA^(.1i i) I ; !o'(i. .i) I = lo^(.1. i)! 


1 "” ' — ? Kji f t ^ y f 


(27a,b) 


so that v/e may write for the operators also, the symbolic equations 
A'(i, i) = 4*^(0, i) ; g’(i, o) = §^"^(0, i) (28a,b) 

and it is sufficient to define the matrices of the A-type and 
0-type for the SNS-QFL connectives, and their transposes give the 
corresponding matrices for QPL-SKS relations. 


The E-type connectives are not relevant for 2X3 and 3X2 
matrices Kov/ever, the Boolean binary operators \U and \\/ are 


relevant. For using these, the 2-vector (s^ Sp) can be extended 
to form a three-vector (sj, s^ s^ ) by the following rules: 


I = (1 0) l’ = (1 0 0), I = (0 1) l’ = (0 0 1) (29a,b) 

I = (1 1) I' = (1 1 1), I = (0 0) I—> i' = (0 0 0) (29c,d) 

It is readily verified that they are logically reasonable. Then 
for the logical operators "upon” and "vidya” we use the following 
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equations, 



s y 1 = cj y s 

r~> 1' lU qi~> ^'\ 0 

/ -^r\\ 

s V q = q y s 

l'V <s'| (§ 

(31) 


For the bincry reverses of the QSH type in (21c) and (22c), 
the following hold (with algebra identical v/ith Sh’S and QPL-2 
statements) as in (52) and (33) below: 

(21c) : £ = T i—^ I ^ = b ; c = F \—^ | = b (32a,b) 

(22c) : c = TH> || = ^ ; £ = = (33a,b) 

(i) An illustration of the use of QSh relations 

The follov/ing simple statement connecting three QPL terms, 
as in a binary relation, requires the use of an intermediate SNS 
term and a QSN relation of the type SKS-QPL. 

"If all categories of food are available and some beverages 
are also available, then all persons present are not unhappy" 

We use X as variable and f to represent "food available"; y as 
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variable and b to represent "beverage available" and z as variable 
for persons and u for "unhappy". Then (5^) can be symbolized as 
follov/s: 

(Vx) (|(x))J( (9y) (b(y)) (Vz) (‘nuCz)) (35) 


However, to work this out by the vector-matrix representation, 
v;e have to use an intermediate SHS term say) and write it as 
follows: 


(Vx) (|(x)) (3 y) (^(y)) = g (QPL-2 binary forward) (36a) 
g (iz) (~iu(z)) (SilS-QPL unary) (36b) 


Just to make the story complete, we shall give below the matrices 
to be employed in (36a) and (36b): 


(36a) ; h-» \Z^\ = jq(l) >®< q(6)| 



0 0 1 ^ 
Illy 


(37a) 


( 36 b) : Z 2 t—> 22 I » |s(2) 0 q(5) 1 


(37b) 
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An interesting variation of the practical statement in (34) 


Idc wr* 


itten,having only a single variable^as follows (see 


comments follov;ing Eqs. (20a,b,c)). 


"If all persons have food and some have vdne, then 
all are happy" 


(38a) 


The relevant logical equation, similar to (35), using an obvious 
notation, is the follov;ing. 

(Vz) (|(z)) z) (w( 2 )) (Vz) (b( 2 )) (56b) 


and this also leads to two equations as in (36), vMch need two 
matrices, one 3 x 3 and the other 2X5, for their practical implementa¬ 
tion. 

The generalization of this to ^ ‘^^(b) ^(c) 

is obvious, and it can be worked out, using two equations 

I = S S b = g (39a) 

g 1(1, 1 ) = C E %io) 

See Eq.(46) belov/ for the matrix representation of a 2 b = c. 


(39b) 
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(ii) Use of S (i, .i) in QSN - another illustration 

Although v/e had said earlier that the diagonal QPL matrices 
jujand jhl have no counterpart in QSK, since the QSH matrices 
are rectangular (being 2X3 or 3X2), equivalence relations between 
SNS terms and QPL terms can be v/ritten, and represented via QSN 
matrices E(i, j), as is shjov/n belov/, 

i/e first take an example, for a Z. = b as in (40). 

If a = T, then b = \/ » if a = F, then b = V = /\ (^0, 

In order to v/rite the matrices, v/e first need the matrix for 
I(i, j) and I'(i, j), which are readily written dov/n from the 
logical formulae 

|=^b =-i|Vb ; (41a, 

Hence, the matrices 111 and jl’| can be written in terms of 
|oj and jc'i as 

(42a, 


ll(i> d)1 = lo(i^, o)l ; ll*(i, o)l = |o*(i^, q)) 
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Kov/, considering the relation (40j, the foilovang are simultaneously 
true : 

<a|l(l, 1)( = ; <4|I(2, 2)i= 4 \ (43a,b) 

Hence, using the principle of the vidya operator, the matrix 
that v/ill represent the two combined relations in (40) is E(l, 
in the relation 


<a 1E(1, 1)!= /bj 


where 1 e(^, 1)} = |l(jl,l)i ® |l(2,2)| (44a,b) 


|E(1, 1)1 = 


0 o\ 
VO 1 V 


(44c) 


It is readily verified that the matrix so obtained in (44c) has 
the required properties. 


Hore generally, the combined relation 

a(= s(i)) b(= q(j)) ; "la(= s(i^)) =4^ b(= q(d'^)) (45a,b) 

has the form ^ jE(i, j)j = v/ith 

jE(i, j)| = ll(i, j)j ig) |l(i , 0^)1 (45c) 


The formula (45) is extremely useful in dealing with QPL 
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relations of the type |^h c , for this equation is 
implementable the following matrices 

^ J Z j b> = I Z^l b> = g^; ^ I E I = ^( (46a, 

where ]E| is a 2X5 matrix of the form (45c). The details are 

omitted. 

So also, the corresponding formulae for QPL-SNS relations 
of the type a E’(i) j) = D are obvious, and are not considered 

in detail. It may be mentioned that more specialised relation? 

of the form as in (40) can be written do\m. For example, consider 
the relation 

If a, then b = \/ ; if J a, then b= O (47a) 

This can be represented by a Z = b , v;ith the QSN-matrix 




(47b) 


This was, in fact, used in the problem discussed in Section 7(c) 


of Part 'II The general principles of examples'of this type 

are briefly discussed later in sections 4 and 5, including the analog 
of the QSN-equivalence operator E(i, j) in QPL, namely .E(i, j). 
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(d) QPL-1 relations 

OPT.»-i CToTdt'Q o £2iV*4-i=i’n c?TTr/?\l-x)p — 4 . 

_ _»•— ^ **w>. h-'v-v.-ji-* a.j V4«i. o v-. olo t3 c: vj 1.41 xraX UO 

III and IV j5, 4^, only the essentials will be nentioned here, 
so as to correlate it to QPL-2, SNS and QSN. To distinguish them 
from QFL-2 relations, the QPL terms in QPL-1 relations are 
indicated by the symbols (2L , ]/), etc., and the relational 
operators are indicated by ^ , Oetc. In terms of these, 
the ’'formal" relations can be expressed in the form of Eqns (I), 
( 2 ), (3)j tb replacing t and ^replacing Z, as in QPL-2; but, for 
practical application, the relations obey an algebra that is 
quite different. 

Thus, a term Cl is v/ritten in terms^f the quantifier as 

(|(x)), simplified to ^(§). shall call it the standard 
form, to distinguish it from the canonical form g of (Q_. The 
two forms are interconvertible jUsing the canonizer for going 
from Cl to a, and the standardizer for going fror | to [X • 
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(The standard form used in the general theory of this Fart . V, 
follov/ing the treatment in Fart III, is slightly different from 
that used in Part II; but there will he no difficulty in redefining 
the standardizer in Table 7 of Fart II, using the notation of 
Parts III and IV. The essential difference is that the four 
standard states (d)of QPL are taken to be those in (I7a,b,c,d), 
and their equivalent canonical forms a are also given in (17) ). 

IntrE unary and binary relations that are special 

to QPL-1, the relational operator 2 has two parts (Cj/ and Z 
and may be represented formally as 2= (^> ^) • Then, v/e 

give below the format of the three forms of relations as in 
Eqs (1), (2), (3): 

Unary 

= (48a) 

has the solution 

|’Z = ^', (48b,c) 
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The new Boolean connective "into" (# ) is defined in Section 3(b 
of Part IV, and is also defined therein. Plowever, for 

ready reference, the table for "into", as operative in QPL-1, 
is given below in (49). The operation is both cummutative 


and associative. 


V®V= V; i : V®A= A; 

3 = 4 i 3®4= A ; A®A = A. 


Binary forward 


%(§•), ^(b*), ^b = c) 


(50a) 


has the solution 


§' Z,!' = o' , and t { ^ 


(50b,c) 


(See Part IV for the nature of the function f in (50c).J The 
above is for a matrix connective ^ in (^, Z). For ^ = \[J 

and , see below, after (51). 

Binary reverse 


As given in Part IV, t:ds has the formulae: 

'Tc(s'), %(s') , 3/(sT|-fe)h-^ %ib') 


v/here 


' ^ 4 ' 


if c' = T: a' = b’ if c’ = F 


(51 a.b) 
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and 

0 ( ^2 "" ^b’ ^or s = T or F ( 510 ,, 

However, in the spirit of Eq.(3) of converting the binary 

reverse into a unary relation, we may rewrite (51) below, as in 
(52). 

^(c'), ‘^/(c ^ I = b) I— > ^ (| ^ = c), if c = T; (52a) 

h-> = c) if c = F; (52b) 

and, in both cases, 

= <8^’ (52c) 

The formulae for '2- = \{J and 'V are identical with Eqs.(l1a,b) 
for QPL-2 relations, and the relations take the form 

(D-lUft = |0| ;ClV^t= a@^ (55a,b) 

Thus, if a relation lU or \\/ is encountered in a QPL-1 argument, 
then the QPL-1 input terms involved in it are converted into 
their canonical forms and (55a or b) is applied to get the output 
in the canonical form, which is then converted into the standard 
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form, for further QPL-1 manipulations. To avoid these comolioated 


ni3.ilXT) 1r* j. OnS - 


hort tables for ItJ ( 0 ) and \V ((§ ) foi- QFL-1 


terms (analogous to (49) for ® ) are given below. (Both 


are 


commutative and associative). 


v © 


V: 

V® 9 

= 9; V@ A = 

1 


1 . 
J - 

9: 

3 @ 4 

=4: A® A = 

. A j 

v® 

v= 

V; 

V ® 9 

= V; V ® 4 ! 

■V) 


9 = 




r (54b) 


9 ; 

9 ®A 

= 9; 4®A = 

' A J 

So 

also, 

if a 

QPL-2 output is used as 

! QPL-1 input, or 


vice versa, the change-over occurs only at a term (t), and 
hence it can be carried out using the transformation of the 
standardizer or canonizer for QFL terms. 


(i) Use of "inverse" relations, in general 

As mentioned in the beginning of this Section 2, equivalent 
invertje relations (1'), (2'), (3’) can be v;ritten for the corresponding 
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original relations (1), (2), (3). In each case, the relation 
from a to b is inverted so that it is from b to a. This finds 
the greatest application for cc)nj}owJ 'bf tv/o QPL-1 relations 
in sequence; but its beauty is best appreciated in SNS (and in 
QPL-2 and QSh). In all the^^j^'cpesy the vector-matrix formulae 
that occur are identical, and vre shall first write them for 
SNS elementary relations. Thus Eqs (1) and (1') have their 
representations as in (55a,b), and they are equivalent (see Theory 
of Relations in Part I, Section 2(a) — the word "reverse" used 
therein is to be replaced by "inverse"). 

C<ilz(= ) = ( 4 = 4l ) (55e«->J 

As a simple example, we have 

(§ =4 b) ~ (—qb l|) ( 56 a) 

or (a I = b) tn (b j = a), J = — N I K (56b,c) 

The counterparts for (2) and (2') ai'e, for this example, 

(alb) = (b J |) = c 


(57) 
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whose matrix representations are 


/a 1 I I h = 


A II ^ 

y t K/ > Vj./*7 

^ P 


(58a) 


4.|lha> = 4,|J|a> = 0 ^ , 4lh"l 4,lJ=|a> c c,, (58b, 


The generalization of this follows from the identities in the 
Theory of Relations [lj rgiv^'in (59a,b), namely 


4lZ( b> Z^l a> i <4 I Z^I b> H I a> (59a,b) 


The inter-relation betv/een (3a) and (3'a) is similar in that 
they go over into the forms of the l.h.s and r.h.s. of (55a,b). 
Hence, these are not discussed in ddtail. 


The most interesting consequence of the Boolean vector-matrix 

representation is that the equivalences in (55) and in (59a,b) 

can be completely taken over for QPL-2 and QSN also. The only 

differences are that the nature of the matrices is different in 

each case, as in (60): 

|2l is 2X2 ; |z^| is 2X2 for SNS-SNS 
|z| is 3 X 3 ; iz"^! is 3X3 QPL-QPL 


(60a) 

(60b) 
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|zl Is 

2X3 ; 

|z^( 

is 3 X 2 for SNS-QPL 

( 60 c) 

|zj is 

3X2 : 

9 1 

is 2 X 3 for QPL-SNS 

( 60 d) 


An important conseq_uence is that, for all these four types of 
relations, 

( Iz^l Zjl ... Iz^l)* = |zj| ... |z*| z\l (61) 

leading to the fact that two unary relations can be combined 
either in the direct or in the inverse forms; and they lead to 
equivalent resi.iltants (see Section 3 below). 

(ii) Use of Inverse relations in QPL -1 

In general, the formula giving the equivalences of inverse 
relations in QPL -1 is the same as mentioned above, namely, 

2 = b) ^ = a), for = 4 rtype, 0 ;-type and ^-type ( 62 ) 

Ho'.vever, there is an exception for lytype relations inside the 
bracket that is quantified. This feature has been discussed 
in great detail in Section 3(c)(ii) of Part III |^ 3 j , and so only 
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the results are given here. Thus, for I-type relations, 


namely v/ith Z = ^ N I, N, K ^ N(= J), 


V(| ^ = \/(“^b I^ = ■—}§) 

(D3a) 

but 


l(|i = b)= ^(bi,= g) 

(65b) 


The latter arises from the well-kno’«^ relation "For some, if 
I then b" is to be symbolized as (jx) (a(x) Si b{x)), (see 
for example p. 5*0 of the book [s] by Suppes). I-iov7, since 
a & b b & a, 

(9x)(|(x) & b(x)) (3x)(b(x) & |(x)) (64a) 

Hence 

"For some, if a then b" H "For som.e if b, then g” (64b) 

In fact, Eq (64b) can be deduced also straightaway from the Venn 
diagram showing the relation between the sets |(x) and b(x), as 
shown in Fig.2 of Part III. Hence, s>Tnbolically, we can write 
(c4b)in the form of (63b), and v^e obtain the important fact that 
the inverting of the relation from a to b in (63a) and (63b) have 
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different algebraic forms. In particular, (63a) obeys the 
general rule (62), since N I N which occurs on the r.h.s. of it 
is the same as J— ^ . However, (63b) is quite different. 
Consequently, the compounding of two QPL-1 implications requires 
new rules, as discussed in great detail in Fart III and briefly 
again in Section 4(f) (i) of Part IV. The essentially new result 
that emerges is that if two unajy implications in QPL-1 have 
quantifiers 3 and V, or V and 3 , respectively, they can be 
combined to lead to a single implication, as in (65) below 
(see also Table 5 of Part IV): 

V(b^=c) 3(a I = c) (65a) 

V(i I = n b), 3(b I = c) 

iE Inverse of ( 3 (q ^ = W , V(fe 
= Inverse of 3 (§ L = ^ 3(~1 § L = (^5b) 

These are the categorical syllogisms Darii and Dimension , 
in mood 1, considered in Part III, of which the latter is not 
contained in the classical list of 18 valid syllogisms, but is 
one of the new ones derived by us in that report. 



.36. 


QFL-y 
Dra:t-2 

2. Iniplementation of the steps of an argxmient for elementary 
statements of different tyDea . 

\‘le shall show in Section 4 that the different steps of the 

Flow Chart in ^ig.9 of Part IV jh] (for arguments of QPL-1) are 

implementable for SNS, QPL-1, QPL-2 and QSN statements. In 

order to facilitate the understanding of its capabilities, we 

shall consider in this Section 3, the main features of elementary 

statements, a pair of unary statements, of a chain of such statements 

fonning a unary path^and of a unary bouquet, for all these four 

types. 

(a) Implementation of binary fonward statements 

A binary statement connecting a and b with c, namely 

a Z b = s (66) 

is alv/ays implementable given the inputs a* and b', for all 
four types SNS, QPL-2, QSN and QFL-1. For the first three, the 
algebra is identical, as in (6) and (9) carried over to QSN, as 
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mentioned in Section 2(c). It follov/s that, in ( 66 ), the term 
a can be any of the three types and b also can be one of the 
three types, and it can be implemented, using the right mxn matrix, 

For QPL-1 also, given a '-S b cn 'S^(b) (note 

that QPL -1 and QPL-2 forms are interchangeable) and the relation 
•^(a^b), the state of g in Eq.( 66 ) can be worked out uniquely, 
as in Section 3(c)(i) of Part IV • Hence, for all possible types,, 
the output c of a binary forward statement can be worked out, 
when we are given the inputs. 

(b) Binary reverse and unary statements 

The binary reverse form alv/ays leads to a unary relation, 
as shov/n in Eqs.3(a) to (e), for all four types, and this creates 
no problem, since the forward relations from which they are 
derived are very similar. So also, for a single unary statement 
of a general type, given the relation a Z = b and the input 
a’, the output b' in a’ Z = b’ is calculable ffom straightforward 
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rules. For SNS-SNS, QPL-2-QPL-2, SIJS-QPL-2 and '3FL-2-Si;S 
relations, the matrix relations have the same fora, <a' 1 Z j = , 

and create no problem. If the relation is of the QPL-1 type, 

^ > then Eq.(48) is applicable, and here again, the 

output ^{^') follows when v/e are given ^(a’) and the relation 
^ ^^2 is particularly so when Z is an Irtype or 

E-type connective operator. However when ^is one of t2K four 
A-type connectives in QPL-1, we have to go back to the original 
relation ‘^(a Z^ b = T) from which it was derived, and the 
A-construction (as in Fig.6(b) of Fart IV) has to be made for 
impleineting it. For uniformity in the proof, the same A-construction 
is made for SKS, QPL-2 and GSI^ relations also. 

Thus, v;e are left only with the implementation of unary 
relations in sequence containing the I-type and E-type operators 
in general. The general graph-theoretical structure of these unary 
relations occurring in sequence, is a bouquet (see Section 4(f)(iv) 
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of Part IV). In such a case, some special considerations have 
to he taken into account. Each unary path contained in a unai-y 
bouquet (from input to a final output of the bouquet), as shovm 
in PiG.8 of Part IV, may have any number of relations of the 
four types SNS, QFL-2, QSK and QPL-1, in any sequence. Since 
the algebra of SiXS, QPL-2 and QSM are identical (as seen above) 
except for the nature of the matrix (i.e. 2X2, 3X5, 2X3 or 3X2), 
v/e shall club these together, and call them as Type-2, and call QPL-1 
statements as Type-1, for the discission below in the next 
subsection (c). 

[c) Implementation of a unary path 

Suppose v/e have a sequence of unary relations in a unary 

of the nature given belov/ in (67 a to g). 


1 Z1 = b 

(67a) 

b Z2 = c 

(67b) 

i = i 

(67c) 

^l(d Z4 e = f) 

(67d) 
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(| g = 


(67e) 

1 Z6 = 

k 

(67f) 

k ^7 = 

1 

(67g) 


i'/e consider first a practical example like tliis to illustrate 
the problems involved and to discuss them. ’Ah shall give a 
general procedure for all such cases, after discussing the 
particular example. 

In the sequence, putting in the SK3 input a’ in the SNS-QFL 
relation the QPL output b’ can be v/orked out from (67a); 
which^on being put in the QPL-2 relation (67b), gives the QPL 
output c*. This again, on being input into the QPL-SNS relation 
(67c), gives the SNS output d'. 

In the next QPL--1 equation, d* v/hich is an term can be 
put as an input and the output *^’(f') f' can be obtained 


from (67d). (This can be done, either by inputting d’ inside the 
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bracket on the l.h.s. quantified by ^, or as a QPL-2 input 
d’, by converting d* to d' as in Eq.(29a to d), and then 
converting d' of QPL-2 to dot QPL-1 using the standardizer. 

Either procedure gives the same result, as can be checked out 
in detail.) Hov;ever, as discussed in Fart IV, there is no 
guarantee that this will go through the next CPL-1 equation in 
(67e). For tv/o unary QFL-1 relations in succession to be 
implemented in general, they have to be first combined theoretically 
to form a single QPL-1 relation, which is then implemented by 
putting an input and taking out the output (as shovai in Part IV). 
Hence the correct procedure is not to input in (67d), but to 
combine (67d) and (67e) to get one equation -• namely 

(d Z8 g = h) (68a) 

In this, if we input d‘, or the corresponding , then v;e get 
the output 


^3’(h') ~ h' 


(68b) 



Thereafter g* can be input into the QSN relation (67f) to 
obtain K* , and then again be input to the SNS relation (57g) 
to get finally ^ , 

The above description may look very complicated, but the 
essential principle to be grasped is very simple — namely that 
the Type-1 unary relations cannot be implemented one after the 
other, and may lead to the inddfinite state, even though the 
combined statement corresponding to tvro statements in succession 
may lead to a definite state by theory. Therefore, the Type-1 
statements should be combined theoretically if they occur in 
succession (2, 3 or any number of relations in continuous 
succession) and the eouivalent single QPL-1 relation thereby 
obtained should be put in place of the number of successive 
QFL-1 relations . 

On the other hand, QFL-2, SNS, QSN relations can be implemented 
one after the other by putting in the input and findin~ out the 
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output for one relation after the other. Therefore, the fight 
procedure is first to examine the unary statements in the unary 
path, and check vdiether there occur two or more successive QFL-1 
statements at any place. If so, they are first theoretically 
combined to malce them into a single QPL-1 statement. We then 
replace the two or more successive statements of Type-1 by a 
single statement of Type-I . Thereafter, all the statements in 
the path can be implemented one after the other, by putting in 
the input state of each statement (starting from the first) and 
putting the output of this as input to the next successive 
statement^ and carrying out this procedure in a serial order 
upto the end of the particular unary path. 

Therefore, in summary, the only caution that is necessary 
in the implementation of a unary path is to note that the obvious 
method, of putting in the input in a relation and taking the 


output and fitting it to the next relation, is valid only for 
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Type-2 unary statements, and not for Type-1 unary statements. 
Thereiore, T>'pe-1 statements in succession must be combined first 
usin£ the theoretical procedure given in Part IV, Section 4(f) (i) 
(v;hich may involve inverting them as in (65)), and the equivalent 
single QPL-1 statement obtained thereby substituted in the 
sequence, before the path is implemented in a practical example, 
by putting in the actual state of the input of the first statement. 

id) Reviev/ of subsections (a), (b) and (c) and Implementation of 
unary bouquets . 

Thus, we have obtained the procedure for implementing a 
bin; ry forward statement (which can always be done by putting in 
the inputs and raking out the output) for all four types, SNS, 

QPL-2, QSN and QPL-1. '.ve have also seen that binary reverse 
statements can be converted to unary statements, in general, 
while doing ttiis conversion, if the term c in c Z a = b is not 
an original input, then a procedure analogous to the p-reconstruction 
in Fig.6 of Part IV will have to be made. On doing this, we obtain 
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a unary statement from the binary reverse statement, v/hich may be 
of tlie E-type, A-type or X“'type. Of these, the A-type is fed in 
as a reconstructed binary fon-zard A-relation and hence only the 
E-type and I-type unary relations occur along unary paths in the 
form of bouquets, 

ror an indication of the nature of the problem that arises 
in implementing a unary bouquet, we shall tal^e the example given 
in Fig,3(a) and (b) of Part IV. In this, all the unary paths 
originate from the same terra t^ and terminate in t^, tg, t^, tg 
and tg. As ment.oned in Part IV, the path from t^ to each terminus 
t. is a unique one. (This is best noted by tracing the unary path 
in the inverse direction from the terminus to the origin.) V/e 
shall therefore shov/ hov/ each of these paths can be implemented 
and the output tl obtained, v/hen we are given the input tJ for 

— j *** I 

the origin term t,j. 


It must be mentioned that t’ e procedure that we are indicating 



is only on© of several ways ivv which the process of imnleraenting 
the bouquets can be done. Our attempt is to give a theoretical 
indication that the implementation can be carried out; but not 
necessarily to indicate the most effective, or the least 
time-consuming, process for a practical algorithm or computer 
program. In other v/ords, v/e only try to give an existence proof 
that the unary bouquets can be v/orked out; but our method of 
proof is also practical. 

Along each of the paths from t^to t. in a bouquet, there 
can be unary relations of all different types^ as in Eqs. (67a to g), 
As mentioned in that connection, the Type-2 relations can all be 
processed one after the other in a practical way, so that it is 
only necessary to combine the T3/pe-1 (QPL-1) relations in order 
to make the path completely implementable. Pience the path is 
divided into a sequence of Type-1 and Type-2 statements — say as belo 

t^-(Type-2 sequence) —(Type-1 sequence) - (T}q3e-2 sequence)... 

(Type-1 sequence) — t. (69) 
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In these, each Type-1 sequence is examined and if it has more 
than one T;^’pe-1 elementary relation, then all the relations in 
the sequence are combined theo3:^tically by the method indicated 
in Section 4(f) of Part IV and the single resultant Type-1 
relation is written. This is done for each one of the Type-1 
sequences. Thereafter, v/e \^ill have a sequence from t. to t. in 
( 69 ) in which every elementary relation is implementable from 
input t. to the output term t. in continuous sequence. Hence, 

— I — J 

given the input t^ to the origin of the path, the final output 

tl along that particular path can be obtained. This can be 

""G 

repeated for each one of the terminal terms t^ (e.g. t^, tg, ty, 
tg and to of Fig.8 of Part IV) of the bouquet. Hence the whole 
bouquet can be implemented from the given input state t^’ of the 
term t^. 

4. Flov/ chart for the implem.entation of a general argument 
containing all four types of elementary statements . 


In this section, we shall show that the flow chart shown in 
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Fig,9 oj. Part IV for an argUDient containing QPL-1 stateniants 
can be generalized for an argument containing all four t}^es 
of statements -namely SKS, QPL-1, QPL-2 and QSN. In the last 
Section 3, we have sho\m that binary forward statements are 
implementable for all four types. Ve have also shov/n that unary 
bouquets are implementable, under all conditions. Therefore, 
it is only necessary to shov; that an argument in general can be 
converted into a form in which it contains only these tv;o types 
of statements and that circular oaths can be eliminated, multiple 
inputs to a term can be converted to a form v;ith only two inputs 
at a time, contradictions checked for, and so on, V/e give below, 
in . Fig. 1, the diagram of the flov/ chart for this in a form 
similar to Fig.6 of Part IV. There are only minor differences 
between the earlier flow chart for QPL-1 statements, and the 
present one. However, in order to make the chart quite general, 
terms and connective operators are given the general symbols 
t, a, etc, and Z, A, etc in the steps A to I of the chart. 
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The application to each of the four types of statements is 
indicated in the text that follov;s the flov/ chart under the 
headings A to I. 


?ig.1 Flovi Chart for the Implementation of a General Argument 
in Logic (for one variable). 


(a) Motes and comments on the flow chart 


A. In the flow cliart we give only a procedure for working 
out the outputs t^^^ and the additional outputs for a 

given logical graph corresponding to give^^ tl^^and as in 

** j *"0 

H below. V,'e do not consider the process of converting the logic 


of an argument given in words into the symbolic form we need. 


This is not quite straightforward and requires some technical 


considerationj. These are, hov/ever, omitted here and will be 

(See,hov/ever, Section 4 for examples), 
considered in a future report/ As mentioned above, this flov; 


chart only gives the procedure of v/orking out a good logical 


graph from the inputs that are provided. As indicated in the 
introductory Section 1 and in the title of Fig,l, the QPL-1 
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Floy; Chart for the Iraplementation of 
a General Argument in Logic (for one variable ) 


t 


(i). . 


.(m) 


.(o). 


input term, 'c aile term, t^^^= output term; 

» t^^\. t^^°^ = "aaditional” input, middle, output 


terms; Z = Connective operator; V = vidya operator in 
general (may be V or ) for consistency check.) 






D. List the 'binery reverse relations. If any of these does 
not have c as a t'^" , carry out the c~reconstruction (see 
text) . Add, or replace the operators so produced and add 
the additional terms t^^^\ t*'^°^and also replace the rele- 
vant t^"‘''in the list C. Call the nev; list as List D. 


E. Input the states given for t''"^''. For choose one set 

of possible inputs, using one of the basic states •—T, F or 
V.S.? • Call this as Set 1, and for the later trials 
Set 2, Set 3, and so on, for List D. 


F. I'-iake the modified A-construction, as in Fig.Sib) of^ Part IV. 
for all unary relations of the^~type. Add the t^^^'^and t^^° 
so produced to list D. Add also the operators Z.(of type V) 

kJ 

that are introduced, to List D. Call the-^new list as List F. 



G. List out the unary paths from origin to each terminus in the 
unary bouquets and reduce the QPL-1 sequences to single 
QPL-1 relations. Eliminate the t^ and Z. so removed and 

tJ 

add the new Z. so introduced to List F. Call this as List 
G. (Obtain thus the List of terms and operators of the 
"reduced graph", containing only binary fon,'/ard relations 
and unary paths that arc implementable sequentially.) 


H. Implement the List G of the reduced graph, rearranging the 
sequence in the list if needed, and obtain the logical 
states of all outputs t^°^and This is for Set 1 of 

the inputs t^^^and t^^^^ as in E, for List D. 


I. Repeat the steps^E, F, G, H, for Set 2, Set 3,..., of 
and list the t^'^^ and for each set, as desired. 
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statements are all supposed to be formulated for one variable x. 

As indicated in Eq ( 55 ), a relation in QFL-2 of the type, 

{<£j/x) (|Cx)) N £\/(x) (g(x)) (iyx) (s(x)) ( 69 a) 

has, in so far as its logic is concerned, the same format as for 

i^x) (a(xj) & {b(y)) ==^ (^ 2 ) (p(z)) ( 69 b) 

So also, 

( 3 x) (|(x)) ( 9 x) (b(x)) ; ( 9 x)(|(x)) =%> (^y)(b(y)) (70a,b) 

have also the same formulae as far as the matrix logic is concerned. 
Thus, many of the equations in the argument could also be 
implemented for functions (terms) having the same, or different 
Variables, but with each being only a function of one variable. 

Thus, in this report, v/e only assure that all the theory that is 
formulated is valid for terms v/hich are functions of a single 
variable for QFL statements, in association with any number of 
Si'13 statements having no variables attached to them. The theory 
of this report may be considered to be restricted to logical 


terms which are functions of one variable. 
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B. As mentioned in connection v/ith the flow chart in 
Part lY, \:q should mention that the exact position where the 
break in a directed circuit is made, has to be specified 
beforehand, b'e have not proved that the properties of a circuit 
vdll remain the same when the chock for consistency is made at 
one term instead of another tenn in the path. This again is a 
matter that has to be studied further (see, however, Section 4(b)). 


C. In removing multiple inputs to a term t. and replacing 
them by a series of binary inputs and checking them for consistency, 
we follow the same procedure as in Section 4(c) of Part IV, where 
xhis was described for QPL terras, using the QPL vidya operator V 

It is obvious that, if the term t. is an SNS term, the same 

"*0 

equations will hold good except that the consistency check 
operator will be the SKS vidya operator, namely V . 
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D. The c-reconstruction process is quite similar for all 


types of relations and we shall write them for 


tiircG psrticuiai 


equations that require this process, to illustrate its variations. 


The reconstruction in the logical graph is similar in all cases. 


SNS : 

c Z a = b h-> aZ = bforc'=T; |~^ a Z^ = b for c’ = F (71a) 

/-Vt-vY * 

urju-1 : 

fa = b) Z = b) for £*= 9^(1); \ % 

(71b) 

<^(| £== S) for C'= ‘%(F); 

QPL-2 : 

c a = b a Z^= b for g' = T; I J ^ 

For SNS-QPL and QPL-SKS, the equations are closely similar to 
(71a) and (71c), and are obvious. 

fai) 

E. fiote that the input states t^ ^need only be one or 


the other of the basic states, namely T(l O) and F(0 l) for 
SNS, and V(1 0 O), 1(0 1 O), $(0 0 l) for QPL-2. 
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Similarly, for OPL-I^only the four QPL states namely \/(T), 
V(F). 3(T) and 9(P) need be tried, '-ve v/ill finally obtain 


the list of outputs and additional outputs corresponding lo all 


of these. Only those for v;hich there are no contradictions in the 


outputs, or additio-nal outputs^ need be considered,' ond^ from a list 

of these and it \/ould be possible to v/ork out v;hich 

set's.of outputs are permissible for ? given argument. It has to 

be noted that for a given set of t ^ , there may be more than 

one set of t^^^ that are permissible depending on the choice of 
(ai) 

t ^ which becomes necessary because of the procedures described 


in li, C and D. (See belov/ under H). 


F. ho special notes need be made except that the added 
operators of type V may be either V or depending upon the 
nature of the term which is involved in the A-construction. 

G. The reduced graph is alv/ays implementable by the method 
of proof that v/as given in Part IV. However, in practice, if 
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necessary, the sequence of the listing of eleniencary relations 
nay have to be rearranged so that the implementation can go on 
in continuous sequence from one equation to the next, f'he nature 
of a practical algorithm for this purpose is indicated in 
Section 4(c) by talcing an example and the principles involved 
in generalizing it is indicated there. 


H and I. The rearrangement of the list has been commented 
upon under G, The v;ay of interpreting the outputs and additional 
outputs has also been commented upon under E. The only ne^^r comment 
that is needed is the follov/ing: V/e first implement List G for 
Set 1 chosen under the step E, and the outputs are printed, along 


v/ith the additional outputs. The procedure from E to H is repeated 


for Set 2, Set 3 and so on and the list of t^ s that mere 

(o) ^ ( ao ) ^ 

chosen, and the corresponding t'' s and t s, are printed 


in a tabular form. V/e shall indicate in Section D(c) how such 


a table can be interpreted for the nature of the outputs oi an 
argument, for the given set of inputs« 
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(b) Setting up of the flov/ chart of an arp:ument 

As mentioned in the introduction and in the coniments 
relating to A of the flov; chart, the flow chart only assures 
that given a set of elementary statements forming an argument 
or the logical graph of the argument, we can always implement 
these statements so as to obtain the states of the outputs in 
the flov/ chart, given the input states into the argument, 
however, there are some problems involved in writing dovm the 
set of elementary statements that describe the logic of a given 
argument in the most efficient manner. We shall illustrate this 
by a simple example of an argument consisting of two unary 
statements, namely 

a b , Ic lb (72a,b) 

The logical graph of this is shown in Fig. 2(a). 

Fig.2 aogical graph of a simple argument consisting of tv;o steps 

(a) As given in Eq (72 a & b). 

(b) The same after V-construction to remove multiple inputs. 

(c) The san.e, after inverting the second Eq (72b) to 
obtain the pair of Eqs (73a, b). 


(a) As given in Eq (72 a, b) 


(b) The same after V-construc- 
tion to remove ~ multiple 
inputs 



(c) The same, after inverting the second Eq (72b) to obtain the 
pair of Eqs (73a, b). 
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Since there are two inputs to the term b , under the 
instructions in Step C of the flow chart, a V-construction 
will have to be made and v/e obtain the graph in Fig. 1(b). 

Suppose that we are given the input | = T , and v/e are 
required to find the output state of q, V/e can do this by inputting 
the states T and F for p in Fig. 2(b) and finding out v/hich 
statejlead to a non-contradictory state for b. This is shovm 
schematically in Table 1. 

Table 1. Checking for non-contradictory inputJfor q in Fig.2(b). 


On examining Table 1, it will be seen that g = F leads 
to the contradictory state X for b and is hence disallov/ed. 
Consequently, if only the states T and F are allov/ed for c (as 
mentioned in Step E of Flov/ Chart for the states to be tried) 
it follov/s that p can only have the state T. Thus, the logical 
graph of Fig.2 leadtto the result that p can only be T,. 
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rIov;ever, in SI;S logic, we can also have the input p = D in 
Fig. 2(b), v/hcn we get the result shov.Ti in colunn 3 of Table 1. 

V/e find that there is no contradiction and therefore the state D 
for c is also pernissible. However, this is reasonable, since 
D = T © F, and since (72b) is permissible for p = T, it will 
also give a non-contradictory state for for p = T.or F = D, 
and nothing nev; is obtained froftj column 3. 

Hov;, we shall re-write £q. (72a,b) by inverting the second 
equation, 'when we obtain^ the tv;o logical equations 

§ b , b p (73a,b) 

corresponding to the logical graph shovm in Fig, 2(c), If the 
input a = T is put in, then by the :^irst implication we 
obtain b = T, and from it, by the second implication v/e obtain 
c = T. Thus, \/e find that, v/hen the second equation (72b) is 
inverted and v/orked out, then the state of the output c so 
obtained (na: ly T) is the same as what was obtained from (72a,b), 
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via tliG ^-construction for consistency check. In other v/oi’ds, 
me result obtained is the sane, v.iiether the second equation in 
{ 12 ) and (75) is taken in the direct or inverted lorins. 

'.'.'e shall nou’ nialce a similar check for the paeir of equations 
in (74a,bj belou, uith the second equation being 

inverted in (75b), but with the input to it being |b(or ^ = F). 

a b , —ic lb (74a,b) 

a ~5b , b ==^ c (75a,b) 

By making a V-construction as in Fig. 2(b), v:e get the results 
shovm in Table 1(b), for the possible inputs of g. In this case, 
\^th M = F, both the pure states T and F of c do not lead to a 
contradiction and are therefore permissible for g. hence, the 
output for the pair of equations (74a,bj is: 

c= T U F^T0F= D (74) 

Obviously, as shovm in the third row of Table l(b), c = D is 


itself consistent for this pair of equations. 
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I.ov/, if \ie consider the pair (75a, d), v;e arain obtain 
c = D as follo'.vs (in agreement v/ith (74)): 

a = T, I p ^ = F; ^ ^ = S ^ (75a,b) 

Thus, the unary relation of ShS implication 

b', b ^ = c s' (76) 

leads to the same result for the state of p', for both b' = T(1 O) 
and F(0 1), irrespective of the sense in v/hich the relation is 

v/orked out (from b to c in (76), or equivalently as c l”'" = 
from c to b). he have proved this above in detail, for b' = T 
or b' = F and hence it is true also for b’ = D, 

In the same way, any unary ^I-type relation in QPL-2, in the 
forv/ard direction, naaCiely 

b' , ^ = g P' (77) 

vdll give the same result for g‘ as the Eqs (78a,b,c) below, v/ith 
the relation written in the inverted form from c to b: 

P ~ ~ ^ ^ 


(78a,b,c 



.64. 


CPL-V 

Dx-ait-P 

11-5-84 


lie shall give; an example and indicate the nature of a general 
proof of this in Section 5(a), as well as its extension to GSl’ 
relations. 

The extension to the E-type relations of the identify of 
the output^ when p E = p (orbN = p) is applied in thp forv;ard, 
or reverse, sense;is quite straightforv/ard. Also, as indicated 
in Section 5 the extension to E(i, j) and E (i, j) in QPL 
and similar operators in QSN is readily proved. The A-type 
relations are alv^ays^worked out only using the A-constraction 
in unary relations (see Step F of flov; chart), so that the above 
proof is unnecessary in this case. 

This study thus gives a confirmation of the general principle 
proved in Part I [l] , namely that the inverse of a relation Z , 
with matrix Izl , has the matrix \l I , since the above treatment 
in SriS for 2X2 matrices is readily generalizable to m x n matrices. 



Therefore, if v/e have an arguraent in v/hich a final output 


(for example x) is not the output of a statement such as I = x 
or o ^ ^ L'ut is of the form x£=yor 5 cAb=g, then 

X is taken as an additional input and the permissible 

““ J 

states of X are v/orked out, as indicated in the flov; chart. 

Putting in x' = T(1 O) and F(0 1) for SilS terras, and x' = 

V('^ 0 O), £ (0 1 O) and ^ (O 0 1) for QPL terms, hkt. 

permissible pure states of x ceui be v/orked out as per the procedure; 
indicated in the flov; chart. Then, the output state for x' is the 
Boolean sum of the permissible pure states thus obtained, using 
the logical operator U or lUas the case may be. (Note: The 
adjective "pure" is used for the basic states of EA-2 or BA-3, 
to distinguish them from "mixed" states, v;hich are Boolean sums 
of tv/o or more pure states. This lollov/s the terminology for 
vectors representing pure and mixed states in quantum mechanics.) 

The above considerations also give a justification of the 
procedure stateflLin Step - of the Flow Chart for all additional 
incuts 
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icj Rearrangeffient of the logical equations oi a reduced Rrat)h 
t o be seauentiallv inuplementable 

YUnAr' 

'.‘le slialiy illustrate the principles oi writing dov/n the 
logical equations of an argument in sequential order, so as to 
be implementable straightav/ay one after the other. For this, 
v/e take an argument in SkS, as the principles of graph construc¬ 
tion depend only on the unary or binary nature of each elementary 
equation, and does not depend on whether it is in ShS, QPL or 
QSh. V/e shall shov/ how the reduced graph in Step F of the 
Flow Chart is converted into such a set of implementable equations. 
ne have also chosen an argument without any binary reverse 
eouations, as this reouires the examination of two possibilities, 
namely c = T, and F, in P | = b. So also, the A-construction 
is avoided. (Later, v^e shall indicate hov/ ooth these specialities 
can be built in and v/orked out in an extension of this argument,) 
The set of equations of this small argument, vMch has, hov/ever. 


multiple inputs to a term, is given in (79) • then indicate 
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hov/ tv/o V-constructions added to it, as in (80), make it into 
a reduced graph. Thereafter, v/e shall describe the algorithmic 
process of vrriting the logical equations for this reduced graph, 
so as to be sequentially implementable, 

(i) Sinule examule of an argument without circularit y 

The argument has the logical equations as in (79a to f): 

a b = I (79a) ; S NJ = g (79b) 

c ^ = h (79c) ; ^ J = g (79d) 

g 0, ^ = k (79e) ; § ~ Y (79f) 

We are further given that §, b, q are the inputs, and have the 
states T, F, T respectively, and we wish to find the states of 
the outputs X, y, |. Since there are multiple inputs to a, we 
rewrite the equations (79a), (79b) and (79d) with appropriate 
vidya operators, as below: 


a A b = 

zz 


(80a) 

; z N I = 

£ 

(80b) 

12 7 g2 = 


(80c) 

n 

XII 

« 

& 

(80d) 

|3 V |2’ = 

I 

(80e) 
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where (80a), (80b), (80d) replace (79a), (79b), (79d), and (80c) 
and (80e) are added to the set of equations describing the 
argument. We then obtain a "reduced graph" of the argument, 
v/ith only unary and binary lorv/ard operators, and this is shovvn 
in Fig. 3. It is a directed graph, and is a tree. 

Fig.3. .Reduced graph of the argument composed of Eqs. (79), 
modified as in (80). 

The algorithm for writing the equations in sequence is as 
follows: 

We first examine the graph for inputs (i), aaditional 
inputs (ai), final outputs (o), and middle terms (m), by the 
follov/ing procedure: The input terms t^^^ and t^^^^ are those 
that have no edges leading to them, and output terms t^°^ are 
those that have no edges going out of them. The middle terms 
have edges going into them and also coming out of them. 

If this check is made on the graph n Fig.3 we obtain the 


follovdng list: 






Fig.3 Reduced graph of the argument composed of Eqs. (79) 
modified as in (80). 
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Inputs (t^^h 

: a, b, c 

Additional inputs 

‘ h i 

Outputs (t^°b 

• 1 

Middle terms (t^'^b 

• |2| |2’» g, |, h, k 


we then proceed to write the logical equations in seouential 
order in a series of steps, numbered Step 1, Step 2, etc. 

Step 1 

V/rite dov-n all the elementary equations v/ith t^^^ and t^^^^ 

as inputs and write do\m the list of intermediate outputs of 

(l) 

Step 1 (v/hich may be called t^ 


1 S = 


(81a) : 

2 X = h 

(81b) 

g i = 

i 

(81c) ; 

I EL = ^ 

(81d) 

List of t^^^for Step 1 

• i’ 

g. h. 



Step 2 

fl1 

Take each t^ and v/rite dov/n the elementary equations 


containing them as follows: 
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£1 V g2 = |2’ (81e) 

(,) 0 b = — (Kold) 

^ V (£^')= — (Hold) 

Lict ci for Step 2 : ^2' 


It: v.'ill be iiot 
equations tes" 
or addition;i 
Hence these eo 


deed that the terms enclosed by bracicets in the 

jd for Step 2 are not available either as ori,qinal 

' f *1 ') 

inruts, or as intennediate outputs (t^ 0, of Step 1 


:tions are marked as "Hold" and are carried over 


to Step 5. 


Step 3 


Take the 


as 


ecuati 


ons 


held over equations in the previous steps, 

( 

invclving t and vn'ite them as belov.u 

g V |2' = I (81f) 

(e) 0, h = — (Hold) 


as v;ell 


of 


.(3) . 


or Step 3 




In the same v;ay as in Step 2, one equation has to be put in "Hold" 
in Step 5 also, since one of the terms in the equation is not 
contained in the list of inputs, or of t^^^, of the 

previous steps. 
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Step 4 

Similar to Step 3, we obtain 

I 0 h = k (81g) 

g OK (k) = — (Hold) 

— — 

List of for Step 4 : k 

Step 5 

Doing the same as in Steps 3 and 4, v;e obtain 
I ON k = Y 

( 5 ) 

List of for Step 3 • y . 

Thus, all the equations leading do’.-m to the final output 
y are obtained. The sequentially implementable equations are 
given by (81a) to (81h) under the various steps discussed above. 
It is veriried that the number of equations (namely 8) is equal 
to the number of operators contained in the graph in Fig. 3, 

Although the number of steps (namely 5) seems to be too 
large for this simple problem, it becomes reasonable for larger 
problems, and the principle of this algorithm is very general 
and the process can be used for any logical graph containing 
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unary and biniiry GlaniGntary statGnGiits (nor nccssaarily a 
reduced "Taoh but one without circular ar^jnents). If an unary 


oouc 


ruet connoctinj a say to b, c, k occurs, then all 


tne una! 


arv oaths in it originating from a are tah-on to be 


irnlauicntable in a single ’’step” of the al^oritliniic process 
described above. 

The essence of the alg;orithTii is that, at each step (say 
Step n) only the input terms (t^^^ and t^'^'^'') and the output 


terms of the previous steps (t'"*^'*, t^'^^..., t*'^ are 
employed for testing the implementability of equations in that 
Step n, consisting of the held over equations of the previous 
step (n-1), and elementary equations containing the outputs 
Hence, every elementary statement in every step is implementable 
v.hen the sequential processing of the statements reaches it. 


Ui) Exam.ole with circularity , c- recon s truction and A-construction 

The results of the implementation of the reduced graph in 
Hi;:.3 and its interpreration for the stectes of the outputs x,y,z 
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are discussed in the next Section 4(d). Here \:e shall now 
consider an amplification of the graph of Fir. p, in order to 
illustrate the Step B (circuit removal), Step D (c-reconstruction) 
and Step F (A-construction) of the Flow Chart. All these 
processes become necessary on changing one equation, namely 
(79b), as in (82) below. 

Replace (79b) by 7 9^^ = ^ (82a) 

where of — NAT! (S2b) 

This brings in a circuit composed of the following terms and 
operators: 

-X -2° —I —ON -Z — (83) 

As stated in the explanation of Step 3 in Fig. 1, the exact point 
at which the circuit is broken has to be stated, and ,,'9 choose 
it to be at the term y, and vrrite the relevant equations as 

zl S? 5 " s ’ I 2E Is ~ Z| 

2 7 g = y (&hc) 
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0 


:le t'lor 

f the Flow 
s in (60c) 


1 resove the multiple inputs to 
Chert) by introducing tu'o vidya 
and (80e)), and then obtain the 


g (as per Step C 


graph sho\m in Fig.4(a). 




4(a) 


Graph of the argUjment composed of Eos. (79), (SO) 
and (82), after the "circuit removal construction" in 
Step E, and the "V-construction" for removing multiple 
inputs in Step C, of the Flov/ Chart. 


(b) c-rcconstraction (Step D of Flo’.v Ch rt) v;hen ^ = F, 
"Csee also Fig. 7(b) of Fart IV,) 


(c) c-reconstruction (as in Step D of Flov; Chart) v;hon 
y1 = T and A-construction for DAN ^as in Step F) 
to |1 = F and g;2 = F. (See also Fig.6(b) of Part IV.) 


It v;ill be noticed that, in tliis graph, the circuit in (83) is 
converted into a directed path from y1 to y2, namely 

t - Y - g - Q|.] - y2 ^ Q 

^ =r: 

2 = y betv/een the origin y1 anc 
ath. Since the equations pertaininf 
^aph are obtained by combining (79a-h!, (60a-e. and 
(o4a-cj, we shall rewrite them in (85) for ready reference: 


y1 — ieaK 

■i - 

consistency 

check 

the teiT-inus 

y2 



to this grap 

h are 

(54a-cj, we 

shall 













OK 


-reconstruction (Step D of Flow Chart) when ^ 
See also x"i“. 7(hi of Part IV.) 



c-reconstruction (as in Step D of Flow Chart) v;hen 

= T and A-construction for IlAI'i in Step F) leadi 
to z1 = F and £2 = F. (See also Fig.6(h) of Part IV.) 
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a 

II 

l2 

(85a) ; 

c 

I 

/-V 

= ^ 


(85b) 

yi 

^— 

NAN z 

/“*.r/v rw SS 

= ^ 

(85c) ; 

|1 

V 

g2 : 

= CrP’ 

(85d) 

X 

i = £3 


(65e) ; 

g 

V 


= g 

(85f) 

1 

0 h = 

k 

(S5g) ; 


ON 

k = 

£ 

(85h) 

Z3SZ 

)L ^ = 

= y 

(85i) 







It is to be noted that the Sqns (85a-i) are those that are 
obtained after performing Steps B and C of the Flow Chart in 
Fig.1. how, v/e perform the Steps D, E,F of the Flov; Chart. 

Step D : c- reconstruction of binary reverse relation 

There is only one binary reverse relation in the argument 
under study —namely (85c). If v/e put ^ = T in this, the 
c-reconstruction yields the eo_uations: 

^ = T (86a) ; 2 ^ 

If, on the other hand, we take the case of the 

c-reconstruction yields the equations: 

y1 = F (87a) ; z NI = g2 


(87b) 
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Of these, (o7b) corresponds to (80b) o: the simple argument 
discussed in Subsection 4(c) (i) above and therefore v^e consider 
this first. It is illustrated in Fig. b(b), uliere the change 
from Fig. 4(a) produced by the ^-reconstruction is indicated. 

■ 9)01 and its complement 
? matrix v/ith one 1 and 

three zeros.) 



If y1 is taken to be T and the corresponding c-reconstruction 
is made, as in Eqn. (86b), then an A-construction has also to be 
made. Both these together are shovm in Fig. 4(c). Since the 
A-type operator involved is namely "nand", we have the 

consequences z = F and ^ = F. Of these, g2 = F is shown 


straightav/ay in Fig. 4(c). V/e could also say that z 
only possible state of s , as it is an input (t^^^^ 
edge leading ot it. Hov;ever, the A-construction is f 
in Fig. 4(c) to take care of the general case \diere 
a middle term t^^^ 


= F is the 
), v/ith no 
ully shovm 
z may be 


. The relevant equations for y1 = T in Fig.4(a) 
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are therefore (putting | = z2 ) : 

^ = T (oBa) ; ^ = F (8Sb) 

il X ii = I (o8c) ; £2 = F (88d) 

In these, z = X if z2 = T, so that v/e are led bach to the 

possibility of z(of (88c)) beinc only F, as in (86b), if y1 = T. 

In the subsection 4(d) (iii), v/e shall show how Steps E and F 
of the Flov/ Chart are implemented for the tv;o prapis we have 
obtained, namely those corresponding to Fips. 4(a) and (b), and 
to Figs. 4(a) and (c) respectively. In the follovang subsection 
4(d) (i), v/e consider the solution of the equations corresponding 
to the simpler argument delineated in Fir. 3. 

(d) v/or::ing out the outputs of logicel graphs 

(i) Solution of the reduced graph of the simnler problem . 

As already mentioned, v/e are given that the original 

inputs t^^^ are a = T, b = F, c = T, in the reduced 

graph (Fig. 3). Vie also heve, as additional inputs 
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th'_ terns x and z, which are sought to be determined. 
The re fore, v;e solve Eqns (80a-f), v/ith the assumed states T 
and r for both x and z (four possibilities), and, in each case, 
deterr.iine she state of y. ’Tnen this is done with Eqns. (80a) 
to (80f), v;e obtain the results shovni in Table 2. 


Table 2: Solution of Equations (80a-h) pertaining to Fig.3 


it will be seen from Table 2 that the combinations 


(x = T, z = F) and (x = F, z = F) as additional inputs, load 


to contradictions. Hence, the argument cannot lead to z = F. 


Taking | = T, the "additional input" x may be T or F. 


For both possibilities, there are no contradictions, and both lead 


so V = 1 *. r.ence 


, X is indefirute (D), y = F, z = T for 


this argument, with a = T, b = F, c = T. Ko definite conclusion 


namely whether x = T or F, can be deduced, with these inputs, 


for this argu!i;ent. 




IIX lc+ 
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2 : Solution of Eouations (SO a-h) pertainin™ to Fir 
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In fact, this can be snown very simply by inverting the 
two equations (79b) and (79d) anb rev/riting the six equations 
in (79a) to (79f) as in (89a) to (89i) below. (Dote that 
z II = a is v/ritten as g KI = z and x J = g is witten 
as q I = x). 


1 & b = g ; 

; a = T, 

b = F, yields 

ti 

(89a) 

g X ; 

' p" P 

yields x = D 


(89b) 

ng 2 1 

• p* - ^ 

yields z = T 


(89c) 

c h ; 

; £ = 7, 

yields h = T 


(S9d) 

g V h = k ; 

; 1 = F, 

h = T, yields 

k = T 

(89e) 

g V -nk = y ; 

' g = F, 

k = T, yields 

y = F 

(89f) 


The conclusion is that this argument, v/ith inputs a = T, b = F, 

exactly 

c = F leads to x=D, y = F, z = T,/as deduced above, from 
Fi,-t.3j via ahe seeps in the Flow Chart. 

Although such rev/riting of the argument by the person 
solving it can appreciably simplify it, our purpose here is 
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.84, 

mainly to show that there is a computerizable algorithmic 
procedure (as sliov/n in the Flow Chart of Fig, l) th at can be 
given, and that it can solve for the states of the required 
(output) terms uf any logical graph v;ithout human interference, 

','Ie have shown this for the problem composed of Eqs (79a-f). 
We shall nov; obtain the reduced graphs and its equations for 
the two possibilities y1 = 1- and F of the larger argument of 
of Fig.4(a). 

(ji) Solution of the argument of the larger graph in Fjg, 4(a) 
The inputs (t^^^) to this graph are a, b, c; additional 
inputs are x, z, yl and the output y. Suppose, as in Fig.3, 
we are given that a = T, ^ = F, c = T. For the three additional 
inputs, we choose T and F for'each of x, | and y1 and get 
eight possibilities. V/e shall divide these into tiro sets, 
namely with y1 = F and y1 = T, and consider them separately. 
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Case oC : y1 = F corresponds to Fips 4(a) and 4(b). 

85(a-h) v/ith 87(a.b) 

In this case, the i;aplenientable cqnations/arc identical 
v.lth those of the simpler argument in r'ig.3> namely Eqs. (81a) 
to (Clh), except for the follovang change and addition at the 
end of that list. 


Change (S1h) to g OK k = y2 



(90 ) 

^ = F (91a) ; 

y1 V y2 = 

y 

(O-lb) 

Hence, Table 2 holds good, v;ith y(t^^^) 

replaced by 

y2. 

V/e 


found therein that ^ can only be F, so that, in the present 
case, y2 = F, Putting this and the value y1 = F as in $1a ) 
and (^1b), v/e obtain that y = F. Hence, for case (04), the 
solution of the larger graph in Fig. 4(a) is 

2 = D, y = F, 2 = T ( 92 ) 

the seme as for the simpler graph of Fig. 3. 

'.Ve shall nov/ consider the case when y1 = T in Fig. 4(a). 
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Case ^ ^ = 7, corresponding to Figs. 4(a) and 4(c) 


in "tnis css 0 y v/g Iievg 


Vi r M 1 r n £1 ir o o 


i./c:vwuicr 


z1 ^ = T, so that z1 = F and ^ = F, as shovm in 

Fig.4(c). There is an independent disconnected graph z1 V z2 = 2 


v/ith ^ = F, so that the only non-contradictory solution for 


I is F, v/hen |1 = F. Hence, v/e obtain for the equations for 
the main reduced graph the same list as in (81a) to (Slh:)^' but 
v/ith the following changes and additions: 


Change (81d) to g2 = F (93a) 

Change (81h) to g ON b = y2 (93b) 

Add the equations 

2 = T (93c); V yE = Y (53d) 

Add z = F from the discoraiected graph (93e) 

Hence, the only additional input is v/hich is put T and F 
for the two possibilities. The consequences, on solving Eqs. 
( 81 ) and ( 95 ), are given in Table 3 belov/. It v/ill be seen from 


Table 5 . Solution of Equations (80a-h) and (93a— e) of the 
larger graph-Case f. 



87. 


Table 3- Solution of £qua.tions (80a-h) and (93a-e ) of 
the lar/rer praph — Case ^ 


Inputs t^^^: §=T, F, 5=T 


,(al) 



A3) 

L 

X z g2 y1 

il 12’ S3 h 

§ 

II 

T F F T 

F F D T 

P 

T 

F F F T 

F F F T 

F 

T 
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the table that the input state T of leads to the output 
^ = T, so th-t ^ y2 = y leads to a contradiction. This 
happens for both the possibilities, g = T and g = F, Hence, 
there is no valid solution of the equations for this case 

Ccorrespondinc to ^ = T) and the choice 3 /I = T is impermissible. 

Hence, for the graph in Fig. 4(a), ^ can only be F, 
corresponding to case |^ , and this leads the solution in Eqs.( 92 ), 
namely x = D, y = F, z = T, \vhich are the same as those for 
the simpler graph of Fig. 3. 

Thus, we have considered the various types of constructions 
for obtaining the solution of logical graphs —such as c-construction 

A-reconstructicn and V-constraction for an SHS argument. The 

principles of these are unchanged when applied to GFL- 1 , QFL -2 

and TSr’ ■statements forming parts of logical arguments, and are not 

particularly v;crkcd out. Instead, we consider an argument 

containing all these types of statements (but I'/if. 'lut the above 

reouirements) in order to illustrate hov; these are tackled via 

ve ctoI'-ria trix Xorr.al i sm. 


our 
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(sj Exaiflols of an arfa^irisrit containinf* tlir66 typ6s ox tarins 

In Lhia subjection, we shall givs an exanple of the 

inplenenraticn of a logical graph (argument) containing QFL-1, 

QFL-2 and dSF relations. Since the main purpose is to illustrate 

~he v/ay in v/hich these are v/orked out using the formalism developed 

oy us, complexities of graph construction (as in Fig.3 and Fig.4 

of the previous subsection) are avoided and no c-construction or 

A-reconstruction is required for this graph. On the other hand, 

interconversions of terms from QPL-1 to QFL-2 form and vice-versa, 

formulation and use of 3X3 and 3X2 matrices, theoretical 

combination of two QFL-1 statements to obtain a single resultant 

QFL-1 relation, v/orking out of a unary bouo^uet etc., are 

illustrated. l';ie argument, given in terms of logical equations 

in standard tertiinology, is converted into a sequentially 

inplementacle set of equations in our formalism, v/hich is then 

implemented and the outputs worked out. The argument, v/hich is 

rather complicated in order to illustrate all tliese possible 
.may be 

intricacies/ given in vords as follov/s. * (This argument, v/ritten 
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mainly to illustrate the above lorical points, may not be a 


satisfactory paragraph in sociology=) 


(a) If there are strong leaders, then all people "are 
restrained. 

(b) For all people, restraint and safety mean contentment. 

(c) For all people, discontent means dissatisfaction. 

(d) For some people, satisfied implies happy. 

(e) If some people are happy, thenr-bhere is prosperity. 

(f) If all people are not happy, then there is trouble in 
all places, and vice-versa (i.e. if some people are 
happy, then there is no trouble in some places.) 

(g) If there exist leaders v/ho are not corrupt, or there 
are people who fight for a pure administration, then, 
in all places, there will be no injustice. 

(h) If there exist criminal leaders, there will be 
injustice in all places. 

(i) If there is no trouble in all places, or there is no 
injustice in all places, then there is quiet peace; 
othendse no quietude. 


vie give the logical equations for each of the statements 
(a) to (i) in (94a) to (94i) at the beginning of the next 
subsection ( 1 ). .employ three variables: 

(x,> for leaders, (y) for people and (z) for places. 
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i/e 

are ^iven tl:e inputs: 






All 

leaders are strong : 

d (x) 

(Vx) 

( Siji ) , 

in 

(a) 

For 

all people there is safety: 

b (y) 

= (Vy) 

(h.) 

\ — 11 . / J 

X 

in 

(b) 

All 

loaders are not corrupt : 

(L (x) 

= (Vx) 

(1 

in 

(f) 

fhe 

re exist people v/ho fight : 

(y) 

II 

QJ 

(dy), 

in 

(e) 

for 

a pure administration 






V/e are required to find out the logical states of the 


lov/inR cu-cnu-cs: 






Prosperity 

P 

(SFS 

tern) 

in 

(e) 

Quietude : 

q 

(SKS 

term) 

in 

(i) 

Criminality of leaders: 

lY 

(QPL- 

•1 term) 

in 

(h) 


It is to be noted that the output vf in (9^h) is put in as a QFL 
additional input ), v/liich is clear from Fig. 5 (See 

subsection (ii) belov;) . 


The other terms are denoted by the following symbols: 


Restraint, of people : 

e 

(y) 


in 

(a) 

Contentment, of people : 

tf 

(y) 


in 

(b) 

Satisfaction, of people : 


(y) 


in 

(c) 

Happiness, of people : 

Ik 

(y) 


in 

(d) 

Trouble, in places : 

It 

(z) 

■=- i(z) 

in 

(f) 

Injustice, in places : 

£ 

(z) 

=i(z) 

in 

(g)j (h). 


fie now proceed to v/rite the above argument in logical 


siTnbolism, 
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(ij Lojyjcal equations of the argument in standard langgiage 


The set 

of equations 

in tlie standard 

terminology ai 

p*d 

SjCsbology of 

predicate lo 

'gic, IS given o'elc 

)'■•/ in (94a} to 

(^^4i). 

(3x) 

(a(x;) ==^ 

(Vy) (§(y)) 


(94a) 

(Vy) 

(|(y) ^ b(y 

■) = |(y)) 


(94b) 

(Vy) 

( ' J f (y) 

"ig(y)) 


(94c) 

(3y) 

(|(y) & 

h(y) ) 


(94d) 

Cjy) 

(h(y)} 

P 

£: 


(94s) 

(Vy) 

(nh(y)) = 

(Vz) (i(z)) 


(94f) 

(3 x) 

(hs(x)) V 

(•3 y) (d(y)) 

(Vz) ("^ h 

z))(94g) 

(3 x) 

(c(x)) 

(Vz) ( i (z)) 


(94h) 

(V z) 

(npz)) V 

(Vz) 

= q 

(94i) 


The in-Duts are Cl, b * (C , (Ot and the outputs are p, q and 
TK (or r). Of the three outputs, one (namely ]V" ) is a uFL-2 


additional input in Eqn (9A-h). 


Since QPL terms are freely being 


converted from QPL-1 to QPL—2 and vice versa, vre note that, tnese 
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can be done by iisin." the onerators C (canonizer) and 

^ * -si 

S (standancizcr< for this aurtose. In the logical graph, these 
v/ill appear as unoi'y' operators. In Fir, 5 oelov/, these alone 
are shO'rn as snail squares, while other logical connectives are 
shown as large squares, v/ith the notation in our formalism — 
see subsection (li) below. 

Eqns.(94a} to (94i) are implemmtable, but for the following 
considerations; 


Firstly, iFL-1 to lPL-2 form and uFL-1 to QPL-2 form should 
be expressed yi^ canonizer and standardizer, in the form tin 
general) of (Q.C = a and a S = Cl resoectively. 
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to c of that Table 5, and hence, ./c obtain a ain/le resultant 
QPL-1 relation, as in (95c) belov/: 

Replace (94c) and (94d) by (3 y) (f(y) h(y); (95c) 

Thirdly, as mentioned earlier in Section 2(d)(i), we must 
write (94^) as two equations (95s:'), (95l") as iollov;s: 

(9x) (■'lq(x)) V (3y) ( §(y)) = k (QPL-2 to ShS) (95y') 

k =#> (\/z) (SI;S to QPL-2) (95g’') 

Fourthly, Sqns (95c'') and (94h) are found to have multiple 
inputs for ^(z). Hence, v/e call the output of (9 ^e") ^(z) 

and that of (94h) as ^(z), and aid uhe equation (95h') as oelov,'; 

|l(z) ^( 2 ;) = (95h') 

and ^(z) is then input to (94i). 

Eqns ( 94 ), with the modifications in (95), are imrlementable 
in sequence. Hoi/ever, v/hile converting these to our langua.ge, we 
v/rite them in the sequence that w'ould be obtained using tlie 
algorithiTu discussed in Section 4(c), for .•,’oi'kinc out the arrument 
from Fig. 3 . In this, a unary sequence (or bouquet) is worked out 
in one step. 
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(ii) L of-ical rrarh of the ar^ment and^eouations in our lan.ruap;e 
Ahe 10 f;ical ^raph of thx- above arraiiiicnt (alter mabinr the 
roaiiicaticns rcniicned ir subsection (i) above) is given in 


It will be seen from the graph that the initial inputs 


, , ( i 1 \ 

U J are 


a, b ,€ and ci, v;hose states are as given in 


Table 4 below, and the outputs are p and q. The other input r 


Table 4. V/otking out the logical graph in Fig. 5 (pages 98 to 101) 


is really an output, put in as additional input (t^^^d and its 
equivalent QFL-1 form is i/ , obtained by the application of the 


standardizer S. In view of this, v/e v/rite the eauation 


r S, = ]/ 


(96) 


md put it in a box in Fig. 


.yj and inpui 


■n -"if-.5, 


:he three UFL-2 nure 


states (l 0 0}, (01 O) and (O 0 l) as the three possibilities 


G rtTi r*» 


For oho rest of ^.he graph, v/e follov; the algorithmic procedure 


,5. Logical graph of the argument containing a.l three types 
of terms, and relations of the type ShS, QFL and 


-o^^ical /raiih 

ill three type 
the twe SNS, 


of -,he arfoiment 
s of terms and 
IPL and CiSIi 


cor'arnin 
relations 
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of starting from the t^^'^ s and the t^^^^ and proceeding 
step by step, as described in Section (d) above. Then, vfe get 


the results as indicated in Table 4 v;here t’lc sters of the 


algorithm are also indicated. Since r enters the oicture 


only as man (97k), the equations from {97a) to ( 973 ) are worked out 

(i) 

for the given states of the inputs t''"^ , and the remaining 


four equations' (57k) to (97o) are alone worked oot for the 


three oossibilities of r. 


As mentioned in 5ecticn2^the symbology for a ^onary and bincry 


Tvoe-1 OToerators v;ill be written as in (58a,b,c), so that it has 


the same structure as for QFL- Tvoq-Z and SkS operators: 


a w, z) = 

a Z) lb = 


Ib stands for qz{a ^ = g 

C stands for q/(g £ ^ = g 

lb stands for Cj/ ig § - g 


(98a) 

(iSb) 

(98c) 


Also, the equivalence operator 


:(i, 3 ) stands for tlie folio-ring: 


^i, 0 ) = ^) (| ^(ij 3 ) = ^ ’ 3 ) - ^-'5) 


ZZ ^ 
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Also, in the matrix operators for QSN relations, the index 
corresponding to the SN3 term is underlined, to distin.^^ish it 
from a pure QPL-2 operator — e.g. 

I o) = ti,i = 1 to 4, 0 = 1 to 8, for S:'3-QFL-2 relation (lOCa; 

I ii) b = p, i = 1 to 8, 0 = 1 to 4, for QPL-2-3i!3 relatiaUlOOc) 

Coning back to the argument v/orked out in Table 4, \/9 see 
that it leads to the conclusions p = T, o = T, r = (O 0 1) (F), 

s* ^ ^ 

vath the given inputs mentioned earlier. There is prosperity, 
quietude, and no leaders are criminal. For obtaining the last 
of these, v/e have used r as an additional input in r ^ (6, l) = /p . 
'fe can also obtain the sane result by inverting this equation. 

If v/e do this, there is no need to have ^ for 4 * 

Instead, we obtain, from (97ni), the equation k l(l_, 5) = 

Wiiicli, v/ith k = (1 O), leads to (0 0 l). The inverted 
equation for r , obtained from (97k) is 

I 1(2, 5) = r 

= s: 


(101a) 



98. 


Table 4. V.'orilin' out the lorical .rrraPh in eXz.__3 ' 


I i ature 

Equation 

Input(s) 

Output 

Eqn.Mo. 

Zr.itial Inputs 

(UiQ : £1= V(T), &= V(T), 

V(FI, 

(H_= 3(t} 

• (ai j 

-■'-ddixional inputs r 

= (1 0 0), (0 ' 

0) or (O 

0 1) 

bten 1 





i^uPL-T to 2; 

(fX C = a 
= 

V(T) 

(1 0 0) 

(97a) 

(•.r-L-2) 

a £(o,l) =1 

(1 0 o) 

(1 0 0) 

(97b) 

(QPL-2 to 1) 

i ~ ^ 

(1 0 0) 

V(T) 

{97 c) 

(2FL-1) 

e lb'If 

V(T), V(dj 

V(T) 

(97d) 

(QFL-1) 

If (3 .U = Ih 

V(T) 

3(T) 

(97e) 

(GFL-1 to 2) 

lb S = 6 

3(T) 

(1 1 0) 

(97f) 

(QPL-2 to Sns) 

^ I_(6,l) = p 

(1 1 0) 

(1 0) 

(9?p) 

(a?L-2) 

S 1^5,1) = i 

(1 1 0) 

I I 

(0 1 l) 

(97h) 

(GFL-1 to 2/ 

€ = g 

V(T) 

(1 0 0) 

(971) 

(lPL-1 to 2) 

(d £ = d 

3 U) 

(1 1 0) 

(97 i) 


i 

(1 0 0) 

(1 0 0) 


(GFL-2) 

r US,-]) = 42 

(0 1 0) 

(1 0 0) 

(97k) 



(0 0 1) 

(1 1 1} 

I 


0_i. OTjiOkJ ^ • O ^ i y C y 

d , y 





L_ 





Table.4 (-Jontd) 


k'aturc- 

Equation 

Input(s) 

Output 

Eqn .Iv'o. 

Steo 2 

(Qr'L-2 to si:s) 

Output of step 

c ^(2,6) d = ^ 

■ k 

(0 0 1) ,(1 1 0) 

(1 0) 

(97 4) 

Step 3 

(Si;S to 0:FL-2) 

Output of Step p 

k 5) = 

: 

(1 0) 

(0 0 1) 

(97 m) 

Step 4 

(aFL-2) 

Output of Step 4 

0 \v ^ =4 

: 4 

(0 0 1),(1 0 0) 
(0 0 1),(1 0 0) 
(0 0 1),(1 1 1) 

(0 0 0) 

(0 0 0) 

(0 0 l) 

(97n) 

Step 5 

Output of Step p 

i 0(5,5) 1=0 

: q 

(01 1),(C 0 0) 
(01 l),(0 0 0) 
(0 1 1),(0 0 l) 

(0 0) 

(0 0) 

(1 0) 

(97o) 

Conversion of r 

(QPL-2 to QPL-1) 

i'“.... .... *' " 

1 

;o QPL-1 from lY ( 

r S = TY' 

for non-contradi 

(0 0 1) 

O 

40 

o 

(97p) 


The details of working out the equations (97a) to (97p/ are 
given in tiio notes belou'. 



racle.^ (Coritd,) .100. 

(97a) : Using the canonizer in Table 7, Part II, 

O- = V(T) a = (1 0 0) 


QFL-Y 
Dra It-2 
31-5-8A 


^97b; 


:S7c) 


Using the theory in Section 6(i), Fart II, 


/1 0 o\ 

(10 0) MOO 

1 y 


(1 0 0 ) 


\;e obtain 


Using the srandardizer in Table 7, Part II, suitably 
rr.odified, v/e obtain 

(1 0 0) V(T) 


(9'7d) : Using Eq.(32c) in Section 3(c) (i) of Part IV, v/o have 

^ g = T in V(f = py sind 

v/e obtain 

® % = V» giving ff = V(T) 

(97e) : Using Fi-i. 6(a) of Part IV, v;e have = V, f = T 

in 3(|_I = so that = {\/ ®3)03 = 3 and 

h' = f I = T, giving lU 9(T). 


(97f) 

(S7g) 


(97h) 


: As in (97a}, v;e use Table 7, Fart II to give 3(T) (l 1 
: As in (97b), v/e obtain, for the 372 natrix X(^> 1.)» 


(1 1 0 ) 


/1 0\ 


0 

V 


= (1 0) = T 


: :ie use the result (h E(5,1) = i) 

K ^ E 

1 (6, 2) = i)), so that 

1 1\ /o 1 1^ 

^ 1 1 (X) jo 1 1 

1 0 0 / 


((h 1(5,1) 

r 


= i) 


/O 1 1' 

0 1 1 

1 y \i 0 0^ 


2(3,1) = 



. 101 . 


OPL-V 

. ajle i^Concu.; *101. t-2 

/c 1 n 5--5-s^ 

and v/ith h=tl 1 O), i = (1 1 Ojfo 1 lj=(0 1 l) 

1^1 0 0 / 

(97i), (97o) : Both these use the canonizer C 
(97k) : Using Section 6(f) of Part II, v/e hrive 


= (100); 


f1 0 0\ 


^1 0 d\ 

1 0 0 = (100); (01 0) 

10 0 

Vi 1 1/ 

! 

(111/ 

/I 0 o'^ 



(C 0 l) 1 0 0 

=(111) 

\i 1 iy 

f 



(97-^) Using the theory in Part II, v/ith c = (0 0 1) 

n\ 



= 1 = k 




= (0 0 0) /1 = 0 = k 


p 


(97ni) : As in (97g), we use. the 2X5 matrix for l(l, 5) and obtain 


(1 0 )| 


= (0 0 1 ) 


ro 0 1 

0 1 1. 

(97n) : For the three possibilities for ^ in (97k), we obtain 

(0 0 1) ® (1 0 0) = (0 0 0); (0 0 l) (O 1 O) * (O 0 O); 

(0 0 1 ) (0 0 1 ) = (0 0 1 ) 

(97o) : As in (97b), remembering that the impossible state (O 0 0) 
can lead only to X = (0 O), we obtain for the only non-j^ 
state of-Cs. namely (0 0 l), 


(0 0 

(O 1 1) (o 0 -]} \ 

\l 1 



^0' 


= (1 1 1) 0 = 1 = q 




/I 1 0\ /0\ 

(0 1 1) 1 1 o) 0) = (1 1 0) 

Vo 0 oj Vi 


/o' 

0 1 = 0 

1 


so that the output q = (c^ q^) = (1 O) = T . 

(97p) : Using the standardiser, as in (97c), (O 0 l) V(?) 
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'ields 


h 1 1 \ 

= (J 0 1 ) (0 0 1 i = iC 0 1 ) 


(icr 


the sare as v;hat we have octainod for r in Table 4, 


assurin''- the ahree basic states of hA-5 for it, and i-ahin^g the 


insistency checi: in each case. As nentionod ea.rli.r, v/o shall 


orove in Section this property of the invorsicn of a statement, 




ions and equivalences in GIL-f, Sh’S and QSl'i, fre 


tho property of l(i, j; that it is equivalent tc 1 ( 3 ^,i^) 


the inverted relation. 


v;e have consideieu oracoical exannlcs of a lo'dcal 


''rrrr. in 


feus coirrlications in the lo~ic,?l 


inaerconnectiens occurrirr- in the rnaoh and also an exarinle 


:ir.‘r'le ioyical graph, tut in which all the different tyncs 


u i-e_auicns suen rs ana, . 8 : occur, .vs ccmDinin" ;:ie 


raxures v;hich occur in exanples considered both in Section 


4(d) and f(e) above, it should be possible to take care 0 : 
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practically any lof;;ical arguraont v/ith lerms v/hich are lorical 
functions of only one variable. 

In the next section, v/e shall consider sone more yenoral 
relations and their interpretation in our lanfuaye in terms of 
suitable matrices, either 3^5, 2X2, 2X3 or 3X2. de shall not 
consider in this report areunients haviny terms v;hich are lorical 
functions of more than one variable such as g(x, y). It should, 
hou-ever, be recognized that the unary and binary connective 
operators could be functions of one variable or two variables, 
in the various examples considered above. Thus, as mentioned 
in Ea_.(20) of Section 2(b), the simple relation |(x) j) = b(y) 

really has for the implication operator the form I^(i, x; j, y) 
where the first variable x is to be connected v/ith the input 
term a (x) and the second variable y of the operator is to be 
associated with the variable of the output b(y). Such features 
v/ill be discussed further when v/e consider more general logical 
relations in v/liich the terms thomselvos may be functions of more tha’^ 


one variable. 
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5. Soir.e theorer.s and special considerations 


first /e sh?]l consider the proof of the fact that the 


inversion of an innlication checked via 


the 


consistency operator 


w 


cnci 


the direct aonlication of the implication in the forv/ard 


sense will both lead to the sate result. V/e sav/ particular 
examples of this in Section 4fyand "’e shall yive a general 


proof first for QrL-2 unary implications l(i, j) and then 
indicate hov; it is equally valid for ShS and QSIJ relations of 
the sate type. 


(a) Inversion of an innlication considered vio consistency chocks. 


First we shall indicate the well-knovm lattice-type 


relationships between q(l) to o.(8) of QFL and also betv/een 


s(l) to 31 , 4 } of ShS. These are shown in Fig. 6 (a) and (b). 


Fig.6. Inclusion relations shovn by lines v;ith arrov/s for 

(a; SPL states represented by p-eletent loolean vectors 
of uA-p. and (b; ShS states represented by f-element 
Boolean vectors of B'A-2 . 



luGion relations shovm by linos with arro- s . 
IIL states represented by p-elenent Boolean 
ctors oX BA-3, and (b) SIS states represent! 
2-clemerit Byuieari vectors ox EA-S. 


.1C6. 
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thic fijrure a state q(o), corjiected by a directed line to 


;(k} belo-: it, rnea 2 is that the vector ( /. ‘1^) representing 

J J u 


:r.e i o it: cr 


contains in it all the one’s of the vector ( 


associated vith o(k). //e shall represent it by the syrnbolo£;y: 


.ttice inclusion : q(j) CZ qlk) 


( 102 ) 


n'Q v-lsh to Drove the result that if 


a X T, j) = b 


(103) 


then, in the inverse relation betv/een b and a represented by 


Dens ilO^a and b), 


b I ( 3 ^, i'^) = a’ , aV^ 


(I04a,b) 


if b is riven successively the three basic states q(l) ( = (l 0 O)), 
q(5) (—(01 C)), and q(5) ( = (O 0 1), of QPL, and those that 


ao not 


lead to the null set 0 in (I04b) are added torether, 


then p sc obtained will be the same as in ( 103 ). 


The proof follo\;s straightav/ay from the fact that the 


implication ( 103 ) means that, only if a dq(i)» will b be equal 
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to q(o). Then if v;e take b’Cq^(j) q(j^), then, by (h^'ha 


b* h-> a' CL q(i^) = q^(i) 


(105; 


"oiiseauentlv a' 


q(i) = 


"or a' '"iven by th 


inverted implication. On the other hand, if t’ (3 qvf) i: 


in (.104a), it leads to a' = (1 1 I) = A, and 


ms vieJa; 


\/ ^ 0• Hence, the consistency check yives a non-inpo.'sicle 


result only if b' CL d(j)* This means that the state of tht 


term ^ obtained by the consistency check is q(:’), the same 
as that obtained by the forward relation ( 103 ) v/hen 2 ctn. 


?his proof for QFL is equally valid for SHS \/ithout any 


change except that the 3-vectors q(i), q(k) are replaced by 


s(i), s(k) vMch 


are d-vecrors 


, and £q. ( 105 ) is replaced by the 


SKS relation a I = b. '/e then obtain the same conclusion, 


namely that this direct implication relation gives the sanu 


result as that obtained from the inverted implication relation 


(b uj I = l'»i by checlung lor consistency, U-ote 


SilS, (a N) = a^, for the basic states T and F) 


f 
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Bv coirbininr the properties of 5-^'cctors in QPL and 2-vectors 


in B'.S, v/e can v/rite a proof in an exactly siralar ranner for the 
tyne of ir.plicatIons, naisely, OnL -2 to S^-Io and ShS to utL- 2 . 
The essential equation used is (a I(i, i) = tO ~ (p |(j » i^) = 


the former, and (| I(i, 3) = b) (b I(3^, i^) = |) for the latte 


10 ] 


The expansion of the above proof from l(i, 3 ) o) 

for QPL, v;here S(i, 3 ) satisfies the equivalence (99) ic eilso 
ob\'ious^ since both the implications relations on the r.h.s of 
( 99 ) lead to identical results, namely that 

(| I^(i> i) = fe) (p i^) = |) ( 106 a) 

(a I(i'^, 3 ^)=b) (b 1 ( 3 , i) = a) (l 06 b) 

■ie shall not elaborate on this further. 

( b) Other general matrix onerators 

.‘/e have considered matrix operators of the t^^pes A(i, 3), 
i)j ^0, 3 ),_^(i, 3 ) and ^(i, 3 ) so far. These do not, by 
any means, exhaust all the possible 3 X 3 Boolean matrices. The 
;encral type of 3X3 matrix appears to be complicated, but any 
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such general mitrix can be expressed as a conbination of tv/o 


implications, or three implications, as shovao belo\;. One example 
of t\/o implications v/as ('-'9) v/here the eoaivalence onerator 


^(i, j) v/as defined in terms of t\/o implication^ 


An 0 on or e: 


of such a relation is the following in QSII: 

'a = (1 0 0)J j^b = (1 0)j ; a = (0 0 lj =# = (O l)j (lO?) 

Written in standard terminology, those become 


VCs) 


brp ; V( “1 a) ==^ bp 


(lOSa,b) 


Obviously, the third possibility namely q = (O 1 O), i.e. § ^ 3 » 
but not \/, is left unspecified in (lC^,b) and therefore v/e should 


add this in the form of Eq. (108c): 


a = (0 1 0)j 


b = (l 1) , or 


^(a) 


The tbiree imolications in (108) can be represented by the 


vector-matrix relations 


{108c) 


, /aoi Zpl = S 2 I , 4^1 Z3I = 


( 109 ) 


'//Here 


= 1)1 = p ^ » 1 ^ 2 ! " " r 


,1 1 


'1 1 


Z, = |Z(5, 2)1 = 1 1 


( 110 ) 


,0 1 , 



110 


cc^-bine these in rhe forfr of a OSi'. equation 
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_ y. 1 -7 ) _ A- [ 

<r i “ ' ’ 


(I11a, 


ir.en obviously, the matrix of Lhe operator ^ v;ill 


lJO 


|Z| = |l(1, 1)1 ® ll(3, 1)1 ® ll(5, 2)1 


('120) 


:rje oi 


X2 matrix )Z| has the form 


Z\ = 


/i o\ 
1 1 
\o iy 


(I12h) 


t ir readily I'erified thaa tliis matrix has the prooorties 


rentioned above, by substituting it in (l11b). 


In this ’vay, any general fXh, or 3X2, matrix is caoable 


:einp '.,'ritten as the product of three inplication matrices, 


A 2X3 y trix can also be considered similarly as a pic duct of tv/o 


'0-drL i^’'^lications. 


3 x 3 


ror 


example, they're trix \Z] of (II 3 ) belo;/, 


1^1 = 


/O 0 1 

1 1 0 

\l 0 Oy 


( 113 ) 
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can be interpreted, for ^aj Z I = , as 

(0 0 1 ) = \/{h^) ; q (5) (l 1 0)''= 3(4rp): 


Oq( 5) h-> (1 0 0) = 


(11 'a,b,c) 


vdiich, in words take tho form 


(a) 

If 

a 

is 

true 

for 

all, then b 

is true , 

for none 

($) 

(b) 

If 

§ 

is 

true 

for 

some, then b 

is true 

for some 

(115) 


or 

for 

' al 

.1 ( 

3 ) 




(c) 

If 

a 

is 

true 

for 

none, then b 

is true 

for all 

( V)- 


If I 'las a mixed state, tho state of b is obtained simply by 
surmning, using the operator \U, the outputs corresponding to 
each of the basic stat-es contained in a. Thus, if | = ^ H (l 1 O), 
then, for the matrix |z| of (113), 

b = (0 0 l) 0 (1 1 O) = (l 1 l)^A, the indefinite state (ll6) 

If, hov/ever, a = _/\ = (0 1 l), v/e obtain a definite state for ^ 
as follows: 

b =(110) © (10 0) = (1 1 0)^3- (117) 

ff'e leave the further v/orking out of these considerations for a 


later report 
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Preface and Summary 


This report deals with tv/o important consequences of the 
logical representation of both sentential l 0 i''ic and predicate 
logic which we have developed, using Boolean algebras BA-2 and 
BA-3. These are that two defects necessarily present in the 
conventional formulations of logic, namely the existence of 
paradoxes, and the existence of incompleteness in predicate logic, 
can both be eliminated by taking into account the new "mixed" 
states that automatically come in when the complete set of 
Boolean algebraic states in each case is taken into account. 

Thus, even propositional calculus (PC),having only the two 
mutually exclusive states T and F, , is incomplete, in that the 
"mixed" state D ( S'may be true or may be false") is a necessary 
consequence of reversing standard connectives like "or" and "if" 
in PC itself. However, the incompleteness is removed when PC 
is extended to SI'IS, isomorphic to BA-2, and D becomes (1 1), 

with T = (1 0) and F(0 1). In the same way, using BA-3 

representation of predicate logic, v/hich has only the four states- 
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"for all" (V )» "not for all" (A)» "for none" ( ^ ) and 
"there exists"! 3 ), it leads to the existence of the state 
envisaged in Godel's incompleteness theorem (which we denote by 4 ) 
by the application of the consistency check operator (\V) to 

] and A -- 3 \V A = 1 . Thus 3 ® A = (1 1 0) ® (0 1 I) = 

(0 1 0 ) = , This stats ^ is not envisaged in standard 

predicate logic, but is a necessarily present basic state (0 1 O) 
in BA-3) in vMch V — ("I ^ ^ H(0 0 I) are the 

other two basic states. A theorem having this state 1 is sometimes 
true, but not for all or for none; but this is not an "incompleteness" 
in the extended form EPL (of standard predicate logic), isomorphic 
to BA-3, which must have ^ as one of the three basic states, 

among the 8(= 2^) possible states in it. Thus, mPL is as complete 

for predicate logic, as 3NS is for sentential logic. 

A paradox is defined to be an argument which, for both 
input states T and F, leads to the output term being contradictory 
(i.e. in state X). The essential patterns for this to happen 



•.iil, 


have been analysed and shown to be all derivable from one 
pattern having, the structure of the “Double Statement Paradox, 
(DSP). This has the statements a = b, b £,= a. If the 
circularity is broken at a, then, starting from a = T, or | = F, 
we get back only a = X. Vice versa , if the circularity is 
broken at b, then b = X always follows from both the inputs 
b = T and b = F. However, if the SNS state D is allowed, then 
a = D leads back only to | = D via = D, and similarly for 
Similarly, | = X, or b = X, as input also leads back to the 
same state. Hence, the solution of the DSP is that the term 
a “may be true or may not be true" (D), or “is impossible"(X). 
There is no paradox; instead, we can derive the conclusion that 
"the input statement is invalid" or that “the input statement 
has the state D". ^Tnich of these is true depends on the semantics 

of the problem. 

3y combining the two statements in DSP, we obtain the 
equation (a H = §) = (| ^ I ^ * 
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This is called the Cretan Liar Paradox (CLP) and the best 
example for § is: “What I say is false". Here, both a = T 
and a = F lead to § = X, on breaking the circularity by writing 
N = V a2 = a, and we have a paradox. However, 

for CLP also, both § = D and a = X lead back to the input 

state Dyor X, as the case may be. Thus, a statement having the 
pattern of CLP (as "This proposition is not true") may be said 
to be invalid (X), or may be taken to have the state D; which 
one is to be chosen will depend on the semantics of the sentence. 

By reversing the second statement in DSP, we get the 
"Contradictory Statements Paradox" (CSP) as follows: = M » 

§ E = M V ^ = b. Here also, for a = T and | = F, t = X, 
so that it is a paradox in PC; but it is not so, for | - D leads 
to b = D (not X) and a = X also leads to b = X. No example of 
this has been found, but several in the literature belong to a 
closely related one (CSP-2), which runs as follov/s: a J. = M , 

SlN = ;^, blVg = b. V/ith the added condition | = T, ^ is X 
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and a contradiction follov/s, as in CSP. Examples of these 
include Russell's paradox (§ B is the set of all exclusive 
sets"; I ~ RC £); and Cantor's paradox (a = 4 is the set 
of all sets"; b H is the largest set"). It is our contention 
that the CSP-2 is not a paradox, for a = F does not lead to a 
contradiction, and only the assumption | = T leads to b = X, 
so that we can deduce from it that a is F, from the rules of 
classical propositional calculus. We thus deduce that there is 
no set R , which is at the same time " exclusive " and the "set of 
all such sets". Similarly, there is no which is both a "set, 
having a pov/er set P ( 4 ) larger than itself" and "the set of 
all sets ". In the literature, both these examples are listed 
as paradoxes having the pattern of CLP, and it is our contention 
that they are not paradoxes even in classical propositional c 
calculus, but arguments from which valid conclusions can be 


derived by the reductlo ad impossible method'. 
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Thus, paradoxical arguiT'entc, v/liich have no solution in FC, 
have tho solution in the states 0, or X, of SFC. The choice is 
X in most cases, saying that the premise of the ar/oicient is 
invalid; but there are situations in v/hich the state D has 
semantic value, and does not merely state the indefiniteness of 
the available knowledge. As examples of the relevance of D as 
the only possible state of a term are given some properties of 
infinity (v/hich will be extended further in a later report). 

Finally, it is shown that, just as SFS i3A-2) and EPL 
(BA-3) are complete, so is any multivalued logic isomorphic to 
BA-n. So also, there can be no paradoxes in all logics isomorphic 
to BA-n, including SNS and EPL, Since PC has necessarily to be 
extended to SKS, when the paradoxes in it are removed, we thus 
prove quite generally that there cannot be any incompleteness 
or paradoxes in any logical system, provided the states in it 
are extended to be isomorphic to the appropriate Boolean algebra 


BA-n. 



This report in thc' first draft hsis been prepared for 


comment and discussion. Sections 1,2 and 5 are therefore written 
as outlines, to be suitably modified for publication- . Sections 
4,5,6 and 7 are fairly complete and contain all the new material. 
The author would invite critical conmients on the contents and 


presentation of this report. 
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Elimination of Paradoxes and Incompleteness from Logic 


Int roduction : 

./Logic is the science of reason and therefore the 
formulation of the rules in logic cannot be such that they are 
sometimes invalid, leading to paradoxes, or incomplete, leading 
to possibilities not envisaged in the original rules. It is 
our contention that the basic formalism and the set of rules 
that are to be applied can be so made as to avoid both of the 
above two difficulties — namely existence of paradoxes and 
occurrence of incompleteness. This is done by mathematical 
representation of logical states and their inter-relationships 
in terms of the vector-matrix formalism for Boolean algebra 

and logic that we have developed. 

Boolean-algebraic representation of logic : 

2./The connection between logic and set theory is a well 

established one. So also is the isomorphism between the theory 


of sets and Boolean algebra. Thus Boolean algebra BA-n containing 


9 Draft~1 
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n basic elements^(in which all the states can be represented 
by a Boolean vector with n elements (a^, a 2 ,...,£^)j» is 
isomorphous with the algebra of all the subsets of a set 
generated by n independent subsets in which no pair of subsets 
have a common element. It has been shown in our earlier studies 
that BA-2 is the appropriate representation for propositional 
calculus (PC) which has two independent states "true''(T) and 
"false”(F). Similarly BA-3 has been shown to be the appropriate 
representation for quantified predicate logic (QPL) in which the 
three independent non-overlapping states are "for all" ( V ), 

"for some" (^ ) and "for none" ( J ). The fomalism that 
arises out of this isomorphic representation of logic in terms 
of the Boolean algebras BA-2 and BA-3 appears to be very powerful, 
and their consequences^particularly in relation to manipulation 
of arguments and working out their consequences, have been discussed 
in a series of papers [l to bI . 
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states and their relevance to the main thesis of this 
3./The most interesting consequence of this isomorphic — 

representation by BA-2 and BA-5 is that new ’’mixed'* states 

can be obtained by the superposition of the "basic" states in 

both BA-2 and BA-3. In the former case, we get two new states 

"doubtful" (D =. T © F) and "pontradictoiy" (x = T (§ F), leading 

to four different possible states in the extension of PC. We have 

named this the "Syad-Nyaya-System(SNS)" from the Sanskrit words 

Syad(= may be) and Nyaya (= logic). In the same way, in BA-3^ 

in addition to the four v/ell-accepted quantified states 

V. 3. A (not for all), four more states are introduced — 

namely ^(for some), 0(for all or none), /^(indefinite, for all, 

for none, or for some), ^(impossible). This extended predicate 

logic (EPL) contains 2^{- 8) possible states arising from the 

mixture of two or more of the three basic states of BA-3 (for 

details see ). 

The important point to be remembered is that the BA-2 
representation of PC automatically leads us, from tv/o to the four 
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possible states T,j?,D,X of SKS, so that the extension from the 
usual BA-1 alf-ebra of PC to the resulting BA-2 algebra of SMS 
is inescapable. (See Section 4). So also, the representation 
of the four common states of QFL, ^ the three basic states of 
BA-3, leads necessarily to the eight possible states mentioned 
above for EPL, Consequently this is the proper set of states 
which should be taken into account in discussing and working out 
arguments in predicate logic. 

In Section 4, we shall give a very brief outline of the 
new properties of PC and QPL, in their extended forms, namely 
SMS and EPL, obtained by using the Boolean algebraic representations 
BA-2 and BA-3. shall then show that both sentential logic 
and predicate logic are complete under the usual operations 
employed in standard logical arguments. In Section 5, we shall 
give a general account of paradoxes as they are discus sed in 
standard books and articles on logic, but employing our formalism 


and nomenclature. <le shall show that they can be classified into 



three types; and then demonstrate ho.v the paradoxicaj situa tions 
v\rhich arise in these examples, (namely that the equations lead to 
contradiction for both inputs T and F), can be put in the form of 
normal logical statements v/hich is valid in the extended form of 
PC, namely SNS, so that the equations are satisfied by either of 
the new states D or X. In Section 6, examples of paradoxes listed 
in the literature are examined and the resolution of these are 
described. In Section 7, we show more generally that there can be 
no paradoxes in logic and no incompleteness in any particular 
formulation of multivalued logic. We thus shov/, in effect, that 
provided we take into account the right algebraic formulation for 
logic, then the mathematical condition, that the algebra is complete 
and does not have contradictions, also leads to the result that 
the homologous logical formalism is also free of inconsistencies, 
paradoxes and incompleteness, 

4. (a) Propositional calculus and SNS logic : From the example 

of the conclusion to be derived from the two different types of 

evidence, namely eye-witness and alibi, regarding the guilt or 

(see Ref. [1] ), 

absence of guilt of the acused in a murder case / we can show that 
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there are four possibilities for guilt (g): Guilty (gj), 

not guilty (gp), may be or may not be guilty ( and;the 'two 

arises 

evidences are contradictory (gjr). The last/ from the fact that 
one of the two, namely eye-witness or alibi must be wrong 
(See Ref [ij ), The Sector-matrix formulation of this in terms 
of the two basic states T = (1 O) and F = (0 1) of SNS is 

obvious, and we obtain D = (1 0) 0 (0 1) = (1 l) and 
X = (1 0) g) (0 1) = (0 0). (1 1) means that the answer 

\\ f* 

to the question, ”can it be true?‘* is yes, and also the answer 
to the question, "can it be false?" is'yes^^ Similarly X = (0 O) 
indicates that the answer to the question, "can it be true?" is 
"no*, and the answer to the question, "can it be false?" is also "no" 
Therefore, there is no logical answer to the conclusion of the 
statement which has the state (O O), Consequently, either the 
premises^or the ':coiistruction of the argument^is faulty. 

Good examples in which the new states D and X arise are 
the following: 

a I = b, a = F t-—^ b = T or F = D 

rs ss ^ s 


( 1 ) 



.7. 


Draft-1 
6-7-8A 


Similarly, 


aA^ = T, a«F b = X 


( 2 ) 


The former one is one of the commenest statements that occur 

if is valid, 

in logic. We have the result that/a =^b/ ard if a is true 
then b is necessarily true. However, if a is false, we can 
say nothing about b—namely whether it is true or false. Therefore 
its state in SNS is "t or f'= (1 O) © (O 1) =s (1 1). 

Using the formalism developed in Refs [l] and (zj 
this eqn. takes the form 


(0 



0 \ 

y 


(1 1) for 4l ^ I “ 


(3) 


For more details see the appropriate sections of Ref. [l] or [ 23 . 

are 

In the same manner, taking Eq.(2) we/ffv’en that § & ^ is 
true, which necessarily requires that both g and b have the 
logical state T. Therefore, if we have the condition that 
a - F as the second equation in the l.h.s of (2), then there is 

s 

a contradiction^in that we have § “ conclusion of the 
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first statement and | = F as the condition of the second 
statement, which are mutually contradictory. As mentioned in 
Parts I and II, the vidya operator V has been designed to check 
for such contradictions and its algebra is as follows: 

ii 112 “ s «2oL= V > y ® ° 

It is readily verified that if |^ = T = (l O), = (0 

then = 0, = 0 leading to 61 = (0 0). 


Since one whole set of paradoxes discussed in the literature 
have to do with the occurrence of such contradictory states for 
a^ and we shall discuss here itself the conditions under which 
Eq.(4) can lead to identical states for and t^^ese two, 

(namely a^ and § 2 ), are negations of each other. The discussion 
below is based mainly on Boolean algebra and the logical consequences 
are pointed out thereafter. The negation operator is represented 
by the matrix jNl (as in 5a) with the properties, as in (5b) and (5c): 

r ”1^ 

V V 



(1 0 ) 


/o 1' 

1 0, 


(0 1) ; (0 1) 


'0 1 
1 0 


(1 0) (5a,b,c 
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so that 

^ H ^ ^ (5d,e) 

For both these basic states T and F for a, therefore, we have the 
result that § and | N are mutually contradictory, i.e. 

a V (a N) = (0 0) = X (6) 

However, the Boolean algebra of SKS has, in addition, two other 
mixed states D and X, and for these we have the following 
consequences, as in (?) and {d)i 




(7) 


0 1 \ 

ay N « (0 0) U (0 0) = a. 

X ^ oy 


( 8 ) 


Hence, for the mixed state D, for a, Eqn,(6), written in the form 
(9a, b) 

§1 * §1 * §2 * =1 ^ 


does not lead to X, when = D. Instead, we obtain the result 
in (9c), 

a = = §2 f S'! »=2 ~ ^ -1 ” ^ (9c) 
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The logical consequence of this is very simple. If we are 
given that a statement leads to a negated form of it as g. 2 » 
then a.| and §2 can both be simultaneously valid (true) provided 
1 ^ is not one of the two basic states T or F, but is the mixed 
state D. To put it in words, if something is D, i.e. "it may be 
true or may be false", then the negation of this has the propfe’rty thal 
"it may be false or it may be true", which is equivalent to the 
state D once again. In other words, if the statement is such 
that it is impossible to assert the absolute truth of it or the 
absolute falsity of it, then its negation being equivalent to 
itself does not lead to a contradiction. 

It will be noticed that what has been said above has nothing 
paradoxical about it. We have merely considered the consequences 
of equating a statement in propositional calculus with its negation 
and tried to find out if there are any possible logical states 
for the statement for which this equation does not lead to a 
contradiction. Then, we find that if § = D, then, by (7), § ^ 
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is also D so that a = a N. 

This property that » as in (9a, h) is also true 

for a^, i.e, for a = X, as is shown in ( 8 ), However, now 

§1 = 12 "^'“^' § = =1 i §2 ( 10 a,b) 

The logical consequence of this is that, if something is X, i.e. 

'•it has the property of being impossible" (i.e <(aj = (0 O)), then 

its negation §' = a N is also (0 O) and is impossible. It is 
a moot point if this can be taken to mean that a* H § » but 
algebraically ( 8 ) shows that <aj,|Nj = . We shall show in 

Section 6 that the states D and X, thus shown to satisfy the 
equation n 1 = <a| , can be made use of for getting over a 
whole range of paradoxes. Anticipating the discussion in Section 6 , 
we shall call these to be of the Cretan Liar Paradox (CLP) type. 

(b) Absence of closure for PC and extension to SNS : Clearly, if 
we operate only with the two states of BA-1, whose algebra is 
isomorphic to that of propositional calculus ^s discussed in 
standard books on logicj^then the equation | = § ^ has no solution 
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in BA-1, or the Cretan liar paradox is readily a "paradox", 
and a defect of the logical system of PC. However, we have 
shown that the inclusion of "reverse" relations in PC lead to 
the four states T, F, D, X, of SNS, isomorphic to the four 
elements of BA-2, namely (0 O), (O l), (l l) and (O O). 

To be specific, in PC we ask the reverses of relations like — 

"a or b is T ; § is T ; 'rfhat is the state of b?" {I1a) 

and 

"a and b is T, | is F ; What is the state of b?" (I1b) 

and we get the ansv/ers, 

b = D = (l l) for (I1a) (I2a) 

IS 

b = X = (0 0) for (11b) {12b) 

This extension of PC to SNS for sentential logic has not been done 
for the purpose of dealing with paradoxes, but to make the algebra 
"closed". \‘ie find that the inclusion of reverse relations in BA-1 
leads to its extension to BA-2 unequivocally, as in (ll) and (12 ). 

As we will show in Section 6, it also leads to the elimination of 
the CRP type of paradoxes, including new paradoxes^ of the types which 
we shall formulate. 

We shall now ask whether the extended SNS sentential logic 
is also complete or whether it has to be extended still further, 
as PC with two states had to be extended to four states by asking 
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questions as in (11) and (l2j. The answer to this is that^ if 

only the relations of the type envisage^^in standard propositional 

calculus as discussed in the literature are asked, then SNS and 

its associated algebra BA-2»Cte sufficient to represent the 

logic of all statements in propositional calculus. This is 

very briefly shown by the following considerations. Thus, there 

are unary and binary relations in PC, and these are represented 

by equations of the type, 

<4| Z| = (13a) 

and 

<^4 j Z I b^ ® ^ ] Z lb_^ = Cyj , 4^51 = (<^ , 0^ ) (l3b) 

When these are reversed^we obtain from (I^sl) the relation (I3c)j 

<4)zh=4a| (13c) 

in wliich jz^l is also one of the 10 (or 16) matrices that are 
possible for|zl^so that no new relations arise from the reversing tff' 
unary relations. On reversing binary relations, as shown in 
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we have in effect. 


4Mz| = 41 . if 41 = 
4lz'i = 4l' if 41 = 
4 If I = 4l > if 4l = 

<a)X| = 4| , if 41 = 


T ^ 
F 
B 

X J 




(I4a-(i) 


and once again the operative logical equations are of the unary 
type which are contained in (I3a). From matrix connectives^ applied 




in the unary and binary form^nothing new comes out by reversing 

them. Since all possible logical relations using the standard 

[of Vet) 

connectives "not”, "and", "or”^can be represented by 2X2 Boolean 
matrioesin BA-2, we have the result that such connectives lead 


to closure for PC, 


This is, however, not the complete picture, for in BA-2 
we can also have binary relations involving the connectives 
U and V and we shall examine below their reversal and show that 

/V/ ^ 

this leads to states more complex than those envisaged by BA-2 even 
in the extended form of PC, namely SNS, 
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(c) Absence of closure for SNS and extension to EFL : As 

mentioned above^ reversal of matrix connectives, namely those 

obtained from "not'*, "and", "or"^ leads only to relations 

expressible once again by 2X2 Boolean matrix connectives in SNS. 

However, as mentioned in Ref |^1 j, there are two more connectives^ 

namely "upon" (U) and "vidya" (V)*which lead to binary relations 

between SNS logical systems. Their properties have been 

extensively dealt with in Refs [l, 2 and . However, this has 
fcr 

been done only at forward operators in the form of relations 
of the type a1 U a2 = a , al 1 ii = §• assume that 

there are only two states T and F, then U and V have the same 
properties as the matrix connectives ^ 9-nd A respectively, 
and there is no meaning in introducing two new operators 2 ^ni V 
in the algebra of logic containing only truth values T and F 
(as in PC). This fact is well-known. However, the truth table 
for U is quite different from that of 0^ and similarly that of 
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1 is quite different from that of A in SNS lopic. (See 
Table 4 of H , and also Eqns (14) and (15) of the same 
reference.) For ready reference we give below in Table 1 the 
truth table for the vidya operator V in the forward direction, 
namely for the relation, 

I V J - 0 (15) 
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to the combinations (g* |), as deduced from the data given 
in Table 1. 

Table 2. Reverse relations obtained from Table 1 

We shall indicate the derivation of the various lines in 
Table 2 as below. Taking SI,No. 1, if c is T and a is T^ we 
consider the horizontal row 1 against entry T in Table 1 and 
look up the corresponding entries for b, whenever g = T. 

We thus obtain the two possibilities, T and D. Thus, we get the 
possibilities that if c = T and a = T in the relation a V b « c, 
then b can be T or b can be D. However, this is not the complete 
answer. It should be noted that b cannot be F, since the corresponding 
entry for (a, b) = (T, F) is X in the first row of Table 1. 

Thus, D has to be qualified by saying that it is not F. This is 
what is written against SI.No. 1 for ^ in Table 2. The row against 
SI.No. 5 follows in exactly the same manner. We have thus the 
new state "D, but not T", in addition to ‘'D, but not F" found in SlJfo.1 
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Table 


• STJS truth table for the vidya operator V 
g V b = £ 


D 


X 


T 

F 

D 

X 


T 

X 

T 

X 


X 

F 

F 

X 


T 

F 

D 

X 


X 

X 

X 

X 


. Reverse relations obtained from Table 1 
c v" a = b 


SI. 

No. 

— 

c 

§ 

b 

1 

T 

T 

T ;''d, but not F'^' 

2 

T 

F 

Impossible 

3 

T 

D 

"Always T" 

4 

F 

T 

Impossible 

5 

F 

F 

F ;"D, but not t'' 

6 

F 

D 

"Always F " 

1 

7 

D 

T,F 

Impossible 

8 

D 

D 

"D, but not T, and not 
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If we take SI,No, 2 namely c = T, g = F, we look at the second 
rwo in Table 1 against a = F when we find that there is no entry 
2 = T. Consequently this combination of c and g is impossible, 
and cannot lead to any logical state for b, except the impossible* 
state. (Anticipating later discussion^this "impossible” state 
is (0 O) in BA-2 and (O 0 O) in BA-3. We have explained 
the property of this state in BA-3 in Refs [3-^] and utilized 


it for various purposes.) A similar explanation holds for the 


(W 

entry ofj^" impossible" 


state inJSrT^os* 4 and 7. 


Tftl’Ct j j 

Considering SI.No.3, S = | row^hows 


that there is only one such entry for g and this corresponds to 


^ = T. Hence b = F and b = D are eliminated, and we indicate 
it by writing for b "Always T" against SI.No.3. We shall explain 

fi. u 

below the difference between ^simple T and always T. A similar 
explanation holds for "Always F" in row No. 6. We have only 
the last row 8 to be considered. In this case, we wish to find out 
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the state of b corresponding to g = D and g = D and looking 
at row Do. 3 in Table 1, we find that ^ = D, However, this is 
not the whole answer. In SNS^ D corresponds "T or F", but in 
the outcome of the combinations of c and g in row 8, we cannot 

\i If n 

have the possibilities T or F^for these lead to T or F for 

/U 

g also and not D as w required. Hence it is that the outcome 
of ^j(jJor~^~isgiven as "D, but not T,and not F". 

V/e shall now show that the strange new states for b outlined 
in Table 2 are expressible by a Boolean vector-matrix representation 
in BA-3. We shall not derive the structure of the Boolean algebra 
which is isomorphic to the states contained in Table 2; instead 
we shall mention first that such an algebra is BA-3^ and state 
the isomorphism between its three basic states and three out of 
the various states mentioned in the r.h.s of Table 2, and then 
show that this Boolean algebra represents all the different 
states for b that is listed in Table 2. Since we already know 
from the Ref fF-bl that an isomorphism exists between BA-3 and 
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EFL, we shall use the notation of the latter to denote the 
corresponding states in Table 2, It turns out that this is 
indeed most appropriate ani the corresponding states^ obtained 
by the reversal of the vidya operator in ShS^ and those that are 
found in the extension of the four states of predicate logic^ 
have a close logical interrelationship. 

Thus, the three basic states (1 0 O), (O 1 O), (0 0 1) 

of BA-3 will represent the follov/ing three states from among 
those listed in Table 2. 

"Always T" (1 0 O) H V (say) (I7a) 

”D, but not T, and not F" h-> (0 1 O) H ^ 

(^"Sometimes T"), say (l7b) 

"Always F" (0 0 1)^ 5 (= "Never T"), say (l7c) 

In this^ the second basic state "D, but not T and not F" has the 
property that it includes all possibilities where it is sometimes 
T and sometimes F, but that it excludes the states "Always T", and 
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*'Alv/ays F". In this sense^^ is different from the mixed state 
D (= (1 l)) in SNS logic. Thus, D 0 T = T and D 0 F = F, 

although D itself is a mixed state which is sometimes T and 
sometimes F, However, in the extended BA-3 representation as 
given in (17) the second state, (0 1 O), also represents a 

doubtful state, but it excludes the pure states T and F, In 
consequence 5© V = (0 0 O) and = (0 0 0). We 

mention this here to indicate that the extension from BA-2 to 
BA-3 produces certain changes in the co'notation and representation 
of the corresponding logical states in SNS and EPL respectively. 

(The ideas of basic states and mixed states, as employed in the above 
Boolean algebraic representation, have quite a lot to do with 
the properties of pure states and mixed states in the vector space 
representation of states in quantum mechaniss). 

Having defined the three basic states of BA-3 by (I7a), 

(l7b) and (l7c), we can associate three more of the states for 
given in Table 2 with their Boolean algebraic counterparts 


as follows; 
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"D, but not F« (0 1 0) © (1 0 0) H (1 1 O) = 3 (say) (I8a} 

"D, but not T’' (0 1 0) © (0 0 1) E(0 1 1)5 /\(say) (l8b) 

" Impossible " (O 0 0) E (j) (say) (l8c) 

In making these associations^we notice that the D which occurs 
in these is the SNS D and includes the possibilities of T and F. 

Hence "D but not F” « \/ 0 1 = (1 1 O) ani “D, but not T" = 

^ Effectively, we erase out the limiting state 
T or F which is stated to be not present^ and thus get two more EPL 
states analogous to well-knov/n states in quantified predicate logic, 
as used in standard literature. 

On examining (l7a-c) and (l8a-c)^ it will be seen that we have 
obtained the analogues of the four possible states as used in 
standard first order predicate logic -- "for all" (V ), "there 
exists" ( 9 )> "for none" ( J ) and "not for all" (A). Hence 
we can say that effectively we have generated predicate logic and 
its four logical states from the reverse relations obtained using 
the vidya operator and using different states for c and | in this 
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relation S X, § = b. Incidentally, there are two more stares 
that are obtained by checking through the list of new states 
obtained from the above reverse relation, namely ^ = (O 1 O) 
corresponds to EPL state ”some”, and 0 = (O 0 Oj corresponds 
to EPL state "impossible". These two states are not considered 


in standard literatui e on predicate logic. In fact, as will be 
seen in the Section^n and 6 , the Mate 4^ excluding V and 
is considered to be an indication of the incompleteness of first 

(A/ HewcvW>3 

order predicate logic^ it ~is an extra state obtainable 

by manipulation with the four QPL states^ for example, 


3 ® A= (1 1 0) @ (0 1 1) = (0 1 0) (19) 

We have indicated this in Ref [i] ( P. 340 ) aid it is certainly 

true that this state is outside the range of states acceptable 
for logical terms in standard predicate logic. However, as 
mentioned earlier, the correct way of looking at these states is 


by their isomorphism with the corresponding states of BA-3 and 
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we find that BA-5 has this state (0 1 0), as one of the 

hasic states of the algebra. Hence^there is no incompleteness 

if the proper extended set of states of predicate logic are 

taken into account. In that sense^we shall complete the set of 

six states for Table 2 —in (17) and (18) and obtain tv/o more 

so as to complete the set of eight states vMch the BA -3 representatior 

associated with it as'in its list. Thus we define, 


"D, 

and 


or T, or F" = (0 1 O) ® (1 0 0) @ (0 0 1) = (1 1 1) = A{say) 

( 20 a) 


"T or F, but not D" = "Always T"or "Always F" = 

(1 0 0 )"§ (0 0 1 ) = (1 0 1 ) H © (say) ( 20 b) 


This way of arriving at the ei^t states of BA-3 and their 
logical correspondences is very instructive, in that we are able 
to see the full scope of the meaning of these eight states in 
predicate logic. The really new state ^=(010) comes out as 
"D, but not T and not F", a state which comes only in a complicated 
way from the four states of classical predicate logic as in Eq.(l9). 
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i//e are aule to see straightaway the existence of three primitive 
states in the logic and a re-examination of the er 4 uations in 
(17) to (20) will show that they have a coherent structure and 
form a complete set of 2=8 states that correspond to 3A-3^ 
which^therefore^is the right set to be adopted for dealing with 
predicate logic. Thus, SNS (BA-2) on extension leads to EPL 
(BA-3), just as PC(BA-l) on extension leads to SNg(BA-2). Also, 
ShS is complete (closed) with respect to matrix operators used 
in unary forward, unary reverse, binary forward and binary reverse 
relations. It is also closed with respect to Boolean operators 
U and V applied in binary forward relations; but it has to be 
extended to a Boolean algebra of higher genus when these are 
reversed. Therefofe, if we say that sentential logic (which 
requires the SNS form of algebra for its full representation) 
is closed, we mean only what has been stated above — i.e. it 


is closed with respect to matrix operators of all types and only 
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for Boolean operators applied in the forward direction. Let us 
consider the corresponding closure properties of EPL which v/ill 
be done in the next subsection 4(d). 

It 

(d) Godel*s incompleteness theorem does not hold for EPL. but 
only for QPL : We have seen above that SNS is closed in the 

classical sense i.e. with respect to matrix operators as mentioned 

there. It is very easy to see that EPL (BA-3) is also closed 

to the same extent, i.e. for matrix and Boolean operators applied 

in exactly the same way (see the general theory for matrix 

connectives in the theory of relations in Ref.[_2j section^ 1^^). 

What we see from that general theory is that the eight states of 

EPL form a closed set when matrix connectives are applied to them 

for unary forward, unary reverse, binary forward and binary reverse 

relations. Also this set is closed with respect to binary forward 

Boolean operators lU^and \V as in <1X0 lb = ^ and ® lb = ^ • 

If 0- and lb are one of the eight states of EPL, then C is also 

one of these. Hence predicate logiC; in its extended form EPL^ is 
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as much a closed system^as sentential^!s considered to be so. 

(We are not considering the reversal of Boolean operators^as 
it is too complicated; but the existence of this possibility 
is to be remembered while considering completeness of the 
extended predicate logic). 

As mentioned in the heading^ of this subsection, the 
completeness of EPL does not mean that the smaller set of four 
states V,3.hA form a closed set. In fact, by applying 
the Boolean operators of BA-3, namely "upon” (iU ) and "vidya" 

(W ), we obtain states other than these four as in (21a-d). 

V U i = (1 0 0) ® (0 0 1) = (1 0 1) = (9 (21a) 

y V $ 5 (1 0 0 ) ® (0 0 1) = (0 0 0) = 0 (21b) 

3 \U A SO "I 0) ® ■' 1) = (1 1 1) = A (21c) 

3 yA S-O 1 0) 0 (0 1 1) = (0 1 0) = £ (21d) 

Hence if suitable sentences are written in QPL using only the 
four standard states of predicate logic as in the literature. 
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but using the properties of lU and V , then the resultant 
conclusion may have the BA-3 states corresponding to one of 
the four additional states given in (21a-d), In particular, 
it Bhould be mentioned that the combined information from two 
such QPL statements in the QPL states 3 and A can lead via 
the vidya operator V to the state . ¥e have seen that £ 


(V 




corresponds to the property of^statement|^being "true for some x 


but not always true or never true”. This 

II k(X.Vt 

famous Godel's incompleteness theorem, which we/proved to be 


statement is the 

iv^e. 

^proved 


possible^ in one step in Eq (21d). What we say in effect is that 

if we have only the QPL states available, then by using the 

the- 

logic of the vidya operator aSj^connective, we can get out of them 
the Godel’s state ^ . At the same time, we also say that the 
occurrence of £ is not an indication of incompleteness of 
predicate logic, for this state ^ occurs in the extended form EPL 


of QPLjand^together with seven other states^forms a closed 
system for predicate logic. This closed system has the Boolean 
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algebraic structure of BA-3 and it should be noted that some 

of the states of BA-3 are absolutely necessary for properly 

representing the properties of QPL. Hence the extension to 

EPL is not artificially made^ but is a natural consequence of 

obtaining the whole BA-3 set of states to represent the propertie 

of predicate logic. For ready reference, we may mention that 
additional 

these fourstates are 0(= All or none), 0(= impossible), 

A( = universal doubt), ^ ( = some, but not all and not none). 

We shall give examples of the theory mentioned in this 
subsection when dealing with paradoxes and incompleteness in 
the next sections 5,'6 and 7. 

3. Aetiology of Paradoxes 

In this section, we shall first consider in general what 

an 

are the broad properties of/argument that lead to -a paradox, 
they 

Most generally / may be stated as follov/s* ‘Afe carry out the 
steps listed for the argument and finally arrive at two truth 
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values al and a£ for the conclusion | of the argument, which, 
however, have the property that 

li - X = "impossible" (22) 

Also, the steps of the argument, and the truth values of the 
terms that are input into the argument are all either unquestionable, 
or, for all possible states of the inputs, the result (22) follows. 
Then, the argument is said to be a paradox. The result in Eo,(22) 
can occur, if there occur the equations: 

al »= s, |2a"ns = sN (23) 

and further and §2 are restricted to the possible truth 
values T and F. Put in words, a paradoxical statement always 
leads to the conclusion that something is true and that it is 
false at the same time. Then if true and false are the only 
states that are permissible (as in propositional calculus), then 
§1 V ^ will lead to the impossible state X = (0 O). (The 

extension of these criteria for a paradoxical statement in 
predicate calculus is discussed in Section 7.) 
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Depending upon how y and a2 in (22) are arrived at, there 
is a whole range of possibilities of writing paradoxical arguments. 
We shall, however, consider, in detail, only three structural 
types that cover practically all examples — namely Double 
Statement Paradox (DSP), Cretan Liar Paradox (CLP) and 
Contradictory Statement Paradox (CSP). 

We shall give here the essence of the argument, 
with a symbolic presentation of the essence of the ideas. Actual 
examples are given in the next section 6, 

(a) Double statement paradox (DSP ); The essential structure of 
this type of argument can be given by the two equations 

aN = b ; bE = s (24a,b) 

St - 

If we call the input to (24a) as a1 and the output of (24b) 
as then it is readily seen that 

For both al = T and |1 = ^ » il I ll “ 


X 


(24c) 
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The graph of this process^ v/hich leads to a contradiction^ 
irrespective of \vhether we start with a = T, ora^F, is sho’^ 
in Fig 1(a and b). 

Fig.1. Graph of the essential logic of the Double Statement Paradox 

(a) By brealdng the circularity at a 

(b) By breaking the circularity at b 

In Fig.1(a), we have broken the circularity of the argument 
in (24) at the term a (following the procedure mentioned in 
Part Section iflO ), and obtained |1 and |g, v/hich are to be 
compared by the vidya operator to give the resultant |, Then the 
results given below in (25) follow. 


|1 = T 


b = F 

^ = F h— V a = X 

(25a) 

a1 = F 

!—^ 

b = T 

aB = F t—^ = X 

(251)) 


As mentioned above, b^ the states T and F introduced for |1 
lead to the contradictory state as output for §, showing that 


the argument is invalid, both for the inputs T and F. Hence it 
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forms a paradox, sinca no stata in propositional calculus for 
tha input leads to a valid result. 

We may also break the circularity of the argument in (24) 
at the term and obtain Fig. l(b). For this, v/e obtain, 
analogous to (25a,b), the results 


M = T 


1 = 

T Si = F 


b = X 

{26a) 

M = F 

L_ 

r 7 

a = 

B 

F Si ^ 


b = X 

(26b) 


Thus, we see that, even if we start with b, the output of the 
argument is X,jfor both the states T and F of b, so that it is 
a paradox. 

Eqs. (24a,b) are typical of all circular arguments that are 
paradoxes. We have a path from | to b and another back froij 
b to and, effectively, one has the unary connective N connecting 
I with b, and the other has the unary connective E. (See below 
for an even shorter paradoxical statement obtained by combining 
the two equations (24a) and (24b). This yields the CLP), 
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In fact, the DSP is the most crucial paradoxical argument 
to be considered, for the other two, namely CSP and CLP, can 
both be worked out by suitably manipulating the two equations 
in it. W'e shall give a very simple example of DSP in Section 6 
below. 

It is obvious that the state |1 = D leads back to a2 - D, 
so that |1 1 |2 « I gives the same state as the input state al. 

(This is in SNS). This also happens for al = X. Hence the 
solution to the double statement paradox, (as stated in (24)) 
is that the entities denoted by the input |J can have the 
possibilities, 

"It may be true or not true"; or "It does not exist". 

when the output |2 is the same as the input |1, and the paradox 
is eliminated. 

(b) Contradictory statements paradox (CSP): The statements in (24a,b,c 


can felso be written equivalently as in (26a,b,c), in which we 
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obtain two outputs M and starting from g as input (whose 
graph is shown in Fig. 2 ), 

m ; iE = b2; = b (26a,b,c) 

On inputting a = T and F, we obtain, 



a = T 1-^ b 1 = F ; 

= » ^ =srs i) 

^ = T, 

so that 

b = X 

( 27 a) 

and 

a = F f-^ ^ = T f 

^ = F, 

so that 

b = X 

(27b) 


Fig. 2. Logical graph of the contradictor^' statements in (a) the 
CSP paradbx as giVeh in £45(260,6,0"); (b) the CSP -2 
_ paradox in ( 3 Qa,b.c,d). _ 

Hence, b becomes "impossible" (X) for both the inputs T and F 

for a, so that the argument symbolized in (26) (which is 

equivalent to DSP), is again a paradox, V/e shall call this as 

the Contradictory Statements Paradox (CSP), since the two 

statements in (26a) and (26b) are mutually contradictory. It 

is . generic of all examples where, starting from an input §, we 

follow two paths, and arrive at mutually contradictory results 

b1 and b^ for b, and this is so, irrespective of whether the input 
a has the state T or F. rfe shall discuss this further also 


in Section 6. 




Logical graph of the contradictory statement in 

(a) the CSP paradox as riven in Eos. (26a,b,c); 

(b) the CSP- 2 , as in ( 30 a,b,c,d). 
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(c) paradox(CL): Anothpr way of manipulating equations 

(14^ and ()24b)of DSP is to combine the two sequential unary 
statements in it to obtain a single statement, as in (27) below: 

(i N = ^ E = |)^ (| N E - i)E (§ N = |) (27) 

The graph of this has the structure shorn in Fig. 3(a), and 
breaking the circuit at we obtain the graph shown in Fig.3(b). 
In this, the a on the l.h.s of (27) is designated as a1 and 
that on the r.h.s. as ||, and ve check their mutual compatibility 
by the vidya operator, to give a1 V §2 = a. 

Fig.3 Logical graph of the Cretan Liar Paradox;, 

(a) Circular argument as in Eqn. (27) 

(b) With circularity broken and introducing the vidya 
operator. 

It is readily verified that the argument as formulated in 


Fig.3(b) give the results 



(a) 


Fig.3 Logical graph of t 

(a) Circular argu 

(b) With circular 
vidya operat 


a 
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Thus, § can be neither T nor F, if § N = a of Eq. ( 26 ) is 
to be satisfied. It is given the name "Cretan liar" paradox/*^'^ 
since this equation covers the logic of the well-knovm paradox 
in Greek logic with this name, in which the Cretan says^in 
effect, ".vTiat I say is not true". Is that statement itself true 
or false? Here g stands for the statement, and the contents 
of the statement give the equation § ^ Then, if v/e start 

with g = T, an endless succession of truth values g = F, 
a = T, g = F, ..., is obtained, by successively applying the 
equation, so that a can be "neither T nor F", if it is to be 
only one of T or F (which is a paradox in PC). As already 
mentioned earlier, a = D and a = X are possible solutions of 
I N = g in 3NS, and we shall indicate their reasonableness and 
relevance to the CLP in Section 6t 
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their 


6. Exani ples of paradoxes and the principles pjoverning; / jlimination 


In this section, we shall take the three typical forms of 
paradoxical arguments given in the last section in a symholical 


language and give examples from practical logic for each of them. 


>/hile doing this, we shall also indicate how the resolution of 


the paradoxes as mentioned earlier, namely by taking into account 


the SNS states D and X^is carried out. It is believed that these 


examples vdll make clear how other examples of similar paradoxes 


can be manipulated so as to eliminate the paradoxical nature of 


the arguments in them. 


(a) Double statemenls paradox ; The best example of illustrating 
thiSj in the form of Eqns (24a, b), is as follows: 

The next statement is false (29a) 

The previous statement is true (29b) 

If we take a to indicate the truth value of the first statement 


aid b to indicate the truth value of the second statement, then 
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it is obvious that the two are related by the Eqns (24a,b). 

Then, neither of the states T or F for a or b, leads back 
to itself. Instead, in all cases, it leads back to the opposite 

state, and Eqn.(24c), namely §1 §2 = X, is the result. 

1 — P 

Thus, in both cases, the argun_ is self-contradictory and is 

therefore invalid irrespective of whether g is T or F^or b is T or F. 
Since^in propositional calculus, there are no other input states 
available, we get the result that the argument composed of the 
two sentences (29a) and (29b) is a paradox and does not have 
any solution. 

Does this mean that the argument is necessarily "self¬ 
contradictory", because this is the first conclusion that one 

would arrive at from the conditions ^ ^ M ^ M 

It Is not necessarily so, because we can show that the state D as 
input for a leads to D for b, and back again to D for |,leading 
to no contradiction. Hence a non self-contradictory solution to 


the two Eqns (29a and b) is the state D for | and b, which means 
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of the 

that neither/statements can be assumed to be either true at 
all times or false at all times. Its truth or falsity cannot be 
asserted, but the best that we can do is to say that it "may be 
true" or "may be false". 

This solution appears to be trivial and that it has no 

information content about a or b, because when we know nothing 

about a statement a, we say that it is in the state D, For 

example, we can re’adiiy show that the equations 

c 0 d = T and c == T lead only h:o 1 = D, in which case 

OX d. 

we can say nothing xiefinite about the state '' However, we shall 
show in Section 6(d) that, under certain conditions, the state D 
for the truth value of a logical statement can have a profoundly 
important value. Since the appreciation of this will need a 
better acquaintance with our methods of dealing with paradoxes, 
v/e shall discuss this only in Section 6(d) after we have considered 
examples of all the three types of paradoxes mentioned iny^Section 5. 
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(b) Contradictory statements paradoyp_J ThP paradox CSP, whose 
symbolic representation is given in Eqns (26a,b,c) starts from 
the same statement | and arrives at two logical states M and ^ 


for the statement ^ via two different paths and it is found 


that M and ^ are self-contradictory irrespective of whether 
a is true or § is false. In order to make the discussion 
sufficiently general and to consider the examples available in 
the literature of mathematics, particularly in set theory, we 
shall slightly modify this and give it another form. This can 
be written symbolically as 

a I = M, a I N = a = T; b:=MV^ - X (30a,b,c,d) 

•**“ fsj SWfcS .. ^ Utrll -J MM MMW SSZ 


In this^ the implications 1 and are used, rather than the 

equivalence operators E and N, However, the starting point § 
is given to be true without question and in that cgse v/e get a 
self-contradiction. It may he questioned as to how be mutually 
contradictory results M and ^ can be arrived at from the same 



.46. 


Draft-1 

31-7-C4 


assumption nanialy the truth of a. Before giving examples, 

only 

v/e shall indicate that this^happens because the statement a 
contains two conditions in it, one of which loads to M and 
the other to ^jand it is quite possible that these two 
conseauences M and ^ are mutually contradictcgy. Eqn.(30) 
only gives the logical structure of this type of paradox. 

The genesis of the two mutually contradictory conclusions is a 
matter of semantics and as will be seen from the three 
examples in basic mathematics which are given below, such a 
situation is quite possible.^We shall first take the Russell’s 
paradox; which may be stated as follows: 

"An exclusive set is one that does not contain 
itself as one of its numbers. If is the (51) 

set of an exclusive sets, does it contain 
itself or not!". 

Thus we have two statements, 

a is the set of all exclusive sets^'" (32a) 


(32b) 
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Tha paradox arisas by assuming the tv/o properties namely, 

^ is a set of ^11 sets” and is an exclusive set" ^ 


The first leads to the condition that (li C (i so that § b 

second one^ however, leads to the result that 
or I 1^ and ^ = F, Hence we have the result 

( 30 d) namefty b = MV^ = X,ora contradiction. 


Thus, the assumption that a is true, namely that there is 
a set which consists of all exclusive sets, leads to the 
conclusion that £ is both contained in ^ and not contained in 
This is Russel's paradox. 


-to ii\l ^ 

The answerpT^thaTthTas^suinption made at the start^namely 

that a = is invalid, and that § should be F; or that "there 
an ^ 

exists/(Iv which is the set of all exclusive sets” is an invalid 
statement. 


I the paradox, namely | 

In fact, such a resolution oYT fHat the obviously permissible 


statement which we start with is an impossible one;occurs in an 
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even simpler example, namely the Burali-Forti Paradox : This can 
be stated as follows: 


"If is the set of all integers from 1 to is 
its ordinal number N the largest integer?" ( 35 ) 

In this, the statements a and b are 


§ rz There exists N, which is the ordinal number of jfy 

which is the set of all integers from 1 to oD '! ( 34 a) 

" // 

b N is the largest integer, (34b) 




Here also there are two conditions / a ^ which lead to mutually 


the 

contradictory consequence? for b. Thus,/that N is the ordinal 


number of yields the result that N is larger than every 




ordinal number, or b = T. On the other hand, the condition^ N 
is an integer demands that there is another integer greater than 


itself, since every integer has a successor; this means that 


b = F. Hence we obtain the contradiction in the style of CSF,-2 


The solution, as in the case of Russell's paradox is that 
the statement ( 33 ) is itself invalid; i.e. we cannot talk of the 
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"ordinal number of the set of all iniegers". As is well-knovm, 
in Peano's axiomatic formulation of the theory of numbers, it 
is stated that every integer (natural number) has a successor 
and that there is a first integer; but no mention is made about 
the last integer . The last statement is quite correct, because 
the assumption of the existence of a last integer N for the 
set of integers 1 to leads to the contradiction mentioned.above. 

The third example — namely CantorV; paradox — is even 
shorter. It goes as follov/s: 

"If is the set of all sets, is it the largest set?" (35) 

Here, we use the fact that, from every set i , we can construct 
its power set p(/) (i.e. the set of all subsets of if), which 
is larger than itself. Hence, p{^) is a set larger than 4 , 
and the answer to (35) is "No". On the other hand, since ^ is 
said to contain all sets, answer to (35) is "yes". The two are 


mutually contradictory. 
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In our notation, the statements a and b are 

I — '' 'C is the set of all sets" ( 36 a) 

b — ” is the largest set" ( 36 b) 

and we obtain that § =s=^ b and a ~n b from the two 
properties "all" and "set" of . Consequently, if | is true, 

there is a contradiction, leading to the conclusion that a is 
false, or that "there is no set of all sets". 

Thus, we have seen three examples of CSP- 2 , The author 
has not been able to trace any example of CSP as such, where, 
for both a = T and for a = F, the conclusions are of the form 
I and 3 ^ which is what is demanded for § “ 

and a ^ b at the same time. This is surprising, for CSP is 
equivalent in its logic to DSP, for which there are examples. 
However, we know that some theorems of the form 3 =# J can be 
proved only in the form —i b “1 a in a reductio ad impossible 
proof, but it may not be possible to formulate the direct proof. 
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It should be noted that, in all the three examples given 
in this section, § = T I—> b = X, and we can then deduce that 
I = F even using BA-1 theory of propositional calculus, v/ithout 
any recourse to ShS states. There is no "paradox" at all in 
all these examples, for a = F does not lead to a contradiction. 

The contradiction, in fact, arises from two different assumptions 
in §, which we may call p. and g , which lead to 

= -nM, M V ^=:X (37a,b,c) 

SO that, p = T and q = T leads to a contradiction X. Hence, 
we can deduce that 

p ^ q = F (38) 

i.e. p = T demands q - ^ nnd q " ^ demands p = F < 

For example, in Russell’s paradox, there is no " exclusive set", 
which is at the same time the "set of all such sets" * One or 


other is not true. 
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However, in the literature, these 


ar<^ shovm as paradoxes 


of CLP type, viz | (see [?], p 128 for exaBiple). The 


argument for Russell's paradox is ffiven 


in the form 


(fiC K) (R^R) and (£ 


(Oi C K) (39a,b) 


so that 


(£c £)h(£^£), a contradiction 


(39c) 


Denoting 


(£ c £) 


by b, as in (32b), it is to be noted^® 




it is not the (Z in iH C. £that leads to b —I b as in 


(39a), but it is the "exclusive" in a of (32a) that leads to 


a n 


Similarly, it is not the in that leads 


to ^ *=^ 5 as in (39b), but it is the "all" in a of (32a) 


that leads to § b. Thus, Russell's paradox, which i: 


clearly a CLP paradox, if it is stated in the form b =*# ~l b 


and b b , is not a paradox at all when it is formulated 


in the form of the CSP-2 equations, but only a contradiction . 


leading back, from a = T and b = X, to a = F, a perfectly 


admissible deduction in PC. 
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ih 0 situatior is similar for the Burali-Forti paradox 
and Cantor's paradox. In fact, quite generally, CSF-2 is not 
a paradox, but only indicates an inner contradiction in the 
input statement §, of the form p ^ q . If b = X, then it 
follows straightaway that either p^or q,is F; both properties 
p and q cannot be present in the input statement. The author 
believes that this point of view must be carefully considered. 

(c) Cretan liar paradox : An example of this has already been 
given in Section 5(c) of the form "what I say is not true". 

If this stands for a , then | ) I^TTe^ading to the 

paradox. Any number of examples can be set up which has this 
form, or the equivalent form with two sentences in the double 
statement paradox. In these cases^ the question is as to what 
is the way of resolving the psradox. In the case offers tan xiar^ 
the statement a can have the SNS states D or X and then 
the input and the output of the equation a _N = | are the same, 



.54. 


Drait-1 

3-8-84 


and there is no difficulty. In simple language, the former 
(namely the state D) mean? that v/e cannot say whether what the 
Cretan says is in fact true or false,' a distinction between the 
two states T and F is not possible. This is one solution. 

Another solution is to say that the sic ■ ement is invalid and 
impossible. Such a statement cannot be included in a logical 
argument, for it is neither true nor not true. 

The discrimination whether the first solution(namely that 
I = d] -or the second solution (namely a = x] should be considered 
as the actual solution of the equation a N = a depends upon 
the particular problem^ and would depend on semantic considerationsy 
rather than considerations of pure logic. Thus, if § is the 
statement "This proposition is not tru e", then, the state D adds 
nothing to the knowledge in that argument. On the other hand, 
it can be considered invalid,and rejected from the argument, 
by the consideration that it leads to the contradictory stale X 


for a. 
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(d) The state D h avinp; sernantlc value-properties of infinit y 
AS iiiontioned in Section 6(a), Lherc ^ay be situ tions 
where the doubtful state D( E T or F) fer the truth value of the 
solution of the paradoxical statement a la may 
contribute to the understanding of the semantic consequences 
of this statement. Thus, if v/e talk of the integer “infinhty" 
(c^), then the question whether it is odd or even cannot be 
answered definitely either wayj and the answer to the question: 

"Is oO odd?" is that it may be so, or it may not be so. This 
is because we have the v;ell-known equation (40) satisfied by 
oO (given, for instance, in (.sj , p. 86): 

oO = ctO + 1 (40) 

Because of this equation (40) which oo obeys, we obtain that 
if is odd then it is even, and if it is even then it -is odd. 
This has the structure of the CLP, namely a H §• Therefc:'e, 
from purely logical considerations, as discussed in Section 5 and 6, 



v/e can have either of 
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two possible answers to the question: 
«Is oO odd or even?" namely 

(a) The question about the odd or even nature 

of infinity is inadmissible (state X), (41a) 

(b) Infinity can be either odd or even and it is 

not possible to decide between these two 
possibilities (state D). (41b) 

Which of these is the real answer depends upon mathematical 
theory, and not on logic. The author believes that the latter 
is a more reasonable statement for the even-odd nature of 
infinity, as deduced from the equation oo = oO + 1. In fact, 
several more properties of oO can be seen to have the D state, 
if this state is included along with the states T and F in 
sentential logic. 

For example, for any pair of finite numbers x and y, either’ 
of the relations x y or x ^ y holds; but one excludes the 
othem Hence, if we denote the statement x > y by t, then 
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^ is either T or F, for finite numbers. However, it follows 
that t may be T or f''( ^ D) if y = and x = ^ + 1 , so that 
the answer to the question "Is x > y?» is that it may be "yes" 
and may be "no". Hence, questions^for which a definite answer 
having one of the states T or F is possible for finite numbers; 
may have only an answer in the state D v/hen the numbers become 
infinite. 4 study of the considerations regarding the need and 
relevance of the SNS state D in dealing with such properties of 
oO will be taken up for detailed study in a later report. Some 
new results are obtained regarding cardinal numbers of infinite 


sets 
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7. Absence of Paradoxes and Incompleteness in Multi-valued Logic 

(a) Impossibility of incompleteness due to closure of Boolean 
algebras . 

Just as we have shown that BA-2 and BA-3 are closed with 
respect to matrix connectives (either unary or binary; and in 
the forv/ard or reverse form) and the Boolean connectives 0 and 
in the forward direction, it is obvious, from the general 
theory of BA-n in Part I [ 2 ] , that this is the case for all 
BA-n generated by n basic states. Hence, closure is assured 
for all n-valued logics, having n independent states (n ^ 2), 
leading to a set of 2^ possible states for that logic. $-hus, 
the application of the theory in the earlier sections to BA-n, 
assures the absence of incompleteness (as is commonly understood; 
in any multi-valued logic, 

(b) Non-closure of a new type leading to highe r genus Boolean 
algebras 

However, reversal of Boolean connective relations in BA-n 
can lead to a number of nev^" states not contained in cA-n. Thus, 
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in BA-3, the reversal of the equation in (42a) leads to (42b): 

9=9) ^ (9V3='^) (42a,b) 

This has as solution "3 or A * but not ^^^^ich is not 

contained in BA-3. If we take BA-7, having for its seven basic 
states the seven non-impossible states of EPL (BA-3), then this 
will be contained In it. Thus, we need BA-m with m = (2'^-l) for 
representing all possible states generated by solutions of 
equations of the type (40b) in EPL, 

This process is recursive, and, as mentioned in [l] and [^3j , 
there is an essential incompleteness in the formulation of 
mathematical logic. Thus, a logic, based on BA-n, necessarily 
leads to one based on BA-m, with m = 2^-1, and so on ad infinitum . 
However, v/e have not been able to find examples of arguments 


that require more than EPL, isomorphic to BA-3. 
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(c) Absence of paradoxes in SN3 and EPL and in all lop:ic with 
n basic states (n ^ 2 ) 

The impossibility of incompleteness in logics isomorphic 
to BA-n (n ^ 2 ) is also indicative of the result that no 
paradoxes can be formulated in them. Thus, considering SNS, we 
have already seen that the typical pair of paradoxical statements 
as in DSP, namely a]^ = b, b^=a (or the CLP a = a)^ has 
permissible state D as a solution for a. This is possible because 
T0T^s T0F = D is one of the admissible states of SNS. 

In exactly the same way, if we have the following equations 
in EPL — 

I ^ (i, i^) = b ; J = I (43a,b) 

leading to 

a E^ (i, i^) = a (44) 

we will find that, both for (43) and for (44), if ^ is the 
input and |2 the output state for a , then 

For al = qp ii = qj ; g V g = 


(45) 
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so that the tv/o complementary states and q? lead to a 

contradiction, similar to what happens vdth T and F in the DSP 
and the CLP of PC. however, it is readily seen that 
(q^ ® qp = h is a permissible solution of (43), or (44). 

Since A is included in EFL itself, there is no paradox produced 
by (45a,b). 

Even more generally, we can say that, because EPL is closed 
as described in Section 7(a) above, no set of relations formulated 
in EPL can lead to a state not contained in it. Hence, no 
paradox will be generated by an argument in EPL (and in SKS). 

The sane line of argument v/ill give the still more general result 
that no logic isomorphic to the Boolean algebra BA-n (which is 
closed under the conditions mentioned above) can lead to a paradox. 
The only exceptions are those obtained by the reversal of 
relations having Boolean connectives, when there is absence of 
closure and a higher genus Boolean algebra is required to aescribe 


and represent the result of the argument. 
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Thus, in full generality, vre can say that mathematical 
logic, employing Boolean algebraic vectors and matrices, is 
a complete story, having no inconsistencies or paradoxes. 
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I would like to say, first of all, how deeply touched 
I was when I learnt that the Rameshwardas Birla Award for 
Medicine has been given to me for 1984-85. It is a great honour 
to be chosen for this Award, but it is particularly so because 
this is the first time that the Committee has selected a person 
who is not working on practical aspects of medical science, but 
only in basic fields related to biology and medicine, namely 
molecular biophysics and molecular biology. 


I shall not try to give a complete outline of the 
achievements in the two laboratories devoted to molecular 
biophysics which I have established in the University of Madras, 
and in the Indian Institute of Science, respectively. However, 

I shall touch upon some aspects of these studies in which I was 
personally connected quite closely. One of the earliest among 
these was the enunciation of the triple helical structure of 


Vlatphil Reports No. 38, Dec 1984 (Acceptance a* 

ceremony of the Rameshwardas Birla Award for medical an 
related fields on 28th January 1985. 
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collagen, in 1954, very soon after the structure of alpha helix 
was discovered from theory by Pauling in 1951, and the DM 
double helix by Watson and Crick in 1953« The most essential 
feature of the chemistry of collagen which led to the discovery 
of the triple helix is shown in Slide 1 , namely its amino acid 
composition which consists of one third glycine (the smallest of 
all amino acids) and approximately another one third of the 
two amino acids proline and hydroxyproline, with rigid side 
chains. These features had not been specifically incorporated 
in the design of several structures made previously by very 
eminent scientists in the early 1950s. The structure which we 
proposed is shown from the side in Slide 2. The three helices 
run parallel to one another and are interconnected by hydrogen 
bonds. The architecture is made clearer by looking down the 
triple helix from the top down the central axis and the backbone 
of the three helices is shown in Slide 3. In this, each helix 
has a three-fold screw axis and the three of them are also 
related by a three-fold screw axis interconnecting them. 

However, the x-ray diffraction pattern of collagen, shown in 

*The slides will be shown in the lecture, but the diagrams 
are not included in the written report. 



Slid© 4, indicatBd "thalj "th© auniber of units per turn is not 
3 but 3.3. This was adopted for the triple helix and then 
the pattern of the winding of the three helices about a common 
central axis was discovered to be as shown in Slide 5. 
Essentially, the structure of collagen could be said to have 
been solved when this pattern of the backbones in the three 
individual helices was worked out. These studies were made 
during 1934-55 and the essential correctness of the structure 
is shown by an optical diffractometer picture^ of a drawing of 
the collagen structure_^which is shown in Slide 6. The occurrence 
of a strong meridional reflection on the 10th layer and 
off-meridional reflections in the 3rd and 7th and the weak 
ones on the 4th, completely agreed with the x-ray pattern 
shown earlier and they justify an approximate value of 3.3 
for the number of residues per turn. Afterwards, it was a 
question of fitting various pieces of information regarding the 
protein into the structure, and the ball and spokes model 
shown in Slide 7 (which was the best structure available in 
1968) was obtained in our laboratory. (It should be mentioned 
that although the occurrence of the triple helix with 3 residues 
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per turn was first worked out by us in 1954, the supercoiled 
triple helix with 3,3 residues per turn was arrived at 
simultaneously, both in Madras, and in London and Cambridge in 
1955). 

The spurt of activity in biophysics and molecular biophysics 
that came out after the discovery of the essential helical 
nature of many biopolymers and also the discovery of the crystal 
structures of globular proteins which came at about the same 
time, led to the recognition that biological function is 
completely explicable from the molecular structure and chemical 
interactions of the component biochemical entities in a living 
system. Consequently, one could make experiments in the 
laboratory on aspects of various biological systems and try to 
find out the exact mechanism of the reactions that take place 
in normal biological activity and in pathological conditions. 

Many studies of this type in biochemistry and molecular biology 
were facilitated to a great extent by the understanding of the 
chemical structure and molecular architecture of biomolecules 
obtained by using theoretical techniques as well as various 
methods of biophysical chemistry. 



In the evolution of the theoretical techniques of 
molecular biophysics, workers in our laboratory in Madras 
had contributed to a material extent. The first consistent 
explanation of the principles governing the conformation, or 
three dimensional structure, of a protein molecule was 
theoretically worked out in Madras in 1963, using a pair of 
peptide units as the model system. The picture of this is 
shown in Fig,8 and two dihedral angles (rotation angles (j) and 
are marked in this diagram. It may be shown theoretically that 
the pair of angles (^, f) can occur only for certain combinations 
of these and we worked out which of these are allowed and which 
of these are disallowed, by employing contact criteria of 
rigid, rubber-like spherical atoms. The resultant diagram 
first published in the Journal of Molecular Biology, 1963, has 
come to be known now-a-days as the 'Ramachandran Diagram and 
is shown in Slide 9. This slide is taken from a well-known 
text book on Biochemistry by Lehninger which was published as 
early as 1975 and is used widely in graduate and post-graduate 
teaching in USA. It is understood that now-a-days this diagram 
is taught even to high-school students in biochemistry. 
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Very soon after this diagram came into being, the 
corresponding energy diagram was worked out in several 
laboratories including ours, and a typical one is shown in 
Slide 10. It shows regions of which are most likely 

to occur, and regions which are forbidden. It is very reassuring 
to see that, when a large number of protein structures are 
examined, the diagram is fully substantiated, as may be seen 
from Slide 11 which is taken from a recent book on protein 
structure published from Germany, 

Soon after the enunciation of the (^ , ^^-rotation angles 
in proteins, the essential rotation angles that are necessary 
for the specification of the three dimensional structures of 
nucleic acids and polysaccharides were also developed in 
Madras (during 1965-70), although they were also worked out 
in other laboratories during xhe same period, 'The diagram 
showing the dihedral angles required for a nucleotide chain, 
worked out in Madras, is shown in Slide 12 and the corresponding 
diagrams for two saccharide units in o^-glucose and ^-glucose 



are also shown in Slides 13 and 14. The essential difference 


between the stable configurations of the latter two is very 
clear, namely that the polymer of ©{.-glucose (amylose) is 
going round and round while the chain is rigid and straight 
in the polymer (cellulose) of ^-glucose. Amylose is nothing 
but starch and cellulose is the essential component of wood. 

So the difference in the properties of food and wood is to be 
attributed to this molecular mechanism occurring for the 
linking of the saccharide units that go to build up the 
molecular chains of these. It should be mentioned that 
V, Sasisekharan was associated with me in working out the 
dihedral angles of the nucleotide chain, and similarly, V.S.R, 
Rao for polysaccharide chains^ in our laboratory in Madras, 

Both of them have gone ahead and built up schools of research 
of their own in these two respective subjects, during the last 
twenty years mainly in Bangalore. 

We shall not discuss the various steps by which the branch 
of molecular biophysics has interacted with molecular biology 
in its development. However, during the last few years, 
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scientists in the latter field have even succeeded in 
imitating Nature in the production of new living organisms. 
Biotechnology and bioengineering are highly specialized 
experimental fields covering aspects of biology that were 
almost unthought of even twenty years ago. The confidence 
with which scientists working in these fields go towards new 
directions is not to a small extent the consequence of the 
great spurt in the knowledge of biomolecules created by 
biophysical chemistry and the theoretical and physical methods 
that were developed since the 1950's and 60’s. 

As a consequence, we could imitate chemicals that produce 
specific actions in living systems and produce them in the 
laboratory for being given to persons who lack in such chemicals, 
due to genetic reasons, or otherwise. But this is only a small 
part of the great achievements of modern biochemical research. 
I^ow-a-days, we can even improve upon Nature, By studying in 
minute detail the biochemistry and molecular structure and 
action of the component chemicals in a particular tissue or 
organism and trying to give this a good theoretical explanation 
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from ideas of physical chemistry and chemical physics, it 
has become possible to design drugs that are even more effective 
than the chemicals that have been chosen by Nature to carry out 
the particular function. Thus, molecular biophysics has played 
a subtle but important part in the explosive developments in 
molecular biology during the last decade. 

A good example is the explanation of the mode of action 
of the well-known antibiotic penicillin. This drug acts on 
the bacterial cell wall whose molecular structure is shown in 
Slide 15. It consists of a series of parallel polysaccharide 
chains which are linked together by short peptide chains in 
which the sequence D-Ala-D-Ala occurs. The structure of 
penicillin is shown in Slide 16 and, looked at in a careful 
manner, it has a sequence of L-Val-D-Cys. The chemists were 
always puzzled by the fact that the D—D sequence is imitated 
by the L—D sequence of the peptide chain, which is chemically 
the cause for the inhibition of the synthesis of the peptide 
chains required to build the bacterial cell wall. In a study 
made in Bangalore by Prof, V.S.R* Rao and colleagues, they could 
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show very clearly that the theoretically allowed conformations 
of D-Ala-D-Ala which is free and of L-Val-D-Cys in the 
beta-lactam configuration in penicillin are, in fact, very 
closely similar to one another. The best conformation of each 
of these has been pictured and shown side by side in Slide 17 
and a close similarity in the locations of the biochemically 
important groups in the two molecules is very clearly seen. 
Thus we have, for the first time, a purely physicochemical 
explanation of the mode of action of penicillin. Starting 
from this, the workers in Bangalore have shown v/-hy certain 
drugs of the penicillin group are more effective than others, 
and so on, and studies of this type should help very much in 
the design of the new drugs of the penicillin type which could 
have the required properties. 

We shall give one more example concerning the biochemistry 
of vitamin C, where pure theory, combined vdth ideas from 
different fields of sciences, have led to results of relevance 
to medicine. Our studies on collagen are closely related to 
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this and led to the proof of Pauling's theory that vitamin C 

increases resistance to diseases* This discovery arose out 

of pure curiosity on my part in trying to understand the 

molecular structure of a component known as complement C1q 
the 

of/iimnune response system, in comparison with the triple-helical 
structure of the individual molecules of collagen. Collagen 
fibres require hydroxyproline for the stability of its triple 
helical structure, and hydroxyproline is not taken as such 
from the pool of amino acids and incorporated in the molecular 
chain of collagen that is being built up; rather proline is 
incorporated at first and then, where it is needed, the proline 
side groups are hydroxylated by an enzyme which produces 
hydroxyproline. The way in which hydroxyproline stabilizes 
the interaction between two neighbouring helices in the triple 
helix is shown in Slide 18. It will be seen that a water molecule 
occurs in the hydrogen-bonds linking an NH group of one chain 
and the C^sO group of a neighbouring chain and the same water 
molecule also links with the OH group of hydroxyproline, thus 
forming a tight interconnecting link between the two 
neighbouring helices to make the triple helix very stable. 
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Detailed study of the chemical process of hydroxylation 
made by several persons, including, in particular, Prockop in 
USA, indicated that the enzyme requires as co-factor ascorbic 
acid (vitamin C) for the mechanism to be carried out. At 
about the same period, namely the late 1960’s and the early 1970's, 
the molecular structure of complement Clq had also been 
investigated and elaborated in the laboratory of Porter in 
Oxford, U.K. One of the features that came out of these studies 
vas that complement has plenty of hydroxyproline, and also 
contains.one third glycine as in collagen, so that it should 
possess a triple-helical structure similar to collagen. From 
electron microscope studies, Porter and collaborators could 
in fact show the existence of the triple helix in its molecular 
architecture. The two features — triple helix and occurrence 
of hydroxyproline —previously known to occur only for collagen, 
was thus deleniated in complement Clq. Discussing about such 
medico-chemical inter-relationships with Prof. George Pickering, 
former Dean of Medicine in Oxford, I was rudely shaken when 


he insisted that the suggestion of Linus Pauling that vitamin C 



is not only needed for good health, but that it also improves 


immunity to diseases, was all "Bosh". In a flash the association 
of the words Pickering-Oxford-Porter-complement led to the ideas 
of hydroxyproline-collagen triple helix-Prockop-vitamin C, and 
I could see, from these that vitamin C (ascorbic acid) is as 
much required for the synthesis of the collagen-like filaments 
of C1q as for collagen itself. Thus, the exact possibility 
whereby vitamin C improves immunity became clear by analogy — 
complement requires ascorbic acid for production, and Pauling s 
suggestion is absolutely sound and t he ore t ic ally explicable. 

The logical interconnections between these ideas which 
veve known to everybody (including me) for a number of years, 
is shown in Slide 19. However, the remarkable conclusion 
mentioned above had to be brought out by the stimulus of 
personal discussions. I believe that it was the interaction 
with senior scientists in various fields, which was made possible 
for me, by being provided with the very prestigeous Fogarty 
International Fellowship by US National Institutes of Health 
(which gave me a whole year of freedom in 1977 to talk with 
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learned scientists all over the United States) that led 
to the conclusions shown in the slide, 

I have many suggestions for the creation of a proper 
atmosphere in the institutions of higher learning in our 
country which will really provide interdisciplinary exchange 
of thoughts. Due to lack of time, I shall only mention one, 
namely that, just as biochemistry flowered as a discipline 
for study in Indian Universities and institutions in the first 
half of this century, biophysics, which really grew very fast 
in the second half, must also be included as a separate discipline 
in every teaching and research institution dealing with 
bio-sciences at the master'^s degr'ee level and in higher stages 
of learning. Somehow, the progress in establishing full-fledged 
courses in biophysics has been slow in development, and it is 
to be hoped that rapid progress in this dir-ection will come 


in the next few years 






